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PREFACE 

The  present  volume  has  arisen  from  lectures  on  the  Theory  of 
Functions  of  a  Complex  Variable  which  the  author  has  been  accus- 
tomed to  give  to  juniors,  seniors,  and  graduate  students  of  Yale 
University  during  the  last  twenty  years. 

As  these  students  often  do  not  intend  to  specialize  in  mathe- 
matics, many  topics  which  might  properly  find  a  place  in  a  first 
course  in  the  function  theory  have  not  been  treated ;  for  example, 
Riemann's  surfaces.  On  the  other  hand  the  author,  having  in  mind 
the  needs  of  students  of  applied  mathematics,  has  dwelt  at  some 
length  on  the  theory  of  linear  differential  equations,  especially  as 
regards  the  functions  of  Legendre,  Laplace,  Bessel,  and  Lam&  As  a 
splendid  application  of  the  principles  of  the  function  theory  and 
ajso  on  account  of  their  intrinsic  value,  three  chapters  have  been 
devoted  to  the  elliptic  functions. 

The  author  wishes  to  acknowledge  in  a  general  way  his  in- 
debtedness to  the  works  of  C.  Jordan,  H.  Weber,  C.  de  la  ValWe- 
Poussin,  W.  Jacobsthal,  and  others,  but  to  L.  Schlesinger  his  debt 
is  especially  great  for  the  treatment  of  linear  differential  equations 
here  given. 

The  author  wishes  also  to  express  his  deep  appreciation  of  the 
assistance  so  cheerfully  given  by  his  colleagues.  Professor  W.  A. 
Wilson  of  Yale  University  and  Professor  E.  L.  Dodd  of  the  Univer- 
sity of  Texas,  and  by  his  pupils  P.  II.  Rider  and  G.  H.  Light 

Last  but  not  least  the  author  fulfills  a  very  pleasant  duty  in 
tendering  his  thanks  to  the  house  of  Ginn  and  Company  for  the 
great  care  they  have  given  to  the  make-up  of  the  book  and  for 
the  generous  manner  in  which  they  have  met  his  every  wish. 

JAMES  PIERPONT 
Nbw  Hatbn 
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FUNCTIOlSrS  OF  A  COMPLEX 

VARIABLE 

CHAPTER   I 

ARITHMETICAL  OPERATIOITS 

1.  Historical  Sketch.  In  elementary  mathematics  we  use  for  the 
most  part  only  real  numbers.  There  is  however  a  branch  of  ele- 
mentary mathematics,  viz.  algebra,  where  a  wider  class  of  numbers, 
the  complex  numbers,  are  employed  almost  from  the  start.  The 
quadratic  equation  ^_2ax  +  b  =  0  (1 

has  the  two  roots  /-« — 7  ,« 

a  ±  V  a*  —  6,  (2 

provided  cfi  >  b.  If  o^  <  i,  there  is  no  real  number  which  satisfies 
1).  As  long  as  we  restrict  ourselves  to  the  system  of  real  num- 
bers, the  expression  2)  is  devoid  of  meaning.  In  fact  the  square 
root  of  a  number  c^  in  symbols  V(7,  is  a  number  d  such  that  cP^sc. 
But  there  is  no  real  number  d  whose  square  is  negative.  Thus 
Va^—  b  does  not  exist  in  the  real  number  system  when  a*  <  J. 
The  older  algebraists  found  it  extremely  convenient  to  enlarge 
their  number  system,  in  order  that  the  equation  1)  should  have 
two  roots  even  when  a*  <  b.  The  new  numbers  are  denoted  by 
a  + J  V—  1,  or  setting  i  =  V--l,  by  a  +  bi.  When  6  =  0,  they 
reduce  to  the  real  numbers  a.  Thus  the  new  class  contains  the 
class  of  real  numbers  as  a  subclass.  With  these  new  numbers  it 
was  found  that  not  only  the  roots  of  the  quadratic,  but  also  of  the 
cubic,  the  biquadratic,  in  short  the  roots  of  all  algebraic  equations 
could  be  expressed.  By  their  introduction,  the  theory  of  algebraic 
equations  attained  a  simplicity  and  comprehensiveness  quite  im- 
possible without  them.  Complex  numbers  are  to-day  indispensable 
in  algebra. 
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2  FUNCTIONS   OF  A  COMPLEX   VARIABLE 

In  other  branciieH  of  mathematics,  the  importance  of  complex 
numbers  was  perceived  much  later.     By  means  of  a  formula  dis- 
covered by  Euler  ^  *      •  •     *  •  -» 
•^                        «*♦  =  cos  ^  -H 1  sin  if)j                                     (3 

an  intimate  relation  was  established  between  exponentials  and 
analytic  trigonometry.  Indeed,  a  good  part  of  this  subject  may 
be  developed  from  this  formula. 

In  the  system  of  real  numbers,  the  logarithm  of  a  negative 
number  —  a  does  not  exist.  In  the  system  of  complex  numbers 
it  does.     We  have,  in  fact, 

where  n  is  any  integer,  including  zero.  It  is  thus  infinite  valued 
like  the  inverse  circular  functions. 

A  great  discovery  made  nearly  a  century  ago  by  Abel  rendered 
the  complex  numbers  as  necessary  to  analysis  as  they  long  had 
been  in  algebra.  He  found  that  the  elliptic  functions,  whose 
properties  had  been  carefully  studied  by  Legendre,  admit  a  second 
period,  when  one  passes  from  the  real  to  the  complex  number 
system.  Possessed  of  this  fact,  Abel  and  his  contemporary  Jacobi 
were  able  to  develop  the  theory  of  elliptic  functions  in  a  manner 
undreamed  of  before. 

About  the  same  time  the  illustrious  French  mathematician 
Cauchy  began  to  show  what  great  advances  could  be  made  in  the 
theory  of  differential  equations  when  the  variables  are  allowed 
to  take  on  complex  values  instead  of  being  restricted  to  real 
values  alone.  By  the  year  1860  complex  numbers  had  proved  to 
be  of  incalculable  value  in  many  and  widely  separated  branches  of 
mathematics,  and  before  long  the  theory  of  functions  of  a  complex 
viiriable  sprang  into  existence. 

To-day  this  theory  has  grown  to  gigantic  size.  It  forms  the  foun- 
dation on  which  much  of  modern  mathematics  is  built.  Without 
a  knowledge  of  its  elements,  a  student  of  mathematics  finds  himself 
somewliat  in  the  position  of  a  traveler  in  a  strange  land ;  every 
one  is  using  a  language  wliich  he  does  not  comprehend.  Even  the 
physicist  and  astronomer  find  that  the  masters  in  these  subjects 
are  using  freely  the  function  theory.  It  is  thus  becoming  daily 
more  important  for  them  to  gain  some  familiarity  with  this  theory. 
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The  present  work  ia  intended  to  give  the  general  leader  an 
account  of  some  of  the  elementary  parts  of  the  theory  of  functioas 
of  a  complex  variable.  For  further  study  we  add  the  following 
list.  The  easier  books  are  placed  first.  The  last  two  are  intended 
for  the  specialist. 

E.  B.  Wilson,  Advanced  Calculus. 

Ginn  and  Company,  Boston,  1912. 

G.  Humhert,  Cours  d'Analyse. 

2  vols.,  Paris,  1904. 

E.  Goursat,  Cours  d'Analyse  Math£matique. 

3  vols.,  2d  edition,  Paris,  1910. 

H.  Burkhardt,  Einfiihrung  in  dieTheorie  der  Analytischen  Funk- 
tionen. 

Leipzig,  1903. 

R.  Fricke,  Analytisch-Funktlonen-theoretische  Vorlesungen. 
Leipzig,  1900. 

Durege-Maurer,  Theorie  der  Funktionen  einer  komplexen  veraa- 
derlichen  Grosse. 

Leipzig,  1906. 

E.  Picard,  Traits  d'Analyse. 

3  vols.,  2d  edition,  Paris,  1905. 

E.  Whittaker,  A  Course  o£  Modern  Analysis. 
Cambridge,  1902. 

A.  Forsyth,  Theory  of  Functions  of  a  Complex  Variable. 
2d  edition,  Cambridge,  1900. 

W.  Osgood.    Lehrbuch  der  Funktionentheorie. 
2d  edition,  Leipzig,  1912. 

3.  Arithmetical  OperatloBS.  1.  As  the  reader  has  already  studied 
the  arithmetical  operations  on  complex  numbers,  we  treat  this 
topic  but  briefly.  The  complex  numbers  are  represented  by  the 
symbol  a  +  a'i,  where  a,  a'  are  real  numbers  and  t  is  a  symbol  to 
be  defined  later.     The  plus  sign  between  its  two  parts  has,  of 
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course,  no  meaning  as  yet.  It  is  convenient  to  denote  a  +  a'i 
by  a  symbol  as  a.     We  have  then 

a^a-}-  a'i.  (1 

With  1)  we  will  associate  a  point  A  whose  abscissa  and  ordinate 
are  respectively  a  and  a'  as  in  Fig.  1.  Conversely  to  a  point 
whose  abscissa  is  x  and  whose  ordinate  is 
y  we  will  associate  a  complex  number 
X  -h  yi. 

From  this  correspondence  we  are  led  to 
call  a  the  abscissa  of  the  complex  a,  and  a' 
its  ordinate.    We  write  .  — 

a  =  Abs  a     ,     a' s  Ord  a. 

When  a'  =  0  in  1)  we  assign  to  a  the  value  '^'  ^* 

a,  and  denote  a  +  Ot  more  shortly  by  a.  The  associated  points 
lie  on  the  a^axis  which  we  call  the  real  axis.  When  a  =s  0,  we 
say  a  is  purely  imaginary;  we  denote  O-^a'i  more  shortly  by 
a'i.  The  associated  points  lie  on  the  y-axis,  which  we  call  the 
imaginary  axis. 

2.  Two  complex  numbers 


are  equals  when 
or  in  symbols 


that  is,  when  the  associated  points  are  coincident.     In  particular 

a  =  a  +  a'l  =  0 
only  when  ^  ,     ^ 

The  sum  of  a  and  fi  is 

their  difference  is 

a-)9=s(a-J)-h(a'-J')i.  (5 

Let  us  show  how  the  points  corresponding  to  4)  and  5)  may  be 
found. 


a  =  a  +  a'i    , 

fi  =  b  +  b'i 

a  —  b    , 

a'  =  b\ 

(2 

Abs  a  ss  Abs  (i    , 

Ord  a  =  Ord  /9  ; 

(3 
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Fio.  2. 


Let  A^  B  in  Fig.  2  be  the  points  associated  with  Oy  fi.  Let  us 
construct  the  parallelogram  whose  two  sides  are  OA^  OB.     Then 

OA'=a    AA!^a\ 
OV^h     BB^V. 
Obviously 

Thus  C  has  the  coordinates  a  +  i, 
a'  +  V  and  hence  is  the  point  asso- 
ciated with  a  +  /9  in  4). 

To  find  the  point  a&sociated  with  a  —  /9  in  5),  let  A^  B  in  Fig.  3 
be  the  poinds  associated  with  a,  /9.  We  produce  OB  backward  so 
that  OC^  OB.  Obviously  C  has  the 
coordinates  —  6,  —  6'.    Thus  if  we  set 

we  see  that 

a  —  )9  =  a  -f  7, 

since  both  are 

But  we  have  seen  how  to  plot  the 

point  corresponding  to  a +  7*    It  is 

in  fact  the  vertex  D  in  the  parallelogram  two  of  whose  sides  are 

OA,  00. 

3.  We  note  that  in  adding  and  subtracting  a,  /9  in  4),  5)  we 
have  treated  i  as  if  it  were  a  real  number.  We  do  the  same  in 
defining  multiplication^  except  that  we  agree  that 

i2=-l  (6 

'^^"^  afi=^ab  +  ah'i  +  a'bi  -f-  a'^'r", 

or  using  6)  ^^ ^  ^^j  _^  ^,y ^ ^ ^^j,  ^  ^,^^. 

We  take  7)  as  the  definition  of  multiplication. 
From  6),  7)  we  have      .g  _      .  -4  —  i  . 

and  hence  f4n+«^^-«^ 

where  th,  n  are  positive  integers  or  zero. 


(7 


(8 
(9 
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4.  To  define  the  quotient  of  two  complex  numbers  we  recall 

that  in  real  numbers  , 

bx^a 

has  one  and  only  one  solution  when  6  ^^  0,  this  we  call  the  quotient 
of  a  by  i  and  denote  by  -  •    Let  us  consider  the  analogous  equation 

)9f  =  «  (10 

where  a,  P  are  complex  numbers 

a  =5  a  +  a't     ,     )9  =  6  +  Vi. 

We  shall  define  the  quotient  of  a  by  /9  to  be  the  number  or  num- 
bers {  which  satisfy  this  relation. 

Let  us  first  suppose  fi^O.     Then  6,  6'  are  not  both  =  0.     Let 

be  a  solution  of  10).     Putting  this  in  10)  gives 

(bx  -  6V)  -htXJa/  -f  b'x)  =  a  +  a'l  (11 

This  relation  yields  by  virtue  of  3)  two  equations  to  determine 
a:,  a/,  VIZ.  :  bx^Vx'^a     ,     6a:' -f  6'a:  =  a'.  (12 

From  these  we  get   ^^^^/^;  ,  ^  g^A  ^  gV 

^      ja  +  6'a     '    ^        ja  +  ya 

Thus  the  solution  of  10)  is 

when  fi^O. 

Suppose  )9=s  0.  Then  6=s6'  =  0,  and  12)  requires  that  a=a'  =  0, 
or  a  =s  0.  Putting  these  values  in  12)  we  see  that  the  equations 
are  satisfied  however  a;,  a/  are  chosen,  that  is,  for  every  value  of  f . 
We  have  thus  the  following  result : 

When  ^=^0,  the  equation  10)  admits  one  and  only  one  solution  f 
which  is  given  by  13).  When  )9  =  0,  the  equation  admits  no  solution 
unless  a=s  0.     In  this  case  it  is  satisfied  for  every  value  of  f. 

For  this  reason  division  by  0  is  excluded  in  modern  mathe- 
matics. As  some  students  have  not  been  trained  in  accordance 
with  this  law,  we  wish  to  emphasize  its  inviolate  character. 
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5.    We  prove  now  the  important  theorem  : 
If  a  product  aff=0,  then  either  aor  0  muit  =  0. 
This  theorem  we  kuow  is  true  for  real  nutnbera.     On  effecting 
the  multiplication  of  a  by  /3  we  get  the  relation 

(ab  —  (Jb')-\-(ah'  +a'b)i=0. 
Hence  by  8),  ,       ,.,     „  ,,       ,,      „ 

We  shov  that  these  equations  cannot  hold  if  tmth  a  and  0=^0. 
For  since  w^O  either  a  or  a'=^0;  suppose  <i#0.  Also  since 
0^0,  either  b  orb'  ^Q  ;  suppose  b'^O.  From  the  first  relation  of 
14)  we  get  ^5 

This  put  in  the  second  equation  of  14)  gives 


As  a  ^  0,  we  must  have 


6a  +  6'>  =  0. 


This  requires  that  both  b  and  b'  =  0,  and  this  is  contrary  to 
hypothesis.  In  a  precisely  similar  manner  we  may  treat  the 
other  cases.  In  each  case  we  are  led  to  a  contradiction.  Thus 
the  assumption  that  « •  0  may  =  0  without  either  a  or  0  being 
=  0  is  untenable. 

In  an  elementary  work  like  the  present,  it  would  be  out  of 
place  to  demonstrate  that  the  formal  law>»  governing  the  arith- 
metical operations  on  real  numbers  go  over  without  change  to 
complex  numbers.     Thus  the  reader  knows  that 
^0^00, 

etc.,  just  as  if  a,  ^,  T  were  real  numbers. 
6.  Two  complex  numbers 

a  =  a  +  ib     ,     0=a  —  ib 
as  in  the  figure  are  called  conj'ugate  numbers.     We  note  that 
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is  reaU  and  that  ^     ^  •! 

a  —  p  =  2 16 

is  purely  imaginary. 

Also  the  product  _2 

is  r«a2  an(2  positive. 


a+ib 


a-ib 


3.  Critical  Remarks.  1.    We  have  now  defined  the  four  rational 

operations  on  complex  numbers,  viz.  the  operations  of  addition, 

subtraction,  multiplication,  and  division.     At  this  point  we  may 

return  to  the  symbol  ,     , .  ^^ 

^  a'\'a'%  (1 

which  we  have  employed  to  represent  a  complex  number.  We 
can  show  what  its  component  parts  mean.  We  begin  by  consider- 
ing the  two  numbers       ^ 

The  rule  for  multiplication,  2,  7)  gives 

Thus  the  term  aH  in  1)  may  be  regarded  ^s  a'  times  the  number  t. 
The  number  t  may  be  called  the  imaginary  unit  in  contradistinc- 
tion to  the  real  unit  1. 

Again  let  )9=a    ,     7  =  a'i. 

The  rule  for  addition,  2,  4)  gives 

)9  -f-  7  =  a  -f-  a'i. 

Thus  the  complex  number  1)  may  be  regarded  as  the  sum  of  a 
real  units  and  a*  imaginary  units.  We  may  call  a  the  real  part 
and  a't  the  imaginary  part  of  1).  When  we  introduced  the  sym- 
bol 1)  in  2,  we  did  not  say  that  it  was  the  9um  of  these  two  parts 
for  the  reason  that  we  had  not  defined  addition  and  multiplication 
of  these  new  numbers.  Indeed  we  expressly  stated  that  the  sym- 
bols -f-  and  i  had  at  that  stage  no  meaning.  They  acquired  mean- 
ing only  after  the  arithmetical  operations  on  the  symbols  1)  had 
been  defined. 

2.  Instead  of  denoting  the  new  numbers  by  the  symbol  1),  let 
us  denote  them  by  some  other  symbol,  say  by 

(a,  a').  (2 
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We  may  proceed  then  as  follows  :    Two  numbers 

a^da^a')     ,     )9  =  (J,  6') 

are  equal  when  and  only  when 

a=:b^  a'  =  V . 

The  sum  of  a  and  /3  is  defined  to  be  the  number 

(aH-6,  a'  +  6');  (3 

their  difference  is  defined  as  the  number 

(a  -  6,  a'  -  6')- 
Their  product  shall  be 

When  fi^O  the  quotient  of  a  by  /8  shall  be  the  number 


(ah  4-  a'h'   a'b--ab'\ 


The  number  (a,  0)  shall  be  the  real  number  a,  and  for  brevity 

we  will  write  ,     .,. 

(a,  0)  =  a. 

The  number  (0,  1)  we  will  denote  more  briefly  by  i.  Then  4) 
^^^®®  (a',  d)  .  (0,  i)  =  (0,  a')=  a'l.  (6 

Also  1)  and  5)  give 

(a,  «')  =  («,  0)-h(0,  a')=a-f-a'i. 

Thus  another  representation  of  the  complex  number  (a,  a')  is 
a  +  a'i,  and  we  have  reached  the  standpoint  taken  in  2. 

In  both  cases  we  start  with  a  symbol ;  in  one  case  with  a  +  a't, 
in  the  other  with  (a,  a').  These  at  the  start  are  mere  marks  to 
indicate  that  the  new  numbers  are  a  complex  of  two  real  numbers 
a,  a'.  These  marks  take  on  a  meaning  when  we  give  them  the 
above  arithmetical  properties.  The  complex  then  becomes  a 
definite  concept  which  we  call  a  number. 
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8.  We  wish  now  to  make  another  remark  of  a  critical  nature. 
The  complex  numbers  are  often  called  imaginary  number 9^  and  we 
have  in  the  present  work  followed  usage  as  far  as  to  call  the  num- 
bers a's  purely  imaginary,  the  number  %  the  imaginary  unit,  and 
the  axis  of  ordinates  the  imaginary  axis.  For  the  beginner  the 
term  imaginary  is  most  unfortunate  ;  and  if  it  had  not  become  so 
ingrained  in  elementary  algebra,  much  would  be  gained  if  it  could 
be  dropped  and  forgotten. 

The  use  of  the  term  imaginary  in  connection  with  the  number 
concept  is  very  old.  At  first  only  positive  integers  were  regarded 
as  true  numbers.  To  the  early  Greek  mathematician  the  ratio  of 
two  integers  as  ^  was  not  a  number.  After  rational  numbers 
had  been  accepted,  what  are  now  called  negative  numbers  forced 
themselves  on  the  attention  of  mathematicians.  As  their  useful- 
ness grew  apparent  they  were  called  fictitious  or  imaginary  num- 
bers. To  many  an  algebraist  of  the  early  Renaissance  it  was  a 
great  mystery  how  the  product  of  two  such  numbers  as  —  a,  —  6 
could  be  the  real  number  ai. 

Hardly  had  the  negative  numbers  become  a  necessary  element 
to  the  analyst  when  the  complex  numbers  pressed  for  admittance 
into  the  number  concept.  These  in  turn  were  called  imaginary, 
and  history  repeated  itself.  How  many  a  boy  to-day  has  been 
bothered  to  understand  how  the  product  of  two  imaginary  num- 
bers ai  and  hi  can  be  the  real  number  —  ah.  As  well  ask  why  in 
chess  the  knight  can  spring  over  a  piece  and  why  the  queen  can- 
not. The  pawns,  the  knights,  the  bishops,  etc.  are  mere  pieces  of 
wood  till  the  laws  governing  their  moves  are  laid  down.  They 
then  become  chessmen. 

The  symbols  (a,  a')  or  a  -I-  a't  are  mere  marks  until  their  laws  of 
combination  are  defined,  they  then  become  as  much  a  number  as 
I  or  —  f5.  The  student  must  realize  that  all  integers,  fractions, 
and  negative  numbers  are  imaginary.  They  exist  only  in  our  im- 
agination. Five  horses,  three  quarters  of  a  dollar,  may  have  an 
objective  existence,  but  the  numbers  5  and  |  are  imaginary. 
Thus  all  numbers  are  equally  real  and  equally  imaginary.  Histor- 
ically we  can  see  how  the  term  imaginary  still  clings  to  the  com- 
plex numbers  ;  peda'gogically  we  must  deplore  using  a  term  which 
can  only  create  confusion  in  the  mind  of  the  beginner. 
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4.  The  Polar  Form.  1.   Let  A  be  the  point  associated  with 

a  SB  a  +  a!%  (1 

Let  OA  =  p  and  angle  AOB^O.      We  call  p  the  modulus  or 
absolute  value  of  a.    We  have 

the  radical  having  the   positive  sign.     The 
modulus  of  a  is  also  denoted  by 

a 

It  is  the  distance  of  A  from  the  origin. 

The  angle  6  is  called  the  argument  of  a  ;  we  have 

a' 
tan  0  =  —     ,     a  =^  0. 

a 

We  often  write  /i      * 

r  =  Arg  a. 

Making  use  of  p  and  0  we  have 

a  =  p  cos  tf     ,     a'  =p8in0 
*^^  a  =  f)(costf  +  i8intf).  (2 

This  is  called  the  polar  form  of  a.     The  form  1)  may  be  called  in 
contradistinction  the  rectangular  form. 

2.  The  rule  for  multiplication  and  division  of  complex  numbers 
is  particularly  elegant  when  the  polar  form  is  used.     In  fact  let 

fi=sb'^Vi=i  cr(cos  <^  + 1  sin  <^).  (3 

Then 

afi  =  pa\cos  0  cos  <^  —  sin  ^  sin  <^  +  i(cos  ^  sin  <^  4-  sin  0  cos  <^) }, 

or 

a/3  =  f)cr{ co8((?  +  <^)  +  *  si"  (<?  4-  <^) | .  (4 

From  this  we  have       ,    ^  i  i     i    i  o  i  ^^c 

a^|  =  /oa-=|a|  .|/3|.  (5 


Arg  (a/3)  =  ^  4-  <^  =  A  rg  a  -h  Arg  /9.  (6 

This  may  be  expressed  as  follows  :  — 

Hie  modulus  of  the  product  is  the  product  of  the  moduli^  and  the 
argument  of  the  product  is  the  sum  of  the  arguments. 


X 
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The  above  enables  us  to  plot  the  product  a 
afi  very  easily.  Having  plotted  a  and  /8, 
we  compute  the  product  pa  and  describe  a 
circle  about  the  origin  0  with  the  radius. 
We  then  lay  off  on  this  circle  the  angle 
0  +  ^-  The  resulting  point  is  that  asso- 
ciated with  the  number  a/9,  as  in  the  figure. 

3.  Let  us  now   turn    to   division.     The 
quotient 

is  defined  by  2,  13).  This  expression  is  complicated  and  not  easy 
to  remember.  If,  however,  we  use  the  polar  forms  2),  3)  of  «,  )8, 
we  can  readily  prove  that 


^==^{co8(d-<^)-f-f8in(<?-<^)|; 


or  that 


and 


a 


a 


Arg^=Arga-Arg^. 
P 


o 


(8 


(9 


This  may  be  expressed  as  follows  : 

The  modulus  of  the  quotient  is  the  quotient  of  the  moduli^  and  the 
argument  of  the  quotient  is  the  difference  of  the  arguments. 

The  proof  of  7)  may  be  effected  by  replacing  a,  a\  6,  V  in  2, 13) 
by  their  values 

a  =s f) cos 0^  a^  ^ p sin d^b^a cos <l>^  V  ssa sin <^, 

and  performing  the  necessary  reduction.     A  more  instructive  way 
is  the  following  :     Since  )9^0  by  hypothesis,  the  equation 


/3f  =  « 


(10 


admits  one  and  only  one  solution.     The  relation  7  states  that  this 

solution  is 

f  =  £{cos(tf-<^)  +  tsin(^-<^){  (11 
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This  is  indeed  so,  for  by  the  foregoing  rule  of  multiplication 

Arg(i8f)  =  <^-h(«-<^)=«=Arga. 

Thus  fi  •  {  having  the  same  modulus  and  argument  as  a  is  in  fact 
a.     Thus  11)  satisfies  10). 

The  above  enables  us  to  plot  the  quotient  a/fi  very  easily. 
Having  plotted  a  and  ^,  we  compute  the  quotient  p/a  and  describe 
a  circle  about  the  origin  with  this  radius.  We  then  lay  off  on 
this  circle  the  angle  0  —  ^.  The  resulting  point  is  that  associated 
with  a/fi. 

4.  We  have  seen  that  two  complex  numbers  a,  fi  are  equal 
when  and  only  when  their  associated  points  coincide.  Let  us 
suppose  a,  fi  are  expressed  in  their  polar  forms  2),  8).  Then 
from  the  relation 

we  may  conclude  at  once  that 

p  =  (T.  (12 

We  cannot  conclude,  however,  that 

We  can  only  conclude  that  0  can  differ  from  ^  by  a  multiple  of 
2  v,  or  that  /i     j.  .  o  /i  q 

where  n  is  an  integer  or  0. 

In  particular  we  have : 

Far  a  to  =  0,  it  ia  necessary  and  sufficient  that  its  modulus  ==  0. 

5.  Some  Inequalities.  Geometrical  Correspondence.  1.  Let  us 
plot  the  points  A^  B^  0  corresponding  to 

a,  ^,  a  4-  ^ 
asinFig.l.     Then  |«  +  ^,=  o(7, 


a  very  useful  relation.     Since  from  geometry  we  have 

00<  OA  +  AC 
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we  conclude  a  relation  of  utmost  im- 
portance 

«  +  )8|<|«|  +  |i8|.  (1 


The  <  sign  holds  unless  0,  A^  B 
are  coUinear,  and  A^  B  are  on  the 
same  side  of  0, 

From  1)  we  have 


«  +  y8  +  7|<|«H-|)8H-l7l,     (2  ^^  ^ 

and  so  on  for  any  finite  number  of  terms. 
To  prove  2)  we  note  that 

"^"''^         |«-h)8-h7l  =  l«H-(i8  +  7)l<l«l  +  |/3  +  7|,  by  1) 

<l«l  +  l^l  +  l7|.alsoby  1). 

2.  Let  us  now  consider  |  a  —  )3  |. 

Let  A^  B  in  Fig.  2  be  the  points  associated  with  a,  ^8.  Then, 
following  the  construction  given  in  2,  the  point  D  is  associated 
with  a  —  /9. 


Thus 


0Z>  =  |a-)8|. 


But  obviously  AB  =  02>,  hence 


a  -  iS  I  =  AB. 


This  gives  us  a  result  we  shall  often  use : 

If  A^  B  are  the  paints  associated  with  a,  /3,  then  the  length  of  AB  is 

3.  Let  us  also  note  the  relation 


For 
But 

Thus 


«-)8|<|«|  +  |i8|. 


(3 


«-i8|  = 


-)8|  =  |i8|. 
«  +  (-)8)|<|«|+|-)8 


=  I«H-I^ 


Dplex  number. 
Dplex  numbers 


(4 
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4.  Let  a  be  a  real  positive  number  and  /9  any  coi 
We  wish  to  tind  the  points  Z  associated  with  the  coi 
%  which  are  subjected  to  the  relation 

lf-/9|<a. 

If  B  in  Fig.  8  is  associated  with  /3,  the  condition  4)  says  that 
ZB  must  be  <  a.  Thus  Z  is  restricted  to  the  interior  of  a  circle 
whose  center  is  B  and  whose  radius  is  a. 

The  condition 

states  that  Z  must  lie  on  the  circumference 
of  this  circle.     The  condition 


|f-/9|<« 

requires  that  Z  lie  within  or  on  the  circumference  of  the  circle. 

In  the  foUowiug  pages  we  shall  make  great  use  of  the  geometri- 
cal interpretation  of  complex  numbers  by  points  in  a  plane.  The 
point  as80ciat«d  with  a  complex  number  a  may  be  called  its  image. 
Moreover,  instead  of  using  another  letter  as  ^  to  denote  this  point, 
we  shall  usually  denote  it  by  the  same  letter  a.  This  will  not 
produce  any  ambiguity  and  is  shorter. 

We  shall  introduce  another  change.  Up  to  the  present  we 
have  usually  denoted  real  numbers,  angles  excepted,  by  Roman 
letters  as  a,  (,  c  •■■  and  complex  numbers  by  Greek  letters  a,  jS,  7 
-••in  contradistinction.  There  is  no  further  need  of  this;  any 
letter  may  denote  a  complex  number.  It  may  be  well  to  recall 
that  real  numbers  are  merely  a  special  case  of  complex  numbers, 
just  as  integers  are  aspecial  case  of  rational  numbers.  Thus  when 
we  say  let  a  be  a  complex  number  we  do  not  at  all  mean  that  it 
may  not  be  real. 

As  in  algebra  and  the  calculus,  so  in  the  theory  of  functions 
we  deal  with  conitanti  and  variablet.  The  former  are  usually 
denoted  by  the  first  letters  of  the  alphabet,  the  latter  by  the 
last. 

Let  us  consider  a  few  examples  of  a  variable  : 

Example  1.  Let  z  =  a-^yi,  where  a  is  a  real  constant  and  y  is 
real  and  ranges  from  ~>  co  to  +  00.     Then  the  point  associated  with 


16 
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o 


z=a-*-ty 


2  in  Fig.  4  ranges  over  the  right  line  AA' ;  or  more  shortly  we 
say  z  ranges  over  AA*. 

Example  2,     Let  «  =  a;  -}-  y«i  where  z,  y  are 
real  numbers  satisfying  the  inequality 

a,  h  real.   T}ien  z  ranges  over  the  interior  and 
the  edge  of  the  ellipse 


a 


a' 


+t«=^- 


A' 
Fig.  4. 


Example  S.     Let  z  —  a  =  r(cos  5  -h  i  sin  5)  where  a  is  any  con- 
stant, r  >  0,  and  0  <  ^  <  2  tt. 
Then  z  ranges  over  a  circle  whose  center  is  a  and  whose  radius  is  r. 


Example  4.     Let  2  =  2;  +  yf, 

where  2;,  y  are  real  and  satisfy  the  relation 

Then  z  ranges  over  the  curve  whose  equation  is  5). 


(5 


5.  Let  us  note  the  following  relations  : 

|a_6|  =  \h-a\ 

I  a  —  A  I  <  €    and     |  A  —  <?  |  <  17 

a  —  c\  <€-h?y 


Also  if 
then 


To  prove  7)  we  observe  that 

a  —  tf  =  (a  —  A)  +  (6  —  <?) 
HencebyS)  |^_,|<  |  ^.  j  |  ^  |  j.^| 

6.  Let  us  recall  from  algebra  the  notation 

n 

2  a,»  =  aj  -f  dj  +  •••  +  ^» 


(6 


(7 


(8 


N 

n 


n  a^  =  ai  -a^^a^-'a^. 


C9 
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Thus  the  left  side  of  8)  is  read  :  the  sum  from  m  =  1  to  n  of  o^ 
isj,  etc.  The  left  side  of  9)  is  read  :  the  product  from  m  &=  1  to  n 
of  a^  is,  etc. 

6.  Moivre's  Formula.   In  4  we  saw  that  any  complex  number  a 

can  be  written  ^       /i      .  .    /ix  ^-i 

a  =  pQqos  r  H-  t  sin  a).  (1 

Then  by  4,  4)  ^  ^  ^^^^^  2  5  +  f  sin  2  0), 

g  nera  a'»  =  p»(cosw5H-i8in  nd).  (2 

Let  us.  take  |  a  |  =  p  =  1.     Then  1),  2)  give 

(cos  0-^i  sin  ^"  =  cos  n0  -^i  sin  n0  (3 

which  is  Moivres  Formula. 

Now,  the  Binomial  Theorem  for  a  positive  integral  exponent  n  is 


Here 


/mN  _  n         /n"\  _  «(n  —  1)         /nN  _  n(n—  l)(n  — 2) 
VV"!     '     \2j         1.2         '    W     "       1.2.3 


are  the  binomial  coefficients^    Let  us  make  use  of  the  relation  4)  to 
develop  the  left  side  of  3).     It  becomes 


cos' 


e  +  t/^Vos--!  0  sin  0  -  ( j)coa--*  0  sin'  0 


-  t/"\os--«  5  8in«  ^  +  ...       (5 
Thus  3)  may  be  written 

cos  nO  +  i  sin  n$  =  cos"  0  —  ( ^  )cos»~*  0  sin'  0+  ••• 

+  i  j  (f\  COS--1  ^  sin  5  -  ("^  co8--«  0  sin*  ^  +  • .  - 1 

Equating  the  real  and  imaginary  parts  of  this  relation  by  2, 2)  we  get 
co8nd  =  cos"^-r"^co8»-'^8in»d+(")co8»-*dsin*d (6 

sin  n0 = C'^\  cos"-»  0  sin  0  -  (^  cos""*  0  8in«  0 

+  0^\  co8"-«  ^  8in»  5 (7 
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Giving  n  the  valueis  2>  3,  4  •••  in  these  equations,  we  find 

cos  25  =  cos^  0  —  sin^  0 

cos 3 5  =  cos^tf -  3  cos dsin^d  (8 

cos  45  =  cos*  5  —  6  co8^  0  sin^  5  +  sin*  0 


sin25  =  2cos5sin5 

8in35  =  3co825sin5-sin85  (9 

sin  4  5  =  4  cos^  0  sin  5  —  4  cos  0  sin^  5 

•  •••••••■•••• 

In  the  relation  8)  we  notice  that  sin  0  occurs  only  in  even  powers. 
Since  sin^  5  =  1  —  cos^  5,  we  see  that : 

€08  n0  can  be  expressed  as  a  rational  integral  function  of  cos  0  of 
degree  n. 

Making  this  substitution,  we  get 

cos  2  5=  2  008^5-1 

cos  3  5  =  4  co8«5  -  3  cos  5  (10 

cos  4  5  =  8  cos*  5-8  cos^  5  +  1 


In  equations  9)  we  notice  that  cos  5  enters  in  even  powers 
when  n  is  odd,  and  in  odd  powers  when  n  is  even.  Thus  we  see 
that: 

sinn0  is  an  integral  rational  function  of  sin  0  of  degree  n  when  n  is 
odd.  When  n  is  even^  it  is  the  product  of  cos  0  and  a  rational  integral 
function  of  sin  0  of  degree  n  —  1. 

Making  the  substitution  cos^  5  =  1  —  sin^  5  in  9)  we  get 

sin  2  5  =  2  cos  5  sin  5 

sin  3  5  =  3  sin  5  -  4  sin^  5  (11 

sin  4  5  =  cos  5(4  sin  5  -  8  sin^  5) 


7.  Extraction  of  Roots.  1.    In  the  domain  of  real  numbers 

x''==a    ,     a  >  0 

has  one  root  if  n  is  an  odd  positive  integer,  and  two  roots  if  n  is 
even.     The  equation     ^n  =  _^    ,     a>0 
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has  one  root  if  n  is  odd,  and  no  root  if  n  is  even.     Let  us  now  pass 
to  the  domain  of  complex  numbers.     We  ask  how  many  roots  has 

z»  =  a  (1 

where  a  is  any  complex  number,  and  n  is  a  positive  integer.     Let 
us  write  a  and  z  in  polar  form 

a  =  a(cos  d-^i  sin  ^)  (2 

z  =  (^(cos  <l>  +  »  sin  <^).  (8 

Then  if  3)  satisfies  1)  we  must  have 

(^(cos  w<^  +  i  sin  w^)  =  a(cos  ^  +  »  sin  5). 


and 


Then  from  4),  12),  13)  we  have 

?"  =  « 
n(^  =  d  +  2  Attt    ,    A  an  integer  or  0. 
From  5)  we  have  <,_  nr- 

and  from  6)  we  have  ^  o 


n  n 


IF 


(4 

(6 
(6 

O 

(8 


Thus  the  modulus  ^  and  the  argument  ^  of  any  number  2;  which 
satisfies  1)  must  have  the  form  7),  8).  On  the  other  hand  by 
actual  multiplication  we  see  at  once  that 


«* 


=  Va^cosf  -  +  * — )+  »sin{-+ A: — )\ 
I       \n         n  J  \n         n  J] 


(9 


nth  power  of  "v^  and  whose  argument  is  n  times  -  +  ^ 


is  a  solution  of  1).     In  fact  «/  is  a  number  whose  modulus  is  the 

But 
.n         n 

this  number  has  therefore  the  modulus  a 
and  the  argument  d  +  2  hrr^  or  neglecting 
multiples  of  2  7r,  the  argument  6.  It  is 
thus  a.    Hence  the  nth  power  of  9)  is  a. 

To  plot  the  numbers  9)  we  describe  about 
the  origin  as  in  the  figure  a  circle  whose 

radius  is  "v^.    On  this  circle  we  lay  off  the 

angle -•    Let  us  call  this  point  z^.    Start- 
u 
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ing  from  z^  we  now  divide  the  circle  into  n  equal  parts  which  give 
the  points  z^  z^  '-  z^.j  in  the  figure,  corresponding  to  A:  =  l,  2, 
...  n  —  1  in  9). 

If  now  we  give  to  k  any  other  integral  value,  we  will  get  one  of 
the  values  Zq,  z^j  •••  z^_^  already  obtained.  Thus  1)  has  just  n 
roots  whose  values  are  obtained  by  giving  k  in  9)  the  values 
0,  1,  2,  ••.  w  —  1. 


Example  1. 


28=1. 
9 


Here  n=  3,  a  =  1,  «  =  1,  ^  =  0,  — '^  =  120^  "^^    ;    .  ^"^^ 


y'^^..y 


Thus  9)  gives  ^ 

z.  =  cos  120°  -f  i  sin  120°  =  —  ^  ±1^1^ 
Zj  =  COS  240°  + 1  sin  240  =  -^-^^^ . 

Example  2,  ^s  —  __  « 

Here  n  =  3,    a=-8,  a  =  8,   ^  =  7r,   -  =  60°. 

Thus  9)  gives 

z^  =  2{cos  60°  +  i  sin  60°{  =  1  + 1 VS, 

Zi  =  2{cos(60°  + 120°)  +  i  sin  (60°  -f  120°)}  =  -  2, 

2,  =  2{cos(60°  +  240°)  +  isin(60°H-240°)}=l-»V3. 


Example  3. 


2*  =  1. 


Here  n  =  4,  a  =  l,  5  =  0,  ^=90°. 

n 

Thus  9)  gives       _  - 

Zj  =  cos  90°  +  i  sin  90°  =  f, 
2,  =  cos  180°  +  i  sin  180°  =  - 1, 
Z3  =  cos  270°  +  i  sin  270°  =  - 1. 
2.  The  n  roots  of 


0) 


-  =  1  (10 
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are  called  unit  roots.  They  are  of  great  importance  in  algebra, 
and  occur  in  other  branches  of  mathematics.  Their  values  are 
given  by  9)  on  setting  a  =  1,  0  =  0.     We  get 

o),  =  cos h  %  sm  — , 

n  n 

cDo  =  cos  2  . h  %  sin  2  •  — ,  (11 

n  n 


n  —  1) |-»sm(n—  1) — . 

We  notice  that  Wj  has  the  property  that 

that  is  all  the  roots  of  10)  are  merely  powers  of  Wy     Such  a  root 
is  called  a  primitive  unit  root.     It  is  easy  to  show  that : 

If  m  is  relatively  prime  to  n^  then  to  =  cj^is  a  primitive  root ; 

that  is,  that  2       a       4         »  i-10 

a>y    ft)^    (o\    or  ...  CD"  (12 

are  all  roots  of  10)  and  are  all  different. 

For 


(0 


Let  now 


.     /  2  7r  .    .   .        27rV 

•  =  ©,»  =  (  cos  m  •  —  + 1  sm  771  — ) 

\  n  n  J 

Stt  ,    .   .  2ir 

=  cos  ms  •  —  +  I  sm  ms  .  — . 

n  n 

ms  =i  In  -{•  p.     Then 

2  7r  ,    .   .       27r 
o)*  =  cos/?  • h  tsm  j9 —  =  oDp 

n  n 

Thus  <»•  is  a  root  of  10).     To  show  that  the  roots  12)  are  all  dif- 
ferent let  us  suppose  that         r  ^^^ 

2  TT  2  TT 

Then  their  arguments  rm — ,  sm —  can  differ  only  by  a  multiple 

n  n 

of  2  9r.     Hence,  e  denoting  an  integer, 

27r  2w       o 

rm  • sm — ^ezw 

n  n 

or  m{r  — «)  =  en.  (13 
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As  m  and  n  are  relatively  prime,  they  have  no  factor  in  common ; 

e  must  be  divisible  by  ?n  as  13)  shows.      Thus  if  we  set  e  s  gm 

13)  gives 

°  r  —  8  =  gn 

or  r— «  is  a  multiple  of  n.     This  is  impossible,  as  r,  «  are  both  <n. 
Hence  no  two  of  the  roots  12)  are  equal. 

3.  Let  us  now  return  to  9).     We  set 

27r  ,    .   .    27r 

09=:  COS h  t  8in , 

n  n 

and  notice  that 

z^  =  o)Zq    ,    Zj  =  (o^Q    ,     ...  z^_i  =  ft)"-%,  (14 

where 

/ 

This  may  be  easily  generalized  as  follows  : 

All  the  roots  of  1^  may  he  obtained  from  any  root  by  mvdtiplying 
this  root  by  the  n  roots  of  unity. 

Hence  in  particular  the  two  roots  of  «^  =  a  =  a  (cos  0  +  %  sin  tf) 

=  Va  Tcos-  +  t  sin  -J ,  (16 


ZQ=\/a(cos-  -h  isin-  ).  (16 

\      n  nj 


are 


«o 


The  three  roots  of  2*  =  a  are 

«o  =  ^« (coSg  + 1 sin  -\  (18 

2j  =  CDZq     '      ^2  ==  **%  (^^ 

where  ©  is  the  first  imaginary  cube  root  of  unity,  viz.  : 

-l  +  iV3  .Oft 

to  = ^ (20 

8.  The  Casus  Irreducibilis.   As  an  application  of  the  foregoing 
let  us  consider  the  irreducible  case  of  Cardan's  solution  of  the 

2?  --  px  +  q  ^  0^  p^  q  real.  (1 
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The  roots  of  1)  have  the  well-known  form 

where  ij  =  { ^a  -  ^f  =  -  A.  (3 

Now  when  the  roots  of  1)  are  all  real,  it  is  shown  in  algebra 
that  A  is  positive,  hence  R  is  negative,  and  VR  is  purely  imagi- 
nary. Thus  2)  expresses  the  real  roots  x  as  the  sum  of  imaginaries. 
To  Cardan  and  his  contemporaries,  who  had  no  idea  how  such 
cube  roots  could  be  found,  this  case  was  highly  paradoxical. 
Since  that  time  mathematicians  have  attempted  to  present  these 
real  roots  as  sums  of  real  radicals.  As  their  efforts  were  unsuc- 
cessful, this  case,  that  is,  the  case  when  A  >  0,  was  called  the 
c(i9U9  irreducibilis.  It  is  only  recently  tliat  a  proof  has  been 
given  that  this  case  is  indeed  irreducible.*  Let  us  see  how  the 
roots  2)  may  be  computed,  using  our  new  complex  numbers. 

We  set 

—J  q  4- 1  VA  =  r  (cos  <f>  -f- » sin  <^). 
Then 

« 

Thus' the  three  roots  of  1)  are 

Xt  =  2</?coB(^  +  k'12oA  *=:0,  1,  2.  (4 

Example.     Let  us  take  the  equation 

x8-2a?-a:+2  =  (a:-l)(a:-hl)(a:-2)=0,  (5 

whose  roots  are  ^    o       i 

To  reduce  this  to  the  form  1)  we  set 

^=|  +  y.  (6 

Then  6)  goes  over  into 

whose  roots  by  6)  are  ,  _  i    4        s 

♦  H5lder,  Math,  Annaltn^  vol.  38  (1891),  p.  307. 
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Here 


1  .         /X  10^         .V243  ,Q 

2^  27  27  ^ 


Hence 


V343 


^^  ,      .  2Va         V243 

log  243  =  2.3856, 
log  V243  =  1.1928, 
log  (- tan  <^)=  0.1928    ,    ^  =  122°  41', 
as  <l>  lies  in  the  second  quadrant  by  8). 
Hence  i  ^  =  40°  54', 

log  343  =  2.5353, 

log  V843  =  1.2676, 

log  27  =  1.4314, 

log  r  =  9.8362, 

log  ^  =  9.9454, 

log  2  =0.3010, 

log  cos  ^  «^  =  9.8784, 

log  yo  =  0-1248     ,    y„  =  1.333  =  f 

•      J  <^  +  120°  =  160°  64'     ,     cos  160°  54' =  - cos  19°  6', 

log  cos  19°  6' =  9.9754, 
log  2  "^r  =  0.2464, 
log  (-yi)  =  0.2218    ,    yi  =  - 1.666  =  - f. 

I  <^  +  240°  =  280°  54'     ,    cos  280°  54'  =  sin  10°  54', 
log  sin  10°  54'  =  9.2767, 
log  2  ^/'r  =  0.2464, 
logy,  =  9.5231     ,    y2  =  .333  =  j. 


CHAPTER  II 
REAL  TERM  SERIES 

9.  The  reader  is  already  familiar  with  infinite  series.  An  im- 
portant chapter  in  the  calculus  treats  of  Taylor's  development 

/(a  +  x)  =  /(a)  +  ^/'(a)+^/"(a)+  ... 
By  its  means  we  find  for  example  that 

/><3  -*«4  /M 

cosx=l-|^  +  ^-|i+...  (1 

sin  27=5 H V  •••  (2 

1 !     3 1      5 !      7  !  ^ 

e*=  1  +    --f  — -h—  +  .-.  r3 

Infinite  series  were  first  used  to  compute  the  values  of  a  func- 
tion. Later  it  was  found  that  they  could  be  used  to  great  ad- 
vantage to  study  the  analytical  nature  of  a  function  in  the  vicinity 
of  a  given  point.  They  are  still  used  for  the  purpose  of  com- 
putation especially  in  constructing  tables  ;  but  their  chief  value 
to-day  in  the  theory  of  functions  is  the  aid  they  afford  us  in 
establishing  existence  theorems,  and  in  studying  the  properties 
of  functions.  * 

We  propose  in  this  chapter  to  develop  only  as  much  of  the 
theory  of  infinite  series  as  is  necessary  for  our  immediate  purpose. 
Later  we  will  give  further  details. 

10.  Definitions.  1.  Let  a^,  a,,  a^  •••  be  an  infinite  sequence  of 
real  numbers.     The  symbol 

ai  +  Oj-h^a  +  •••  (1 

25 
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is  called  an  infinite  aeries.     We  may  also  denote  it  by 

orb  '^^ 

We  call  .  ^      ^ 

II 

the  «tim  of  the  first  n  terms  of  1).  Suppose  that  as  n  increases  in- 
definitely, A^  converges  to  a  definite  value.  Then  we  say  1)  is  con- 
vergent and  assign  this  value  to  the  series ;  we  call  it  the  sum  of  1). 
If  A^  does  not  converge  to  some  definite  value  as  n  increases 
indefinitely,  we  say  the  series  1)  is  divergent.  Whether  1)  con- 
verges or  diverges,  it  is  often  convenient  to  denote  it  by  a  single 
letter,  as  ^ ;  we  may  write 

il=ai-h  Oj-f  ^8  +  •••  (2 

When  this  series  converges,  it  is  customary  to  denote  its  sum 
by  the  same  letter  A.  This  notation  may  be  slightly  confusing  at 
first,  but  the  reader  will  soon  recognize  in  which  sense  A  is  used 
in  any  given  case. 

Associated  with  the  series  2)  is  the  series 

-^n  =  «n+i  +  a,+a  +  •••  (3 

It  is  called  the  deleted  series^  or  the  remainder  after  n  terms.  It 
will  be  convenient  to  denote  the  sum  of  the  first  s  terms  of  the 
series  3)  by  -A^,,;  thus 

Let  us  now  recall  a  notation  with  which  the  reader  is  already 
familiar. 

When  A^  converges  to  ^  as  n  increases  indefinitely,  we  write 

lim  A^  =  A 


'n 


and  read  it :  "the  limit  of  A^  for  n=  oo  is  -4."     The  same  fact 
may  be  expressed  by  the  notation 

^^  =  il  as  w  =  Qo. 

The  symbol  =  is  read  "converges  to." 
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2.  Let  us  establish  here  the  obvious  theorem  : 

Let  -4.  =  flj  4-  «2  +  ••••  ^^^  series  B  =  ka^  +  ha^  +  •••  where  A  :/=  0, 
converges  or  diverges  simvltaneously  with  A.  When  convergent^ 
B^kA. 

^^'  B.^kA^. 

If  now  -4.  or  -B  is  convergent,  we  have 

lira  Bn  =  k  lira  A^^ 
^^  5  =  kA. 


11.  The  Geometric  Series.   This  is 

G^^'^-^g-hg^-hg^-h  .••  (1 

Let  ^  =^  1.     Then  by  elementary  algebra 

-i-=  l  +  (7  +  i^+  .-.  +^--^H-r-S^-  (2 

This  identity  is  often  useful  and  the  reader  should  memorize  it. 
Then  using  the  notation  of  10 

a^=l  +g  +  g^-{-  ...  +^"-1 

=  1— -T^  (3 

1-^  i-ff 

by  2).     Now  when  ^^^^^    ^    lin,^-  =  0. 


f»=«e 


Hence  in  this  case  i .       g^    __  q 


Thus  3)  gives  li^gr^^l        ^   |    |^j 

The  series  1)  is  therefore  convergent  when  |  ^  |  <  1  and  in  this 

case  1 

(7  =  1+5^  +  ^2^...= 


If  (7=1,  (7  =  1  +  1  +  14-  ... 

Hence  ^w  =  w 

and  lini  (^-  =  +00. 


1-^ 


Thus  (SF  is  divergent  when  ^  =  1. 
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When  ^  =  -1,   6?=1-1  +  1-1^-... 

6?^  =  0  when  n  is  even, 

=  1  when  n  is  odd. 

Thus  O-^  does  not  converge  at  all  as  ti  soo. 

Hence  G  is  divergent  in  this  case. 

When  the  series        . 

A=  aj-faj-f  ag-f  ... 

is  such  that  ,.       . 

lim^-  =  -f  30, 


it  is  sometimes  convenient  to  indicate  this  fact  by  the  notation 

A=  -fQO. 

Similarly  if  nm^.=  -oo, 

we  may  write  A  =  — 

Returning  to  the  geometric  series,  we  see  at  once  that  when 
g  >h  fl^n  =  -I-  Qo  ;  while  when ^  <  —  1,  G^  oscillates  between  ever 
larger  limits.     We  have  thus  the  theorem  :  — 

The  geometric  series  1)  is  convergent  when  |^  |  <  1.  It  diverges 
when  I  ^  I  >  1.      When  convergent^  its  sum  is 

a.    1 

^-g 

12.  The  Harmonic  Series.    This  is 

We  show  that  JT  =  -I-  ao  (2 

and  is  therefore  divergent. 

etc.     Thus    iT,  >  ^,  JTj.  >  J  +  J,  B^>l  +  i+\ 
and  in  general  ir,»  >  m  •  J. 
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o 

V 


0 


V 


Fio.  1. 


Thus,  however  large  the  positive  number  O-  is  taken 

if  n  is  greater  than  some  integer  v.     Thus 

lim  J5r^  =  +Q0, 
which  establishes  2). 

13.  Fundamental  Postulate.  In  order  to  go  on  with  our  work 
we  need  to  use  a  fact  which  the  reader  will  admit  as  soon  as 
understood. 

Suppose  a  variable  v  steadily  increases 
as  in  Fig.  1,  and  yet  always  remains  less 
than  a  fixed  number  G.  Then  obviously 
V  must  tend  to  a  limit  V.  This  limit  may 
be  less  than  G  but  it  certainly  cannot  be 
greater  than  O-.    We  have  then 

F=limt;<fl^.  (1 

Similarly  suppose  a  variable  w  steadily  decreases  as  in  Fig.  2, 
and  yet  always  remains  greater  than  a  fixed  number  Q-.  Then 
manifestly  w  must  tend  to  a  limit  W 

^^  W=limw>a.  (2 

We  take  it  that  these  two  facts  are  self- 
evident  and  require  no  proof. 

2.  By  means  of  this  postulate  we  can 
establish  a  theorem  of  great  importance 
in  the  theory  of  series  : 

Let  -4.  =ai  -f  Oj  -f  •••  6«  apontive  term  series.  If  A^<  same  fixed 
number  Q-^  however  large  n  is  taken^  then  A  is  convergent  andA  <  G. 

For  as  ^M  <  (7,  lim  A^  exists  by  the  above  postulate  and  this 
limit  ia  <  0-.     But  then  A  is  convergent  and 

A  =  lim  A^  <  a. 


Fio.  2. 


14.  The  Hyperharmonic  Series.    This  is 

2*      3*     4* 


(1 
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We  establish  now  the  following  theorem : 
The  $eries  S  is  convergent  if  s  >  1^  and  divergent  if  s  <_1. 
For  when  8^1^  S  becomes  the  harmonic  series  JJ,  which  is  di- 
vergent as  we  saw  in  12.     When  8  <  1,  each  term  —  is  greater  than 

2  n' 

the  corresponding  term  -  in  JJ. 

As  JJ^  =  -f  Qo,  80  does  /S^  =  -f  oo,  and  S  is  divergent  in  this  case. 

Let  now  «  >  1.     Then 

1111 ^2^    1 

2*     3*     2*     2*     2*     2*-^     ^'  ^*^' 

As  «  >  1,  ^  is  <  1.     Similarly 

4*     5-      t)-     ?•     4-     4-     4-     4'     4-     4-i     ^' 
—  H —  +•••-!-  —  >—  = =  <r*  etc. 

Thus  however  large  m  is  taken  there  exists  an  integer  n  such  that 

S^<l-\-g  +  g'+  -  -f r""'=  G'--  (2 

As  here  ^^  <  1,  the  geometric  series  G  is  convergent  and  0-n<  Gh* 
Thus  2)  gives  S   <Q 

for  any  m.     Thus  by  the  theorem  in  13,  S  is  convergent,  and 
moreover  ^^  ^  ^3 

15.  Alternating  Series.  1.    Let  aj  >  Oj  >  ag  >  ...  =  0. 
Then  the  series     A^a^^ a^^-a^^a^-\-  .^.  (1 

is  an  alternating  series. 

Examples.  i_|^.j«|^.... 


2!  ^4! 

±_E_  +  £1 0<a;<l. 

1      3!      5! 
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The  last  two  series  are  the  developments  of  cos  x^  sin  2:  as  we 
observed  in  9. 

We  prove  now  the  theorem  : 

The  alternating  series  1)  is  convergent.     Its  sum  A  is  >  0,  and 
the  remainder  after  n  terms  A^  is  numerically  <  a^^y 

Tlius  -^2^+1  >  aj  —  a^  >  0.     We  also  have 

^2n+i  =  aj  -  (o^  -  ag)  -  (a^  -  a^)  -  ... 

Thus  -4.2„+i   is   steadily   decreasing  and    <  «!  — (oj  — as)^  ^i' 
Hence  by  the  fundamental  postulate  13, 

lini  A^^i 


ll=x 


exists  and  is  <  flj  —  a^  and  <  a^  —  (a^  —  ag). 
Next  we  note  that      j        _  j    _i_ 

-^2n+l  —  -^211+  ^2n+l. 

As  lira  Oi^^i  =  0,  by  hypothesis  we  have 

lim  -42^=lim^2n+r 

Hence  ,.      ^         .  . 

lim  At^  exists. 


Thus  A  is  convergent  and 

0  <  ^  <  a^.  (2 

Finally  we  note  that  the  series 

is   an  alternating  series  ;    it  is  therefore  convergent  and  therefore 
analogous  to  2),  ^  ^  ^  ^  ^^^^  ^3 

But  obviously  the  series  P  and  the  residual  series  A^  differ  at 
most  by  their  sign  ;  hence 


Thus  using  3)  -,     ^ 
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2.  The  fact  that  the  remainder  after  n  terms  in  an  alternating 
series  is  numerically  less  than  the  next  term  enables  us  to  estimate 
the  error  in  calculating  such  a  series  and  stopping  the  summation 
at  the  nth  term. 

Example.     Let  us  compute  sin  10°,  using  the  development 

Sin  X  = —  ...  (4 

We  first  convert  10°  into  circular  measure  and  find 

a:  =.1745329. 
log  a:  =  9.2418774. 

log  2^3  =^7.7256322    ,    a:^^  .0058165. 
log  2^  =  6.2093870    ,    a^  =  .0001619. 

|^=.  0008861. 
31 

f^  =  .  00000135. 

5  I 

|^<.  00000001. 

7  ! 

Thus  the  first  two  terms  in  4)  give  sin  10°  correct  to  5  decimals, 
and  the  first  three  terms  to  7  decimals.     We  have  in  fact 

?-^  =  .1736468. 
1     3! 

f-f^  +  ^.  =  .1736482. 

From  the  tables  we  find 

sin  10°  =.1736482. 

16.  The  €  Notation.  1.  Sooner  or  later  the  student  must  learn  to 
use  the  €  notation.  We  propose  to  introduce  it  gradually,  so  that 
it  will  not  seem  difficult  to  him.  The  object  of  the  notation  is  to 
enable  one  to  think  more  easily  and  accurately  when  dealing  with 
limits. 

Suppose  we  have  a  sequence  of  real  numbers 
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What  do  we  mean  wiien  we  say  <^»  =  a 

or  lim  c^  =  c,  (2 


Let  us  plot  the  numbers  1)  and  the  limit  c  on  an  axis.  Let  € 
be  a  small  positive  number.     The  points  ^  ^  ^ 

c  — €,   e-j-€  determine   an   interval   U  of         T         ,  1 

length   2  €  as  in  the  Figure.     Then   the         ^'^        ^         ^"^^ 
limit  2)  simply  means  that  the  c^  eventually  lie  within  ^  no 
matter  how  small  €  is  taken. 

Put  in  more  precise  language,  the  limit  2)  means  that  taking 
€  >  0  small  at  pleasure  and  then  fixing  it,  there  exists  an  index  m 
such  that 

^m+p     ^■•+2'     ^m+Z  '** 

all  lie  within  H.     The  fact  that  these  lie  in  H  is  expressed  by  the 

inequalities  i  i  ^  xo 

^  I  <?  —  <?^  1  <  €    ,    n  >  m.  (3 

For  the  relation  3)  merely  states  that  whenever  the  index  n  is 
>  m,  the  distance  of  c^  from  c?  is  <  €. 

It  will  be  convenient  to  adopt  a  standard  notation.  To  express 
that  c  is  the  limit  of  the  c^  we  shall  write 

€  >  0,  w,  I  (?  —  c.  I  <  €    ,    n  >  m.  (4 

This  we  will  read  as  follows : 

Far  each  positive  €  there  exists  an  index  m,  such  that  \  c  —  c^\  <  e 
far  all  n>m. 

Conversely  if  4)  holds,  we  know  that  2)  does. 

This  may  sound  elaborate  and  formidable  to  the  beginner  and 
quite  unnecessary  to  express  a  very  simple  fact.  This  is  indeed 
so  if  we  never  deal  with  but  very  simple  limits  ;  or  never  employ 
but  very  simple  reasoning  on  limits.  Now  the  fact  is  that  the 
function  theory  is  founded  on  the  notion  of  limits.  We  are  con- 
stantly reasoning  on  limits.  The  same  is  true  in  the  calculus. 
But  in  a  first  course  in  the  calculus  the  student  is  too  immature 
to  pay  much  attention  to  a  rigorous  treatment  of  limits.  His 
main  object  should  be  to  seize  the  spirit  of  the  methods  of  the  cal- 
culus* and  to  learn  how  to  use  them  easily.  Then  as  he  becomes 
more  mature  he  can  pay  more  attention  to  the  demonstrations  on 
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which  these  methods  are  founded.  In  the  present  work  we  have 
no  intention  of  insisting  on  rigor.  Being  a  first  course  in  the 
function  theory,  we  shall  endeavor  to  avoid  all  topics  which 
require  delicate  handling.  A  demonstration  of  such  matters  is 
quite  out  of  place  in  a  first  course.  On  the  other  hand,  the  stu- 
dent has  advanced  in  maturity  since  his  calculus  days,  and  has 
reached  the  point  when  the  subject  of  limits  may  be  treated 
appropriately  with  more  care. 

>^      2.  Let  us  note  that  if  ^^=0,  then  4)  becomes 

€  >  0,   w,    I  (?^  I  <  €,     w  >  w.  (5 

Convei'sely,  if  5)  holds,  lim  c^  s  0. 

8.  A  simple  reflection  will  show  that  if  lim  c«  =  c  then  not  only 
does  4)  hold,  but  we  also  may  .write 

€  >  0,   m,    \c  —  e^\  <S     ,     n>wi,  (6 

where  8  may  be  any  fixed  positive  number  <  €. 

For  the  relation  6)  merely  says  that  we  have  replaced  the 
interval  H  above,  of  length  2  e  by  another  smaller  interval  of 
length  2  8. 

We  frequently  have  to  deal  with  several  inequalities  of  the 
type  6).     In  such  cases  we  shall  see  that  it  is  convenient  to  take 

S  =  -  or  -,  etc. 
2       8 

17.  Necessary  Conditions  for  Convergence.  1.  When  dealing 
with  infinite  series  our  first  care  is  to  see  if  the  series  in  hand  is 
convergent.  As  we  never  deal  with  divergent  series  in  the 
elements  of  the  function  theory,  if  a  series  is  found  to  be  divergent 
it  must  be  discarded.     The  following  theorem  is  often  useful : 

For  the  series  ^^^aj-f  o^-f  •••  to  converge  it  is  necessary  that 

For  suppose  A  is  convergent.     Then  by  16,  s  we  have 

€>0,  wi,  1-4- i4„|  <|     ,     n>w. 


Also 

2 


A^A,^,\<i 
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Hence  by  5,  7) 


But  .  .   __ 

Thus  ,        ,  ^ 

Hence  by  16,  5)  lim  a^^,  s  0,  or  what  is  the  same,  lim  o^  «  0. 

2.  Although  it  is  necessary  for  a^^O  when  J.  =  a^  +  a^H-  •••  is 
convergent,  this  condition  is  not  sufficient  as  the  following  ex- 
ample shows. 

The  harmonic  series    w'—ij.iiii 


•  •• 


is  divergent  as  we  saw  in  12.     Yet  here 

a^  =  -  =  0. 
n 

3.  Let  m  be  an  arbitrary  but  fixed  index.     The  two  $erie8  A^  A^ 
converge  or  diverge  %imultaneoiA9ly.      When  convergent 

A  =  A^  -f  Af^. 

For  when  A  is  convergent  A  =s  lim  A^.     Let  n^m-^$.     Then 

An  =  A^  -|-  -A^^,. 

When  n  =  00,  so  does  «.     As  A^  is  a  constant,  we  see  that  when 
lim  An  exists,  so  does  lira  A^^^  and  conversely. 


4.  if  -4.  i$  convergent,  lim  A^  =  0. 

For  any  n  we  have  A  =  An-\-  A^> 

As  A  is  convergent,  lim  A^  =  ^.     Thus 

-3^  =  -4  -  ^^  =  0. 

18.  Adjoint  Series.  1.    In  studying  the  convergence  of  a  series 

A  =  a^-^a2-^a^-^  ...  (1 

it  is  convenient  to  consider  the  series  obtained  by  replacing  each 
term  a^  by  its  numerical  value  cL^^\a^\.     The  resulting  series 

a  =  ttj  -f  oj  -f  Oj  -f  ...  (2 
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is  called  the  adjoint  of  A.     We  write 

a  =  Adj  A. 

In  the  function  theory  we  often  have  to  deal  with  the  numerical 
or  absolute  values  of  numbers  as  a,  &,  c  ••*.  It  will  often  be  con- 
venient to  denote  them  by  the  corresponding  Greek  letters  a, )3, 7  •••. 
Sometimes  the  Greek  letter  is  so  much  like  the  Roman  letter  that 
the  reader  is  apt  to  mistake  itl  We  will  replace  it  by  the  corre- 
sponding German  letter.  Thus  Greek  A,  M  look  like  Roman 
A^  M;  we  therefore  replace  them  by  9,  SR. 

The  following  examples  will  illustrate  the  notion  of  a  series  and 
its  adjoint. 

Example  1.  -4.  =  1  —  ^  +  J— ^-f... 


Its  adjoint  is 


a=i+i+i+i+ 


Example  ^.  j  _  ^      3^      2^       afi 

2!  "^4  1      61       " 

Its  adjoint  is        31  =  1  +  ^-h^  +  ^-h  ... 

where  according  to  our  notation  {=  |2;|. 

Should  the  terms  of  a  series  A  be  all  positive,  then  A  and  9  are 
identical. 

2.  We  prove  now  the  fundamental  theorem  : 
If  9  converges^  $0  does  A. 

-B  =  6j  -|-  ^2  +  ^8  ''■  '" 

be  the  series  formed  of  the  positive  terms  of  1)  taken  in  order,  and 

(7=(ri-f(?2-f<?8-|-  .- 

be  the  series  formed  of  the  negative  terms  of  1)  taken,  however, 
with  positive  signs.     Then 

-Bn  £ «!  -I-  oj  -f  os  +  ••• = a 

since  B^  contains  only  a  part  of  the  terms  of  S.     Hence  B  is  con- 
vergent by  18,  2.     Similarly  (7^  <  9  and  hence  O  is  convergent. 
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Suppose  A^  contains  r  positive  terms  and  «  negative  terms.    Then 

Let  n  ===  00,  then  Br  ==  -B,  (7,  =  (7,  and  hence 

Urn  A^  =  lim  B^  —  lim  C^ 

~  A  =  B-C. 

Hence  A  is  convergent. 

3.  A  series  may  converge,  although  its  adjoint  does  not. 

is  convergent  because  it  is  an  alternating  series,  by  15.     Its  adjoint 

is  divergent  since  it  is  the  harmonic  series,  by  12. 

A  series  whose  adjoint  is  convergent  is  called  ab$olutely  conver- 
gent. If  A  converges  while  9  does  not,  we  say  A  is  simplt/  con- 
vergent when  we  wish  to  indicate  that  A  does  not  converge  abso- 
lutely. The  greater  part  of  the  series  employed  in  the  elements 
of  the  function  theory  are  absolutely  convergent.  We  shall  there- 
fore have  little  to  do  with  simply  convergent  series. 

4.  The  following  theorem  is  very  useful  in  ascertaining  if  a 
griven  series  is  absolutely  convergent : 

Let  Bssb^-j-b^  +  b^+  •••  converge  and  have  all  Us  terms  >  0. 
Then  the  series  -A  =  aj  -f  o^  -f  ag  -f  •••  is  absolutely  convergent  if 
a^  <  h^.     Moreover  \A\<B. 

For  passing  to  the  adjoint  of  A^  we  have 

Thus  a  is  convergent  by  13,  2. 

^®  \AA<%^<B 


we  have  \A\<B. 


19.  The  Remainder  Series.  1.   Suppose  we  wish  to  compute  the 
value  of  the  convergent  series 

^  =  aj  -f  aj  -f  dg  +  •••  (1 
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correct  to  a  certain  number  of  decimals,  say  to  p  decimals.  We 
compute  successively      j   _ 

-A,  =  ai  -f  Oj 

^8  =  «i  -f  «2  +  ^8 

etc.  In  order  to  know  if  we  may  stop  at  A^  we  must  know  if  the 
remainder  A^  affects  the  pth  decimal  in  A^.  We  must  know, 
therefore,  if  ■  -z   ,      ^ .. 


In  case  that  J.  is  an  alternate  series  the  theorem  of  15  shows  that 

we  may  take  n  so  that      ,         ,      -/v_ 
^  I  a,^i  I  <  10-^ 

For  we  showed  that  i  T  i  ^  ^ 

When  the  series  1)  is  not  alternate,  it  is  not  so  easy  to  estimate 
the  magnitude  of  the  remainder.  The  theorem  of  18, 4  may  some- 
times be  applied  with  advantage  to  A^.     In  fact  if  a^SK  ^^  have 

\A^\<B^<B. 

2.  Example,    Let  us  use  the   theorem  of  18,  4  to  show  that 

exponential  series  ^      ^      ^ 

^«l-f  — -h  — +— -f—  C2 

^11^21^3!^  /^ 

is  convergent  for  a;  >  0,  and  to  estimate  the  magnitude  of   the 
remainder  E^. 

Let  us  take  x  large  at  pleasure  and  then  fix  it.  We  next  take 
m  so  large  that  m  -f  1  >  a;.     Then 

5'  =  -xT<l-  C8 

Let  us  set  jLr_  x^  ^ 

m  ! 

As  X  and  m  are  fixed,  if  is  a  constant.     Then 


(m  -f  «)!      m !     (m  -f  1)  •••  (m  -f  «) 
Thus  each  term  of 


<iM^. 


"     »i!     (wi+l)!     (m  +  2)! 
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after  the  first  is  less  than  the  corresponding  term  of  the  con- 
vergent geometric  series 

M 

Hence  the  remainder  series  £^  is  convergent.  Thus  H  is  con- 
vergent and  T^M- 

^  E^<^  (4 

^  ^  9 
where  g  is  given  by  3). 

Positive  Term  Series 

20.  Theorems  of  Comparison.  Series  whose  terms  are  all  positive 
are  of  especial  importance  for  deducing  tests  of  convergence. 
To  ascertain  if  a  given  positive  term  series  A  is  convergent  it  is 
generally  advantageous  to  compare  it  with  some  other  positive 
term  series  B  whose  convergence  or  divergence  is  known.  We 
begin  therefore  by  establishing  two  theorems  of  comparison. 

2.  Let  ^  =  flfj  -f  Oji  -I-  •••,  J?  =  Jj  -f  ftj-f  •••  he  poiitive  term  $eries. 
Let  r,  9  he  positive  constants. 

IfV  r<^<$    ,    n  =  l,  2,  8... 

hn 

or  2^  lim  -^  exists  and  is  ^  0, 

hn 

then  A  and  B  converge  or  diverge  simultaneously. 

For  on  the  1**  hypothesis  a^  <  sh^ ;  hence  if  B  converges, 
A^  <  sB^  <  sB.  Thus  A  converges  by  13,  2.  Also  a^>rh^; 
hence  A^  >  rB^.     Thus  if  B  is  divergent,  so  is  A. 

On  the  2^  hypothesis^  let 

f?  =  i  and  Z  >  0. 

hn 

Then  as  n  increases,  r^  gets  nearer  and  nearer  {.     Hence  for  a 

hn 
sufficiently  large  m^  there  exist  two  positive  numbers  r,  s  such 

that  a 

r<^<s,   n>m. 
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Thus  the  terms  of  the  series 


•  •  • 


satisfy  condition  1^  above.     Thus  this  2°  case  is  reduced  to  the 
preceding. 

Example  1.  ^  ^  J^^.  _i_^  J_^.  ... 

1.2      2.3     3.4^ 

Here  ««=——-—<-. 

n(w+l)     n^ 

Thus  each  term  of  A  is  less  than  the  corresponding  term  of  the 
convergent  series  i       i       1 

j2  ^  2^     3* 
Hence  A  is  convergent. 

Example  2.  -      cos  x  ,  cos  2  x  ,  ^  ^ 

The  adjoint  series  is    • 

a      I  cos  a;  I  ,  I  cos  2x\  , 
=  J L^J L-|_    ... 

e'  ^ 

As  I  cos  u  I  <  1,  each  term  of  this  series  is  <  the  corresponding 
term  of  the  convergent  geometric  series 

e*     e^     ^ 
Hence  8  is  convergent,  and  thus  A  is  absolutely  convergent. 

HxampleS.      ^  =  2a.  =  21ogfl +^  +  ^"1    ,     r>l 

where  /a  is  a  constant  and 

^«  I  <  some  G. 


By  the  calculus  we  have,  setting  r  =  1  -f  «, 

^;i  =  0,  wehave      ^  ^^^(\   ^n^n'N 

"      W  \         re  J 
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which  is  comparable  with  the  convergent  series 

Thus  A  is  convergent  in  this  case. 

I/^  fi^O^  we  see  that  na^  =  /i.     Thus  A  is  comparable  with  the 
divergent  series       jy^  i  ^  j  ^  ^  +  ^  ^  ._ 

When  /i  >  0,  we  see  the  terms  of  A  finally  become  positive  and 
-A  =5  -f  oo  .     When  /*  <  0,  the  terms  finally  become  negative  and 

-A  =  —   00  . 


^ample4.   c  =  J  {  ^  -  log(l  +  1))  =  2... 


1 

This  series  is  convergent.     For  if  n  >  1,  by  the  law  of  the  mean, 

logfl+-V-  +  ^«-A     ,     l^nKsomeJIf. 
Thus  ,      M 

The  adjoint  of  C7is  thus  comparable  with  the  convergent  series 

MX-r 

The   series   C  is  therefore  absolutely  convergent.      Its  sum  is 
called  the  Eiderian  constant.     By  calculation  we  find 

(7  =. 57721566.  •. 

3.  The  second  theorem  of  comparison  is  : 

Lei        ^ssaj-faj  +  as"*"  •••     »     5  =  Jj -f  ftj  +  ^8  ■^' 
be  positive  term  series.     If  B  is  convergent  and 

?!i±l<*5±i    ,     n=l,  2,  ... 

«•       K 

A  is  convergent.     If  B  is  divergent  and 
A  is  divergent. 


... 
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For  on  the  1®  hypothesisj 

r^<T^<  •••  <r  =?'  ®*y- 
Thus  a^ 


6.^^' 


and  we  may  apply  2. 

On  the  2°  hypothem  we  have 


and  may  again  apply  2. 


^^n^ 

^^^ 


21.  D'Alembert'8  Test  1.  As  an  application  of  the  second  theo- 
rem of  comparison  20,  8,  we  will  establish  a  test  for  convergence 
or  divergence  of  a  positive  term  series  which  is  perhaps  more 
often  used  than  any  other.     It  is  called  D'* AleniberV $  test. 

The  positive  term  series  A  =  a^  -f  Oj  -f  •••  converges  if  there  exists 
a  constant  r  <  1  for  which 

5!5±l<r,  orlim^2±i  =  r. 


««  «. 


The  series  A  diverges  if 


Sn±i>l,  or  if  \im^!^>l. 
c 

Let  us  suppose  that 


«»  ""  «« 


?n±l<r. 


«« 


We  compare  A  with  the  convergent  geometric  series 

and  apply  20,  8. 

Let  us  next  suppose  that    y    a^^x  _  ,- 


<»« 


Then  we  may  choose  €>0  so  small  that  «  =  r-|-€  is  also  <1. 
Then  1)  states  that  there  exists  an  m  such  that 

^^<«    ,    n>m. 

Thus  we  are  led  back  to  the  former  case.     In  a  similar  manner 
we  may  treat  the  divergence  part  of  the  theorem. 
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Example  1.  ^  =  a+2aa+ 8a«-H  .•• 

is  convergent  \fO<a<\.     For  the  ratio  of  two  terms 

-5^  =  — - — .a  =  a<l. 

Example  2.     Let  us  show  that  the  exponential  series 

1 !      2 !  ^ 

convergeB  ab%olutely  for  any  x.      To   this  end   we  consider  its 
adjoint  t      « 

The  ratio  of  the  n  +  1**  term  to  the  n**  is 

nl     (w  —  1)!      n 

for  any  given  f.     Thus  in  this  case  r  =  0  in  D'Alembert's  test. 
Hence  (S  converges,  and  thus  E  converges  absolutely  for  any  x. 

Example  3.     Let  us  consider  the  convergence  of  the  series 
which  are  the  developments  of  the  cosine  and  sine,  viz. : 

21^41 

i:     81^5! 
The  adjoints  of  these  are 

i:^3!     5! 

The  terras  of  these  series  form  a  part  of  the  series  (S  considered 
in  Example  2.     Thus     /r  ^  /n         ^  ^  ec 

and  hence  (E,  @  converge  for  any  f  since  (S  does.     Z%t«<  C  and 
S  converge  abtolutelg  for  any  x. 
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This  result  may  also  be  obtained  directly  from  D'Alembert^s 
test.     For  the  ratio  of  two  successive  terms  of  (E  is 


tim  tin-2 


=  0. 


(2w)!     (2n-2):      2n(2w-l) 
Hence  (E  converges  for  any  f,  and  a  similar  result  holds  for  @. 

Example  4.     Let  us  show  that  the  logarithmic  series 

ix     2?  .  ofi 
"1      2      3" 

eanverge%  ab%olutely  for  any  |  a;  |  <  i  and  diverges  for  |  a;  |  >  i.     In 
fact  the  adjoint  series  is 

12    3 

The  ratio  of  two  successive  terms  is 

f"^i   ,f->^     n       .^. 
n-hl     n      n  +  1 

Here  the  limit  r  in  D'Alembert's  test  is  f. 
2.    We  must  note  that  when  in  D'Alemherfs  test  the  limit 

lim  ??^  =  1, 

we  can  neither  conclude  that  A  converges  or  that  it  diverges^  as  the 
following  example  shows. 

ExampU.  Let  ^  =  L  +  I  +  Lh-  ... 

1*     2»     3» 

Here  0^+,  _     _n^ 1       ^  ^ 

a.    (n+ir'Ci  +  iy" 

Now  when  «  >  1,  -4   is  convergent,   while  when   «  <  1,   A  is 
divergent. 

22.  Cauchy's  Integral  Test.  1.    This  is  a  test  of  great  power; 
it  is  expressed  in  the  theorem : 

Letf(x)  he  a  steadily  decreasing  positive  function  such  that 
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Then  the  potiHve  term  leriei 


1  +  «a  +  a,  +  ■ 


i<  convergent  ^^ 

it  eonvergent. 

For  on  the  ordinateg  x  —  n,  in  Fig.  1,  let  ub  lay  off  the  Tttlues 
of  a..  Then  A.  —  area  of  the  shaded  region  from  2  a  0  to  a:  ^  n. 
But  the  curve  helonging  to  y^f(x) 
lies  above  this  shaded  region.   Thus 

A,^,,  =  a«-fi  +  <»»*i+  ■  ■  +  "»*.<■''• 

Hence  A^  is  convergent,  nnd 
hence  A  is. 

2.  Similarly  we  have  a  divergent 
t€H: 

Let  f(x)  he  a  tteadily  decreaetng 
poritive  function  »ach  that  a.>/(n}. 


Then  the  poiitive  term 


i,  divergent  if  ^_  /jf^^-^j, 

is  divergent. 

For  consulting  Fig,  2  we  see  th&t 

Let  now  n  =  00.  The  integral  on  ihe 
right  =  +  CO  hy  hypothesis ;  hence  A^  la 
divergent,  hence  A  is  divergent. 

3.  In  the  last  section  the  student  might 
be  tempted  to  reason  as  follows.  A„  is 
the  area  of  the  rectangles  from  x  =  m  to  co. 
This  is  greater  than  the  area  of  the  curve 
from  x=m  to  ea.  Thus  one  would  have 
at  once 


m^ 


As  the  integral  K= 


A^>K. 

,  so  is  ^Ht  hence  ^  =  00, 
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Against  this  form  of  reasoning  one  can  urge  the  objection 
that  one  is  dealing  with  oo  as  if  it  were  an  ordinary  number. 
It  is  true  that  in  a  first  course  in  the  calculus  the  student 
often  falls  into  this  habit.  At  times  this  is  quite  convenient, 
at  other  times  it  can  create  great  confusion.  To  avoid  such 
loose  reasoning  mathematicians  to-day  do  not  operate  on  infinite 
quantities  as  if  they  were  finite.  For  example  in  the  present 
case  we  wish  to  show  that  A^  is  divergent.  To  this  end  we 
have  compared  two  infinite  areas  in  2)  and  asserted  that  one  is 
larger  than  the  other.  The  modern  mathematician  avoids  this; 
instead  he  would  reason  as  in  the  foregoing  section  2.  The 
relation  1)  compares  finite  areas.  In  this  relation  the  variable  n 
is  allowed  to  increase  indefinitely.  Since  A^^n  increases  indefi- 
nitely, the  series  A^  is  divergent  by  definition.  Hence  also  A 
is  divergent. 

The  reader  will  perhaps  think  this  a  very  small  point.  In  the 
present  case  it  is  indeed  trivial.  We  have  chosen  it  however  to 
illustrate  a  great  principle  : 

The  stvdent  must  avoid  operating  on  infinite  quantities  ae  if  they 
were  finite.  All  operations  mu^t  be  performed  on  finite  quantities^ 
except  in  the  single  operation  of  passing  to  the  limit, 

23.  The  Logarithmic  Scale.  1.  As  we  have  already  remarked, 
the  convergence  or  divergence  of  a  positive  term  series 

A=^a^'\'a^'\'a^'\ 

may  often  be  determined  readily  by  comparing  A  with  some  series 
whose  convergence  or  divergence  is  known.  Two  such  series  we 
have  already  found.     The  geometric  series 

fl^=l+^  +  ^  +  i7«+-  (1 

and  the  hyperharmonic  series 

We  propose  now  to  use  Cauchy's  integral  test  to  show  that  the 
series 
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(3 


(4 


(5 


2-- 
y     ^ 

•     •     •     •     • 

€iZ/  converge  when  %>  1  and  diverge  when  «  <  1. 

For  brevity  we  have  set 

/^n=:logn    ,     Zjn  =  log(log  n)     ,     ••• 

We  must  note  that  in  the  domain  of  real  numbers,  log  x  does  not 
exist  for  2:  <  0.     Thus   the  summation  in  the   series  3),  4)  ••• 
must  begin  with  a  value  of  n  for  which  l^n  exists. 
Let  us  consider  the  series  3),  or 

^  2  log*  2  "^3  log*  3  "^4  log*  4"*'  '"  ^^ 

when  «  >  1. 

From  the  calculus  we  have 

d  log^"*a;  _    1  —  < 

dz  X  loff*  X 

Thus  ^ 

J.   a:log*ic      «-lllog'-Ja      log'-i/gj      '        ^     ^^ 
Hence  /•*     rfx  1  1 


/■ 


X  log*  X     «  —  1  log*""i  a 


is  convergent.     Hence  by  Cauchy's  test  6)  is  convergent  when 
»  >  1. 

Let  U9  now  take  «  =3  1.     From  the  calculus  we  have 

^  =  #log(logx)  =  -^. 
dx      dx  X  log  X 

Hence 


X 


''-^^- =  log(log  )8)  -  logOog  «)     ,     0<a</8. 
:r  log  X 
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Thus  /•'     dx 


I 


X  log  X 


=  -|-  X). 


Hence   by  Cauchy's   test   6)   is   divergent   for   « =  1.     Hence  d 
fortiori  it  diverges  for  »  <  1. 

To  treat  the  general  case  we  would  employ  the  function 

fix)  = 


xlyXl^    ...    l,„-^Xl^'X 


2.  The  series  3),  4),  5),  •••  form  a  9cale,  That  is  when  «  >  1 
each  converges  more  slowly  than  the  foregoing.  When  « =  1 
each  diverges  more  slowly  than  the  foregoing.  To  apply  this 
scale  to  test  the  convergence  or  divergence  of  a  given  positive 
term  series  A  we  begin  by  comparing  the  terms  of  A  with  those 
of  3).     If  no  test  results,  we  next  employ  the  series  4),  and  so  on. 

24.  Kummer's  Test.  1.  This  is  embodied  in  the  following 
theorem  : 

Let  il  =  aj  H-  ag  +  •••  he  a  positive  term  series.  Let  Ar^  Aj  •••  be 
a  set  of  positive  numbers  chosen  at  pleasure.  A  is  convergent  if 
for  some  constant  k  >  0, 

ifn  =  *n--^-*.^l>*       ,       n=l,  2,  ...  (1 

A  is  divergent  if  2>  =  -  +  -  +  -  (2 

is  divergent  and  K^  <  0,  w  =  1,  2,  — 

For  on  the  first  hypothesis 

k 
^^s  ^  j^  (*2^2  -  Va)- 


a»<  ^(*n-l«i.-i-*nO- 
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Hence  adding  these 

Thus  A  is  convergent  by  13,  2. 
On  the  Second  Hypothesu 

Thus  A  is  divergent  by  20,  8. 

2.    We  shall  call  the  divergent  series  2)  Kummers  series. 

25.  Raabe*s  and  Cahen's  Tests.    1.  From  Kumnier's  test  we  may 
deduce  a  set  of  tests  of  great  usefulness.     Thus  if  we  take 

Aj  =  ^2=  •••  =  1 
we  get  D'Alembert's  test  21. 

If  we  take  ,_-    l^ol^q 

/t|  —   if  /Ca  —  «^,  /vg  =s  O  ••• 

we  get : 

Raabe^s  Test.     The  positive  term  series  -4  =  aj  +  a,  +  •  • .  i«  con- 
vergent  if 

X^j(n)  =  nf-^-lVi     ,     l>\.  (1 

A  is  divergent  if  Xo(n)<  1.  (2 

For  here  ir.==n^-(n -h  1)>  A>0 

if  1)  holds.     On  the  other  hand 

if;<o 

if  2)  holds. 

2.  In  tbe  foregoing  we  have  used  the  divergent  series 
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to  get  D'Alembert's  and  Raabe's  tests.     If  we  use  the  scale  of  di- 
vergent logarithmic  series  considered  in 

y  _!__, 

we  get  a  set  of  tests  which  may  be  stated  as  follows  : 
Let  A  =  aj  +  ^2  "^  "•  ^^  ^  positive  term  series.     Let 

Xi(n)  =  /in|n(-?^-l)-l|  =  iiniXo(n)-l{,  (3 


•     • 


Then  A  converges  if  there  exists  an  s  such  that 

X,(n)>  h>\    for  some  n>  m; 
A  diverges  if  X.(n)<  1    forn>m. 

Let  us  prove  the  first  t«st  3)  in  this  set.     The  others  are  proved 

similarly.     We  take  here     ,  , 

•^  k^=sn  log  n. 

Then  A  converges  if 

jr^  =  n  log  n-^  -  (w  +  l)log(n  +  1)  >  A  >  0. 


«n+l 


As 


w  +  1 


=»0-D' 


K,  =  \,(n)  -  log^l  +  ly  -  log  ^1  +  ^, 
=  Xi(/i)-log(^l  +  ij      , 

=  Xi(/0-n  +  a)    .    «>o. 
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Thus  A  converges  if 

^i(w)^  S  >  1     for  n  >  some  m. 

In  this  way  we  see  also  that  A  diverges  if 

^iCw)  <  1     for  n  >  some  m. 

3.   From  3)  we  deduce 

Cahen9  Test.     If  the  positive  term  teriet  -4  =  a^  4-  aj  4-  •  ••  i«  8ueh 
t fiat  far  every  n 

C^  .=  fiUf-^  -  l^-  1  j  <  tome  a, 

then  A  is  divergent. 

For  ^   ,  N^J'^erw     ri 

n 

Here  the  right  side  =  0.     Hence  XjCw)  <  1  for  n  >  some  tii,  and 
A  is  divergent  by  2. 

26.  Gauss'  Test.    Let  A=  ay^-\-  a^-^-  »-'  be  a  positive  term  series 

such  that 

fln  _  n*  H-  a{n*'^  +  '"  +  «,  (^ 

««+i      W+/3in'-i  +  .^.  -1-/3/ 

where  «,  a^  a,  •••  )8p  ^2'"  ^^  ^^^  depend  on  n.     Then  A  is  con- 
vergent if 

and  divergent  if  a^  —  fi^<l. 

This  may  be  deduced  from  25  as  follows.     Here 

Xo(n)  =  n(^-  -  1)= ^ (2 

n 
Thus  lim  Xq(w)  =  a^  —  /Sj. 

Hence  if  aj  —  /9j  >  1,  certainly  there  elcists  some  Z  >  1  such  that 

w  ( -^ —  1  )^  Z   for  all  n  >  some  m. 
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Thus  Raabe's  test  shows  that  A  is  convergent.  If  Oj  —  /9j  =  1, 
Raabe's  test  does  not  always  apply.  To  dispose  of  this  case  we 
may  apply  the  Xi(w)  test  of  25,  2.  Or,  more  simply,  we  may  apply 
Cahen's  test.     We  find  at  once 

and  A  is  divergent. 

27.  A  test  similar  to  Gauss'  test  in  26  is  the  following  : 
Let  A  =  a^-^  a^  -\-  *"  he  a  poiitive  term  series  such  that 

where  /i  >  1,  and  l3^  <  some  G.  Then  A  is  convergent  if  a  >  1,  and 
divergent  if  a<l. 

Thus  A  is  convergent  if  a  >1,  and  divergent  if  a  <  1.  If  a  =  1, 
we  have  7  „ 

\,(n)  =  ?,n}V«)  -  n  =    i"   •  A  =  0. 

n'^  * 

and  A  is  divergent. 

28.  Binomial  Series.    This  is 

This  series  arises  when  we  develop  (1+ic)'*  by  Taylor's  theorem  ; 
here  we  wish  merely  to  consider  the  convergence  of  the  series 
as  an  application  of  the  foregoing  tests. 

If  /i  is  a  positive  integer,  £  is  a  polynomial  of  degree  fi.  If 
/i  =  0,  5  =  1.     We  now  exclude  these  exceptional  values  of  fi. 

Applying  D'Alembert's  test  to  the  adjoint  of  1),  we  find 

/i:-  n  +  1 


«n-H  __ 


"n 


x\  =  \x 


n 
Thus  B  converges  absolutely  for  |  j  |  <  1,  and  diverges  if  |  x  |  >  1. 
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Let  X  =  1.     Then 


Then 


As  D'Alembert's  test  gives  us  no  information  in  this  case,  we 
apply  Raabe's  test.     Here 


Xo(n)=n(j?--l)=_l+^ 


Jt 
n 
for  n  sufficiently  large.     Thus 

\(n)  =  1  H-  Ai. 

Hence  B  converges  absolutely  if  /a  >  Oi  and  its  adjoint  diverges 
if /i<0. 

But  in  this  case  we  note  that  the  terras  of  B  are  alternately 
positive  and  negative.     Also 


«n41_. 


1- 


l  +  A* 


n 


so  that  On  form  a  decreasing  sequence  from  a  certain  term,  provided 
fft  >  —  1,   when   On  =  0.      Thus  B  converges   when  /a  >  —  1  and 
diverges  when  M  ^  —  !• 
Letx^^-l.     Then 

fA'  fl—  1 


5=:l-/i  + 


1.2 


If  fft  >  0,  the  terms  of  B  finally  have  one  sign  and  XQ(n)  ==  1  +  M- 
Hence  -B  converges  absolutely. 

If  /i  <  0,  let  /i  =s  —  X.     Then  B  becomes 

1  +  X  +  ^LiA±I  +  >^A±lL2ldL2  + ... 

1.2  1.2.3 

H«~  x,(„)=_lz:A^=i-x, 

and  B  therefore  diverges  in  this  case.     To  sum  up,  we  have  the 
theorem  : 
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The  binomial  series  1)  converges  absolutely  for  |  a;  |  <  1,  and 
diverges  for  |a;|>l.  When  x=l,  it  converges  for  /i>— 1  and 
diverges  for  M  ^  —  1  ?  *^  converges  absolutely  only  for  fi>0.  When 
a;  =  —  1,  t^  converges  absolutely  for  fji>0  and  diverges  for  /i  <  0. 

29.  The  Hypergeometric  Series.   This  is 

1.7  1.2.7.7  +  1 


a.a-H.tt4-2./3./3-hl./3  +  2^ 
1.2.3.7.7  +  1.7  +  2 


Let  us  find  when  this  very  important  series  converges.     Passing 
to  the  adjoint  series,  we  find 

(«  +  n)(/3+n) 


(n+l)(7  +  n) 


X\:^\X\.  (2 


Thus  JT  converges  absolutely  for  |  a;  |  <  1  and  diverges  for  |  a;  |  >  1. 
Let  a:  =  1.     The  terms  of  F  finally  have  one  sign  and 

gn-n^  n^H-n(l  +  7)+7 
a»+2      w2+n(a  +  /3)  +  a/3' 

Applying  Gauss'  test,  26,  we  find  F  converges  when  and  only 
when  .  o        ^r. 

Let  x=^l.     The  terms  finally  alternate  in  sign.      We  may 
write  J'ss  aj  —  Oj  +  flg .     I^t  us  find  when  a^  =  0,     We  have 

^      ^afi    (a  +  1)  ...  (a  +  n)(fi  +  1) ...  (/3  +  n) 
"^^       7    *  (l  +  l)...(l-Kn)(7  +  l)...(7+/iy 


Now 


a  +  m  =  mfl+-)      ,     l3+m  =  ml\-^^\ 
\       niJ  \       vij 

l  +  m=rwflH — J      ,      7  +  ???  =  ?w[  1  +  ^J. 


Thus 


«-2  =  n:^ 


a/9     \        7w/\       ml 
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But  1      _  1       1   .  ^-. 


where 


Hence 


Hence 


-=1-1  +  ^     •  ^      -  1  _  7  .  "^m 

-•  ,  2.  m     m^  14-7.  w»     w»' 

1  \  m  mV 

log  a„.,  =  iiogfi  +  --^^-y-^ + hA 

1       V  »n  nrj 


=  i/« = X,. 


1 

Thus 


L  =  lim  log  a^+j  =  2Z^. 

1 


Now  for  a,  to  =  0  it  is  necessary  that  i«  ==  —  oo.  In  20,  Ex.  8, 
we  saw  that  this  takes  place  only  when  a  +  )8  —  7  —  1<0. 

Let  us  now  see  if  L  is  an  alternating  series.  If  so,  we  must 
also  have  a^  >  a^+j  <  ....     From  2)  we  have 


n 

a 


Thus  when  a+^  —  7  —  1<0  the  L  series  is  alternating. 

Summing  up,  we  have  the  following  theorem  : 

The  hypergeometric  series  F  converges  ahtoliUeltf  when  \x\<  1, 
and  diverges  when  |a;|>l.  When  x  =  l^  F  converges  only  when 
a  4-  yS  —  7  <  0,  and  then  absolutely.  When  x=  —  1^  F  converges  only 
when  a4-/9— 7  — 1<0,  and  absolutely  if  a-h  fi—y  <0, 


CHAPTER  III 

SERIES  WITH  COMPLEX  TERMS 

30.  1.  Having  discussed  series  whose  terms  are  real,  we  now  con- 
sider those  whose  terms  are  complex  numbers.  As  heretofore  such 
series  will  be  represented  by 

^  =  «!  -f  aj  +  ^8  "^  •"  (^ 

the  sum  of  the  first  n  terms  by  A^^^  and  the  residual  series  by  A^. 
If  we  replace  each  term  of  A  by  its  numerical  value  a^  =  |  ^nli  the 
resulting  series  rw  ... 

will  be  the  adjoint  series. 

Before  defining  the  siHn  of  1)  we  must  define  what  we  mean  by 
the  phrase  ^^A^  converges  to  a  number  £  as  n  increases  indefi- 
nitely," or  in  symbols  -4„  =  X  as  n  =  oo,  or 

lim  A^==L.  (2 


Suppose  we  plot  the  points  associated  with  the  complex  numbers, 
A},  ^,  ^3 •••and  L.  Then  when  we  say  A^^L^  we  mean  that 
these  points  get  nearer  and  nearer  L.  More  precisely  this  idea  may 
be  expressed  as  follows : 

About  L  describe  a  circle  of  radius  6  as  small  as  we  choose. 

Then  all  the  points      a  a  a 

■^m+ii  -^m+a?  -^^+8' 

fall  within  this  circle  for  some  m,  as  in  the  figure.    In  other  words, 
there  exists  an  index  m  such  that 

\L  —  A^\<e    for  all  n>7n.  (3 

If  the  reader  will  turn  to  16,  he  will  see  that 
this  is  a  natural  extension  of  the  term  limit  when    ^ 
the  numbers  considered  were  real. 

66 
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We  are  now  ready  to  give  a  final  definition.  We  say  2)  holds 
when  for  each  positive  €  there  exists  an  m  such  that  3)  holds. 

This  definition  applies  to  the  limit  of  any  sequence  of  complex 
numbers  as 

To  express  that  c  is  the  limit  of  Cj^  we  shall  write 

€>0     ,    m    ,     \c  —  c^\  <€    ,     n>m.  (4 

This  we  read  as  in  16,  viz. :  For  each  positive  €  there  exists  an 
index  tw,  such  that  |  <?  —  <?«  I  <  «  for  all  n  >  m. 

Having  now  defined  the  term  limit  we  may  extend  the  terms 
convergent^  divergent^  9um^  defined  in  10,  without  further  comment 
to  the  series  1)  whose  terms  are  complex.  Thus  when  lim  A^ 
exists,  we  say  A  is  convergent.  The  limit  of  A^  is  the  sum  of  1). 
If  lim  A^  does  n.ot  exist,  A  is  divergent. 

A  number  of  results  established  in  the  last  chapter  hold  for 
series  whose  terms  are  complex.  In  fact  the  reader  will  see  that 
the  demonstration  applies  equally  well  to  complex  terms.  For 
the  convenience  of  the  reader  we  state  some  of  them  here. 

2.  Let  -4  =  «!  -h  flj  H —  be  a  series  with  complex  terms.  Then 
A  and  the  residual  series  A^  both  converge  or  both  diverge.  If 
A  is  convergent,  ^  =  0,  also  a^  =  0  as  n  =  oo .  If  ^  converges, 
B  =  ka^  -h  ka^  +  •••  converges  and  B  =  kA^  A  =^  0. 

3.  We  have  just  noted  that  when  A  is  convergent,  a^  must 
=  0.     From  this  we  draw  the  obvious  yet  important  conclusion : 

jjjf  -4.  =  «!  +  «2  ■'■  *••  **  <?owv«r^«nf,  then 

I  <^n  I  <9ome  (^  ,     n  =  1,  2,  3,  (5 

For,  describe  a  circle  C  about  the  origin.  Then  since  a^  =  0,  all 
the  terms  a^+i,  a^+2  •••  li®  within  O  for  some  definite  m.  Let  us 
now  describe  another  circle  i>  about  the  origin  so  large  that  it 
contains  the  m  points  a^,  a^--'  a^  and  also  (7.  If  (7  is  the  radius 
of  D,  the  relation  5)  holds  obviously. 

4.  The  reader  should  note  that  although  the  terms  a|,  a,  •••  of 
the  series  1)  are  complex,  it  does  not  follow  that  they  may  not  be 
real.     The  class  of  complex  numbers  contains  the  class  of  real 
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numbers  as  a  subclass.  It  follows  therefore  that  any  theorem 
established  for  series  with  complex  terms  must  necessarily  hold 
when  the  terms  of  the  series  are  all  real. 


31.  Absolute  Convergence.  1.    Tlie  terms  of  the  series 

A  =  a^  -f-  a^  -h  ^3  "+■  •  •  • 
being  complex,  let  us  set 

<^n  =  K  +  iCn       ^       W  =  l,  2,  ... 

C=c^  +  C2  +  c^-h  ••• 


Let 


Then 


We  show  now  that : 

If  B^  C  converge^  80  does  A^  and  A  =  B  -i-iC. 
converges^  both  B  and  C  converge. 

For  if  -B,  C  are  convergent,  we  have  from  5) 

lim  A^  =  lini  B^  +  i  lim  (7,^, 

A^B-hiC. 


or 


Conversely,  let  1)  be  convergent.  Let  its 
sum  he  A  =  13  -h  17.  Then  Fig.  1  shows  that 
as  A^=sA^  then  B^^  13  and  C^  =  7. 

2.  As  already  remarked  the  adjoint  of  1)  is 

a  =  «!  4-02  +  03+  ••• 

where  |  a»  |  =  On.     From  Fig.  2  we  see  that 


fin=\K\<a^       ,       yn=\Cn\< 


O.. 


(1 

(3 
(4 
(6 


Conversely^  if  A 


Similarly  the  adjoints  of  B  and  0  are 

©  =  ^j  +  /8j+  ... 
®  =  7i  +  7a+  ••• 

We  now  prove  the  important  theorem  : 

If  the  adjoint  of  A  converges,  A  is  convergent. 
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ft 

For  obviously  ©»  <  2»  <  8,  hence  ©  is  convergent,  and  there- 
fore B  converges  absolutely.  Similarly  (E^<  a»  <  9  and  hence 
C  converges  absolutely.     The  theorem  now  follows  from  i. 

3.  When  the  adjoint  of  A  converges,  we  say  A  converges 
ab%olutely. 

The  great  importance  of  the  last  theorem  is  obvious.  It  en- 
ables us  in  nearly  every  case  in  practice  to  reduce  the  problem 
of  determining  whether  the  series  A  is  convergent  or  not  to  the 
same  problem  relative  to  tho  adjoint  series  9.  But  the  terms  of 
9  are  real  positive  numbers,  and  the  convergence,  of  such  series 
was  treated  in  the  last  chapter. 

4.  Having  established  the  last  theorem,  the  reader  will  note 
that  the  reasoning  of  18,  4  holds  for  complex  terms.  Hence  the 
theorem : 

If  each  term  of  A^a^  +  a^-^-  •••«  numerically  <  the  corresponding 
term  of  the  convergent  positive  term  series  B=h^'\-h^'\-  •••  then  A  is 
absolutely  convergent  and        i  j  i  <*  p 


5.  Returning  to  2,  let  us  note  that  the  reasoning  there  shows 
that : 

For  1)  to  converge  absolutely,  it  is  necessary  and  sufficient  that 
the  two  real  series  3),  4)  converge  absolutely. 

32.  Addition  and  Subtraction.    From  the  two  series 

^  =  «!  4-  ^2  +  ^8  +    ••• 

^=^^4-^2  4-^3  4-  ... 
let  us  form  the  series 

(7=  ( Oi  -h  6i)  4-  (^  4-  Jj)  +  K  4-  ^)  4-  - 

We  now  show  that : 

If  Aj  B  are  convergent^  C  is  convergent  and  its  sum  is  A-^  B. 

=  A^  +  5.. 
Hence  (7=lim  C.  =  A  + 5. 
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Similarly  we  prove : 

The  »erie%  B^^a^-  J,)  +  (a, -  6,)  +  ••• 

converges  \f  A^  B  converge  and  D  =  A  —  B. 

33.  Multiplication.     1.  Suppose  we  have  two  polynomials 

n 

0  =  9i  +  92  +  —  +  ?n  =  2  qf. 

Then  from  algebra  we  know  that 

Pe  =  9i;>i  +  9iPa  +  -  +9i/?. 


'm'i 


'ml 


+  9nPl  +  9n/^2  +   •••  4-  qnPm- 

The  general  term  of  the  product  is  p^^.     We  may  thus  write 

PQ^Ip^j  '  (1 

<»i  ^  ^  1,  J,  •••  71. 

Instead  of  two  polynomials  P,  Q  let  us  take  two  infinite  series 

-4  =  ai  +  aj+...     ,     -B  =  fti  +  ft2+""  (2 

and  from  them  form  the  series 

C  =  2(1.*,.  (3 

which  contains  all  possible  terms  aji}^  without  repetition.  We 
prove  now  the  theorem  : 

If  the  series  A^  B  are  absoliUely  convergent^  so  is  C  and  C^A  •  B. 
We  begin  by  considering  the  adjoint  series 

a  =  Soi   ©  =  2)8<    S  =  "LaSi' 

Let  us  look  at  the  product  SL^m ;  it  contains  all  terms  a^B^ 
whose  indices  t,  j  are  both  <  m.  Let  us  now  take  n  so  large  that 
the  sum  of  the  first  n  terms  of  (£,  that  is  (£,»,  contains  all  the  terms 
of  SL^m*      In  general  C^  contains  other  terms  of  the  type  cg9. 
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where  r,  8  are  not  both  <  m.  On  the  other  hand  let  no  term  c^fi^ 
have  an  index  >  v.     Then 

+  «a^m+i  +  «a^m+a  +  •••  +  a^^ 

"+■      •••  •••  ••• 

+  ^ittm+i  +  ^ia«+2  +  •••  +  iSiO^ 

-H  fi^a^^i  +  fiyf^+2  +  •••  +  ^^a^. 

For  every  possible  term  cgS,  which  C«  —  flj&^  can  contain  is  to  be 
found  among  the  terms  on  the  right.  Moreover  all  the  terms 
involved  are  positive  numbers. 

Now  the  first  row  on  the  right  gives 

and  a  similar  relation  holds  for  the  other  rows.     Thus 

+  /8ia«  +  ...  -h  /8X 

<  (a,  -h  ...  -h  «.)»«•+ (/8i-h...  +  /8.)8L 

Let  now  wi  =  oo.  Then  g^  =  0,  »^  =  0  by  17,  4.  Thus  the  left 
side  s^  0.     But 

lim  8L»m  =  111"  8L  lira  »m  =  a  •  ©• 
Hence  (£  is  convergent  and 

c  =  a .  ». 

This  shows  that  the  O  series  is  absolutely  convergent.      To 
show  that  O^  A' B^let  m^  n  have  the  same  meaning  as  before 
only  now  referred  to  the  -4,  B^  O  series.     Then 
CJ,  —  A^B^  is  numerically  <  the  sum  of  the  corresponding  terms 
in  C,  -  ?L©».     Hence 
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Now  when  w  =  oo,  the  right  side  =  0.     Thus  • 

lira  ((7,- ^^5^)  =0. 
As  lim  A^B^  =  AB^  this  gives  C  =  AB, 

2.  In  forming  the  product  series  3)  it  is  well  to  have  a  definite 
law  in  order  that  no  term  ajk^  is  omitted,  and  no  term  is  repeated. 
Such  a  law  is  expressed  as  follows  : 

We  notice  that  the  sum  of  the  indices  %  -hy  is  2  in  the  first  term, 
it  is  3  in  the  second  term,  4  in  the  third  term,  etc.  Also  in  each 
term  the  index  t  increases  while  j  decreases.  In  this  way  it  is 
possible  to  form  all  the  terms  ajh^  in  3)  without  repetition  or 
omission.  Of  course  there  are  many  other  simple  ways  of  doing 
this,  but  this  is  in  general  the  most  convenient. 

34.  Cauchy's  Paradox.  1.  At  this  point  we  are  face  to  face 
with  a  paradox.  One  would  expect  that  if  the  series  A  and  B 
converge,  the  series  C  in  33,  4)  would  converge  and  have  as  sum 
A  -  B.  In  case  that  A^  B  converge  absolutely,  we  have  just  seen 
that  this  is  indeed  true.  We  now  exhibit  an  example  due  to 
Oauchy  which  shows  that  if  A^^B  are  convergent  but  not  abso- 
lutely convergent,  then  the  series  C  may  not  even  converge. 

In  fact,  let  1111 

VI      V2     V3      V4 

£>  =  — =  H 4-  •  •  •  =  -A. 

Vl      V2      V3      V4 

The  series  A  being  an  alternating  series,  is  convergent  by  15,  1. 
Its  adjoint  is  divergent  by  14  since  here  «  =  ^. 
Let  us  now  form  the  series  (7  in  38,  4). 

Wehave         ^^    i     i       /     g       ^     1     1  \ 

VI  Vl     WTV2     Vii  Vl/ 


vvi  va    V2  V2    Vs  VI 

=  Cj  +  Cj  +  <?^ -I-  ••• 


/8Vl/ 
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Here 
I-  1        1         1       ■     1        1  .        1  1 

Now  from  algebra  we  have 


Vwi(n  —  in)  <  I  n     ,     n  >m  >  0. 

Hence  1  x,  2  ^2(ii— 1) 

wm(n  —  m)      '*  '* 

Thus  C  is  divergent  since  c^  does  not  ==  0,  as  it  must  if  0  were 
convergent,  by  17,  1. 

2.  The  foregoing  paradox  arises  from  the  tacit  assumption  that 
the  earlier  mathematicians  made  and  which  students  to-day  are 
too  prone  to  make ;  viz.  that  infinite  series  have  the  properties  of 
finite  sums.  The  sum  of  an  infinite  series  is  the  limit  of  a  sum 
of  a  finite  number  of  terms,  in  symbols 

A  =  lim  A^. 


Now  it  does  not  follow  that  the  properties  which  each  A^  may 
possess  also  hold  in  the  limit.  In  other  words  we  must  learn 
to  discredit  the  dictum :  what  is  true  of  the  variable  is  true  of 
the  limit.  In  general  this  dictum  is  valid ;  there  are,  however, 
countless  cases  where  it  is  not.  In  particular  it  is  true  that 
infinite  series  have  many  properties  in  common  with  finite  sums, 
but  they  do  not  have  all  their  properties,  witness  the  foregoing 
paradox.  It  is  helpful  indeed  in  our  reasoning  to  remember  that 
in  general  infinite  series  do  behave  as  finite  sums.  It  is  also 
extremely  helpful  to  remember  that  very  often  what  is  true  of 
the  variable  is  true  of  the  limit.  Such  partial  truths  are  of  great 
value  in  exploring  the  way  and  in  seeking  for  proofs  that  are 
really  rigorous.  Their  value  is  heuristic  and  every  student 
should  employ  them  freely.  He  must,  however,  learn  to  replace 
reasoning  founded  upon  them  by  proofs  of  a  more  binding 
character. 

3.  Let  us  note  a  few  cases  where  the  student  is  apt  to  go 
astray  unless  warned. 
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Example  1,  Let  us  plot  a  finite  number  of  real  positive  num- 
bers, aj,  a^**'  a^^  no  two  of  which  are  equal.  Then  there  is 
always  one  point  which  is  nearest  the  origin.  This  is  true  for 
any  m.     Is  it  true  for  an  infinite  sequence  of  such  numbers 

Not  always,  as  the  sequence 

shows.     Obviously  there  is  no  a,  =  -  which  is  nearest  the  origin. 

1  * 

For  a, . ,  = is  nearer  0  than  a,. 

^      « -f  1 

Example  2.  Similarly  in  any  finite  set  of  different  numbers 
there  is  always  one  which  is  greatest.  In  an  infinite  set  this 
is  not  always  true.     Thus  the  set 

has  no  greatest. 

Example  3.  In  the  interval  (0,  1)  formed  of  the  point  x  such 
that  0  <x  <1  there  is  a  first  point  2;  =  0  and  a  last  point  2;  s  1. 
On  the  other  hand,  in  the  set  of  points  x  such  that 

0  <2:<  1 

there  is  no  first  point,  and  no  last  point. 

35.  Associative  and  Commutative  Properties.    In  any  sum  of  a 

finite  number  of  terms  as 

we  may  leave  out  parentheses  or  put  them  in  wherever  we  choose. 
This  is  called  the  associative  property  of  sums.  Thus  the  sum  1) 
may  be  written  ^     ,        ,       , 

=  a  +  ft  H-  c  H-  (d  -f  O1 

etc.  Also  the  value  of  1)  is  not  changed  when  its  terms  are 
rearranged  in  any  way.     Thus 

iS=6  + a +  <*  +  <?  +  « 
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etc.  This  is  called  the  commutative  property.  The  student  is  so 
used  to  making  these  transformations  that  he  does  it  almost  with- 
out thought.  It  is  natural  for  him  to  extend  these  properties  to 
infinite  series.  Yet  simple  examples  will  show  him  that  this  is 
not  always  permissible. 

Example  1.     Let 

^  =  1  -h(l  -  1)  +  (1  -  1)  + (1  -  1)+  .-.  (2 

=  ai-f  Oj-f  flj-f  ^4+  ••• 
Here,  a       ^    ,         ,  ^ 

=  1  +  (1-1)H +(l-l)     ,    n  terms 

=  1. 

Hence  i:.«  >i       i 

lim  A^  =  1. 

Thus  2)  is  convergent  and  its  sum  is  1. 

If  we  remove  the  parentheses  from  2),  we  get  the  series 

5=14-1-1  +  1-1  +  1-1+  — 

=  61  +  62  +  ^8+  ••• 
Here,  d    _  o  »       -.1 

Hence  lim  B^  does  not  exist  and  B  is  not  convergent. 


Example  2.     (^Dirichlet)     Let 

This  we  saw  is  convergent.  We  shall  show  directly  that  we 
may  group  the  terms  of  A  by  twos  or  by  fours  without  changing 
its  value.     Let  us  admit  this  fact  for  a  moment.     Then  we  have 

>i=(i-j)+(4-i)+a-i)+-  (4 

From  4)  we  have 
Adding  this  to  5)  gives 

i^=(i+j-o+a+}-i)+-  (6 
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We  shall  show  directly  that  it  is  permissible  to  remove  the 
parentheses  in  6)  without  changing  the  value  of  the  series.    Thus 

i^  =  l  +  i-^  +  i  +  ^-i+...  (7 

Let  us  now  compare  the  two  series  3)  and  7).  We  notice  that 
7)  is  obtained  from  8)  by  taking  two  positive  terms  of  3)  to  one 
negative.  Each  term  of  3)  is  to  be  found  somewhere  in  7)  and 
no  term  is  repeated.  Thus  the  series  7)  is  merely  a  rearrange- 
ment of  3).  If  now  all  infinite  series  enjoyed  the  commutative 
property,  the  rearrangement  of  the  terms  of  3)  would  not  affect 
its  value.  But  the  left  side  of  7)  shows  that  the  sum  of  7)  is  | 
times  greater  than  the  sum  of  3).  Thus  not  all  infinite  series 
are  commutative. 

36.  Since  it  is  often  convenient  to  put  in  or  to  leave  out  paren- 
theses in  a  series  and  also  to  rearrange  its  terms,  it  becomes  neces- 
sary to  ascertain  when  this  is  permissible.  To  this  end  we  estab- 
lish the  following  theorems  : 

1.  Abiolutely  convergent  series  are  commutative.     For  let 

^  =  aj  4-  ^2  '^*  ^  +  ••• 

be  absolutely  convergent.     Let 

-B=  J1  +  62  + ^a-f  ••• 

be  a  series  obtained  from  A  by  rearranging  its  terms.     We  wish 
to  show  that  B  is  convergent  and  that  its  sum  is  A. 
Since  the  adjoint  series 

SI  =  «i  4-  o^  +  ^  +  ••• 
is  convergent,  we  may  take  m  so  large  that 

a«  <€.  (1 

We  may  then  take  n  so  large  that  B^  contains  all  the  terms  of 
A^^  and  v  so  large  that  A^  contains  all  the  terms  of  B^. 

'^^^°  A,  -  B,  CI 


A 
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contains  no  term  of  index  <  m  and  the  terms  of'  the  sum  2),  each 
taken  in  absolute  value,  lie  among  the  terms  of  the  residual  series 
2m*     Hence 


or,  using  1) ,  ^  ^ 

Thus  B  is  convergent  and  ,.      d  _  j 

2.  Let  us  now  turn  to  the  asBoctative  property.  We  begin  by 
showing  that  we  may  insert  parentheses  at  pleasure  in  any  con- 
vergent series,  a  fact  we  embody  in  the  following  theorem  : 

Let  A  =  aj  +  «2  4-  ^  +  •••  ft«  convergent.     Let 

Then  the  9erie9 

5  =  (ai4-  —  +  am,)  +  («-j+i  +  •••  +a^)+  ... 

=  Jl  +  ^2  +   ••• 

is  convergent  and  A^  B.     Moreover  the  number  of  terms  which  b^ 
embraces  may  increase  indefinitely  with  n. 

Since  A  is  convergent,       , .      j     __  j 


Thus  passing  to  the  limit  n  =  oo  in  3)  gives 

B=A. 

3.  The  next  theorem  relates  to  removing  parentheses  from  a 
series.     Thus  if  we  remove  the  parentheses  from  the  series 

5  =  (ai-f  a^-h  —  +am»)  +  («m.+i+  —  +m,)+  —  . 

we  get  the  series  ^  =  a^  -h  a,  -h  aj  +  -  (6 

We  show  now  that  in  the  following  three  cases  the  parentheses 
may  be  removed  from  the  series  4). 

1®  If  A  is  convergent,  B  converges  and  Asa  B. 
2®  If  il  is  a  positive  term  series  and  B  converges,  then  A  is 
convergent  and  A  =  B. 
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3°  If  the  number  of  terms  in  eacli  parenthesis  in  4 )  is  <  a  fixed 
number  /?,  and  if  a^  =  0,  then  A  converges  if  B  does  and 
A=B. 
For  on  the  1°  hypothem^  we   have  only  to  apply  2  to  show  that 
B  converges  and  A=^  B. 

On  the  2®  hypothesis,  we  have 

€  <  0     ,     ?»    ,     5»  <  €,     n  >  711.  (6 

If  now  we  take  s  >  th^,  B  —  A,  will  contain  only  terms  in  the 
residual  series  B^.    As  the  terms  a^  are  positive,  we  have  from  6) 

B-A.<e., 

On  the  3°  hypothesis^  we  note  that  the  terms  of  A^  will  embrace 
a  certain  number  of  terms  of  B^  say  B^^  and  in  general  a  part  of 
the  next  term  of  B,     We  may  therefore  write 

where  V^^^i  is  a  part  of  im+i*     Since  h^^^  contains  at  most  p  terms 
On  and  as  by  hypothesis  a^  =  0,  we  see  that 

Passing  to  the  limit  in  7)  we  see  that 

4.  Let  us  now  return  to  verify  the  statements  made  in  35,  Ex.  2. 

Since  the  series  3)  in  that  article  is  convergent,  we  may  indeed 
group  its  terms  by  twos  or  by  fours  without  changing  its  value. 
In  the  series  6)  we  see  that  />  =s  3  and  that  in  3) 

n 

Hence  this  series  falls  under  the  3^  case  of  the  theorem  3  above. 
Hence  if  we  remove  the  parentheses  from  6),  the  resulting  series 
7)  has  the  same  value  as  6).  Thus  the  series  3)  is  not  commuta- 
tive. It  is  also  not  absolutely  convergent  and  the  theorem  1  does 
not  apply. 
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37.  Riemann  on  Simply  Convergent  Series.  1.  It  will  interest 
the  reader  to  see  that  a  simply  convergent  real  term  series  may  be 
rearranged  so  as  to  give  a  series  whose  sum  is  any  desired  real 
number. 

Let  the  given  series  be 

^  =  ai  +  (i2-h  Og-f  •••  (1 

Let  5  =  6i4-i2  +  *8+ •••  (2 

be  the  series  formed  of  the  positive  terms  of  1),  keeping  their 
relative  order  in  1).     Let 

(7=s(?i-f  <?2-f  (?g+...  (8 

be  the  negative  terms  of  1)  with  their  signs  all  changed.     We 
begin  by  establishing  the  following  theorem  : 

If  A  u  a  real  term  simply  convergent  series^  both  B  and  C  are 
divergent,  U.  ^^^^    ^     ^^^^^ 

For  in  the  first  place  B  and  0  must  both  have  an  infinite 
number  of  terms.  Otherwise  some  residual  series  A^  would  have 
terms  with  only  one  sign.  As  A  is  convergent,  A^  would  con- 
verge absolutely.  Hence  A  would  be  absolutely  convergent, 
which  is  contrary  to  hypothesis. 

Let  us  thus  suppose  that  A^  contains  r  terms  of  B  and  8  terms 

of  a     Then 

fl^^Br  +  0,    ,    n:=r-\'8. 

If  now  B  and  0  converge,  we  see  that  9  also  converges  and  thus 
A  is  absolutely  convergent.     On  the  other  hand 

A,  =  Br-C. 

shows  that  it  B  or  0  were  convergent,  both  would  converge,  since 
A^^Ahy  hypothesis. 

2.  We  can  now  establish 

Riemann^ 8  Theorem,  If  A  is  a  simply  convergent  series  with  real 
termSn  it  is  possible  to  rearrange  the  terms  of  A  forming  a  series  S 
for  which  Urn  S^  is  any  prescribed  number  U  or  ±cc. 
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To  fix  the  ideas  let  2  be  a  positive  number ;  the  demonstration 
of  the  other  cases  is  similar.  Since  by  i,  £^  s  -f-  oo,  there  exists 
an  m  such  that 

Let  771}  be  the  least  index  for  which  4)  holds.  Since  also 
(7^:^  +  00,  there  exists  an  index  m  such  that 

Let  m,  be  the  least  index  for  which  5)  holds.  Continuing,  we 
take  just  enough  terms,  say  m^  terms,  of  B  so  that 

In  this  way  we  may  form  the  series 

r=(Ji  +  -..  +  fto-(^i-h... -hO+(    )-(    )+••• 

It  is  easy  now  to  show  that 

lim  T„=l 

For  since  A  is  convergent,  a^^^O,  Moreover  we  choose  our 
terms  in  T  so  that  T^  differs  from  I  by  an  amount  <  some  a^  of  A. 
Thus 

Let  now  S  be  the  series  T  with  the  parentheses  removed.  Since 
the  terms  in  the  parenthesis  are  positive,  the  series  S  is  con- 
vergent and  has  7  as  sum. 

3.  The  foregoing  theorem  shows  that  Dirichlet's  example  con- 
sidered in  35  does  not  illustrate  an  exceptional  case,  but  the  rule. 
This  remarkable  behavior  of  non-absolutely  convergent  series 
should  make  the  reader  more  careful  in  dealing  with  infinite 
series.  On  the  other  hand,  it  would  be  a  great  misfortune  if  he 
became  afraid  of  them.  Let  him  consider  infinite  series  just  as  if 
they  were  finite  sums  when  striving  to  prove  a  theorem  or  solve  a 
problem.  Only  he  must  not  neglect  at  the  end  to  go  back  over 
his  steps  and  justify  them  carefully. 
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4.  Let  us  make  an  obvious  extension  of  the  foregoing  result  to 
series  whose  terms  are  complex.     If 

where  ^       jl    ,  • 

we  saw  in  31,  l  that      j  _.  ©  ■   'q 

when  A  is  convergent ;  while  we  saw  in  31,  6  that  if  A  does  not 
converge  absolutely,  at  least  one  of  the  series  i?,  0  is  not  abso- 
lutely convergent. 

Suppose  the  series  B  is  simply  convergent,  then  B  is  not  com- 
mutative. Hence  A  cannot  be  commutative.  Thus  we  have  the 
theorem  : 

No  dimply  convergent  Bevies  of  complex  terms  can  enjoy  the  com- 
mutative  property. 

Power  Series 

38.  The  series     .  on  rt 

A=saQ  -ha^z  4-  a^z^  4-  a^sr  -f  •••  (1 

is  a  power  'series.  Here  the  coefficients  a^,  a^,  a,  •••  and  z  may  be 
complex  numbers.  Such  series  are  of  utmost  importance  in  the 
function  theory.  Indeed  one  is  tempted  to  say  they  form  the 
most  important  class  of  series.  Special  cases  of  such  series 
are  the  series  afforded  by  Taylor's  development  in  the  calculus. 
In  fact  Taylor's  series 

is  only  a  power  series  as  is  seen  by  setting 

n  I 

Thus  the  developments  of  sin  x^  cos  2;,  e*^  etc.,  g^ven  in  9  are  power 
series.     The  variable  x  is  there  real,  of  course. 
A  slightly  more  general  form  of  1)  is 

Since  the  series  2)  goes  over  into  1)  on  replacing  2  —  a  by  2  we 
may  reason  on  1)  without  loss  of  generality. 


72 


FUNCTIONS   OF   A   COMPLEX  VARIABLE 


39.  Circle  of  Convergence.  1.   A  fundamental  theorem  in   tlie 
tlieory  of  power  series  is  the  following : 

Let  the  %ene%  A^a^-^a^z^-  a^z^  +  -  (1 

converge  for  z=b.  Then  it  converges  absolutelt/  for  any  c  within  the 
circle  K  through  h  with  the  origin  as  center,  Tf  A  diverges  for  z  =  b^ 
it  diverges  for  any  point  d  without  K. 

For  the  adjoint  series  corresponding  to  z  =  c  is 

a  =  «o  -»■  «i7  +  "27^  +  •••  (2 


where    o^=  \a^\^    7  =  |  c  |.     To   show   that 
this  converges  we  observe  that  by  hypothesis 

a^  4-  a^  -H  ajbl^  -\-  •••  (3 

converges.     Thus  by  30,  3, 

are  all  <  some  g.     We  now  write  %  thus  : 
Comparing  this  with  the  convergent  geometric  series 


( 


a.,^,(^Y^) 


+ 


i<' 


( 


we  see  each  term  of  4)  is  <  the  corresponding  term  of  5).     Thu^ 
2)  is  convergent  and  A  converges  absolutely  for  «  =  <?. 

Suppose  now  A  diverges  for  2  =  J.      Then  it  diverges  at  any 
point  d  without  K.     For  if  it  converges  at  d,  it  must  converge, 
as  we  have  just  seen,  at  all   points  within  a  circle  A  passings 
through  d  and  having  0  as  center.     Thus  A  would  converge  at 
2  sa  J,  which  is  contrary  to  hypothesis. 

2.  If  the  circle  (7  whose  center  is  2=0  and  whose  radius  is  R  is 
such  that  1)  converges  for  every  point  within  C  and  diverges  for 
every  point  without  (7,  this  circle  is  called  the  circle  of  convergence 
of  the  power  series  1). 

Nothing  is  said  about  the  convergence  of  1)  at  points  on  (7.  It 
may  or  may  not  converge  at  a  given  point  on  C. 
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3.  Let  us  note  before  passing  on  that  the  series  4),  5)  enable 
us  to  give  a  rough  estimate  of  the  numerical  value  of  the  series  1) 
at  a  point  z  =s  c.  For  let  A^  denote  the  sum  of  1)  for  the  point 
z  =  c.     Then  i  ^   <       or 


by  31,  4.     But  we  saw  that  SI,  or  what  is  the  same  the  sum  of  4), 
is  less  than  the  sum  of  5).     But  the  sum  of  this  series  is 

Thus  1^1^     .y 

1^.  |<— ^,  (6 

~/3 
which  is  the  relation  we  had  in  view. 

4.  Let  us  find  tlie  circle  of  convergence  of  certain  series  which 
we  shall  employ  later.  The  value  of  the  radius  R  is  placed  at 
the  right. 

'  i:      2!      3! 


R  =  oo 


z2    .     Z* 


2)  cosz  =  l--  +  — 


iJ=oc 


Z  7^ 


3)  si"  ^=17""^-^^ ^  =  ^ 

J.  >         rj  .         O  ; 
5)  log(l  +  z)=2-^-+|_^+...  /J  =  l 

6)  sinh2  =  z-f ---4-ir-:-h  •••  72=00 

o  I      o . 

2^  Z* 

7)  cosh2  =  1 -h^+  ,7+ •••  72  =  00 

1«7  l-z.7«7-f-l 

^'^"^^'^"'2^  l     ""  2(2  M  +  2)  "^  2  .  4(2V+  2)(2  n  +  4)  "^  "  J  ' 

72  =  00 
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For  convenience  of  reference  we  have  added  on  the  left  side 
their  values  as  functions  of  the  complex  variable  z.  For  the 
present  the  reader  should  consider  the  series  on  the  right  merely 
as  series  whose  circles  of  convergence  are  to  be  found.  Since  these 
circles  all  have  2  =  0  as  center,  it  is  the  radius  R  which  we  seek. 

Suppose  now  that  the  adjoint  of  one  of  these  series,  call  it  A^  con- 
verges for  1 2;  I  =  7.  Then  R  is  certainly  as  great  as  7.  If,  on  the 
other  hand,  A  diverges  for  1 2;  |  =s  7,  R  is  certainly  no  greater 
than  7.  Finally,  if  A  converges  for  |  a;  |  <  7  while  it  diverges 
for  I  a;  I  >  7,  then  the  radius  of  convergence  iJ  is  =7. 

Now  the  series  1),  2),  3),  4),  6),  8)  we  have  already  considered 
for  real  values  of  z.  In  21,  Ex.  2,  we  saw  that  1)  converges  for 
any  real  x.    Thus  for  this  series  i2  =  oo. 

Similarly  21,  Ex.  3,  shows  that  R  =  co  for  the  series  2),  3). 

In  28  we  saw  that  4)  converges  for  real  x  such  that  |  2;  |  <  1  and 
diverges  when  |  a:  |  >  1.     Thus  R  =  l  for  this  series. 

Similarly  21,  Ex.  4,  shows  that  R  =  l  for  the  series  6). 

Finally  in  29  we  saw  that  8)  converges  for  real  x  such  that 
I  a:  I  <  1  and  diverges  for  |  a;  |  >  1.     Thus  22  =  1  for  this  series. 

Thus  there  remain  only  the  series  6),  7),  9).  The  first  two  are 
at  once  disposed  of.  For  the  terms  of  their  adjoint  series  form 
a  part  of  the  adjoint  series  of  1).    Thus  iJ=s3o  for  both  6)  and  7). 

As  to  9),  the  ratio  of  two  successive  terms  of  its  adjoint  is 

■ 

l!f!»±I  — k =lsO 

a,       22(«-f-l)(w-h«+l) 
for  any  given  f.     Thus  iJ  =  oo  for  this  series. 

5.  The  following  development  we  shall  use  later 

-^  =  J-\i  +  '-=i±+(l:zJL)\..A  (10 

u  —  z     u  —  a  {         u^  a     \u—  aj  J 

valid  for  |«  —  a|<|M  —  a|. 

To  prove  it  we  note  that 

w  —  2  =s  (ti  —  a)  —  (2  —  a) 

=  („_a){i-£i:f) 

I         u—  a ) 
=  (m  —  a)(l  —  v). 
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Now  1 

--^!— =l-hv  +  t;»-h-     ,     |v|<l.  (11 

1  —  t; 

Thus  111 


u  —  z     u  —  a   1  —  t; 
gives  10)  on  using  11). 

40.  Two-way  Series.  1.    In  the  series  considered  up  to   the 
present  « 

^  ai  +  a2  +  ^8+    •••    =^^n 

1 
the  index  takes  on  only  positive  values.     It  is  sometimes^  conven- 
ient to  consider  series  in  which  n  takes  on  both   positive  and 
negative  values.     This  leads  to  the  symbol 

'••  +  <3r..j  -h  fl-a  +  iJT-i  -h  a^  -h  «!  -h  ^ij  +  ^s  +  ••'  (^ 

or  2  flfn- 

—  00 

We  call  1)  a  two-way  series. 

Example  1.     We  shall  see  that  in  certain  cases  a  function  of 
z  can  be  developed  in  the  form 

+  ^  +  V^+- 
z      z^     sr 

If  we  set  b^  =  a_„,  this  can  be  written 

i  a^».  (2 


Example  2,     In  the  elliptic  functions  we  consider  series  of  the 


J?i 


^2v^         g^^**^         ^'2iri« 


which  may  be  represented  by 

I  j-V^.  (3 

2.  With  the  series  1)  we  associate  the  two  series 

0  1 
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If  these  two  series  converge,  we  say  A  is  convergent  and  its  «ttm 

If  either  or  both  the  series  4)  are  divergent,  we  say  A  is 
divergent. 

Thus  the  theory  of  the  two-way  series  is  made  to  depend  on 
the  two  one-way  series  4). 

Instead  of  the  series  4)  we  could  use  any  two  other  series  ob- 
tained from  1)  by  breaking  it  at  any  other  index  m.  Obviously 
the  same  results  would  be  obtained  with  these  as  with  the  series  4). 

If  the  adjoint  series 

9  =  2  «»     ^     «n  =  I  «« 


— » 


converges,  we  say  that  A  converges  absolutely.  Thus  if  B  and  C 
converge  absolutely,  A  is  also  absolutely  convergent. 

3.  Another  definition  of  convergence  and  sum  of  the  series  1) 
is  the  following.     Let 

Suppose  that  as  m,  w  =  oo  independently  of  each  other, . A^^  ^ 
converges  to  some  fixed  number  which  we  denote  by 

li>n  A^^  (6 

or  more  briefly  by  I ;  that  is,  suppose  that  for  each  e  >  0  there 
exists  an  r  such  that  A^^  ^  differs  from  I  by  an  amount  <  6  for  all 
m  and  n>  r.  In  tliis  case  we  say  that  A  is  convergent  and  its 
sum  is  the  limit  6).  This  definition  leads  to  that  given  in  2,  but 
we  do  not  wish  to  urge  this  point. 

4.  As  an  example  let  us  show  that  3)  converges  absolutely  for 
any  given  2  =  a;-f ly  when  r^\q\<l.  For,  assuming  for  the 
moment  that 

we  have  ^2»inr  «.  ^2rnnx,  ^-^nny^ 

Hence  i  ^2rt„t  i  _  ^-z^mf 


The  adjoints  of  the  B  and  C  series  defined  in  4)  are  here 

jB  =  f  r"V  -^'*>'    ,     (J  =  f  r^V'^^ 

0  1 


POWER  SERIES  77 

The  ratio  of  two  successive  terras  in  SB  is 

as  n  =  cx).     Thus  B  converges  absolutely;  similarly  (7 also. 
5.   Two-way  Power  Series.     Let  us  consider  the  series 

If  we  set  1 

u 
it  becomes  ,        o  ,        o  , 

If  this  series  converges  for  w  =  c,  it  converges  absolutely  for  all 
I  u  I  <  \e\.  Hence  if  7)  converges  for  z  =  6,  it  converges  abso- 
lutely for  all  1 2  1  >  I  6  I . 

Let  (7  be  a  circle  about  the  origin  such  that  7)  converges  for 
every  z  without  C  and  diverges  for  every  z  within  C.  Then  0  is 
called  the  circle  of  convergence  of  7). 

Let  us  now  consider  the  two-way  series 

z      z^ 

where  P  is  the  series  in  the  first  line.     If  C  is  the  circle  of  con- 
vergence of  P,  and  D  that  of  Q^  the  ring  R^C  —  D  lying  between 
these  two  circles  is  called  the  ring  of  convergence  of  8. 
The  radius  of  C  may  be  infinite. 

41.  Double  Series.  1.  A  point  whose  coordinates  x^  y  are  in- 
tegers or  zero  \a  called  a  lattice  point.  Any  set  of  such  points  is  a 
lattice  set.  Let  a«, »  b®  given  numbers,  the  indices  m,  n  corre- 
sponding to  points  of  some  lattice  set.     The  symbol 

^  =  Sa^,  n  (1 

is  called  a  double  series.     With  1)  we  may  associate  a  series 

B  =  2J,  (2 
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where  6,  is  some  term  <i^  ,»  of  1)  and  where  each  term  a^^^  of  1) 
is  some  («  of  2).  If  2)  converges  absolutely,  all  these  B 
series,  being  merely  rearrangements  of  one  of  them,  have  the 
same  sum.  In  this  case  we  say  1)  is  convergent  and  its  9um  is 
that  of  2).  As  heretofore  it  is  often  convenient  to  denote  the 
sum  of  the  series  A  when  convergent  by  the  same  letter.  When 
the  series  2)  does  not  converge  absolutely,  we  shall  say  1)  is 
divergent. 

The  series  «r      v  i 


'm,  n 


is  called  the  adjoint  of  1).  From  our  definition  of  convergence 
it  follows  that  81  converges  when  A  does,  and  conversely. 

2.  Let  us  note  that  the  multiplication  of  two  simple  series 

^  =  ia«     ,     5  =  26, 

leads  to  double  series.     In  fact  let  us  set 

^m,  n  =   «m in- 
Then  C'=2c?„.n  (3 

is  a  double  series,  and  when  A  and  B  are  absolutely  convergent, 
we  saw  that  Cis  convergent  and  A  •  B  ^  C.  In  the  series  3)  the 
indices  m,  n  range  over  the  lattice  points  in  the  first  quadrant, 
excluding  those  on  the  x  ox  y  axes  as  for  these  morn  would  have 
the  value  0. 

8.  We  have  seen  that 

1 


1-a 
1 


1-6 

Thus  1 


=  l  +  a-ha2-f  -     ,     |a|<l. 


=  14.64.62^...     ^     161  <1. 


(l-a)(l-6)       m,n=4l  '"^"  ^ 

where  vu,  n  range  over  all  lattice  points  in  the  first  quadrant, 
including  those  which  lie  on  the  x  and  y  axes. 
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4.  In  studying  the  double  series  1)  it  is  often  convenient  to 
suppose  the  terms  o^n  placed  at  the  lattice  points  m,  n.  From  this 
point  of  view  any  simple  series 

1 

may  be  converted  into  a  double  series  as  follows.  Choose  an 
infinite  lattice  set  S  at  pleasure,  e.g.  the  points  in  the  first 
quadrant.  Put  each  term  a^  at  some  lattice  point  r,  «,  so  that 
each  point  of  S  bears  one  term  of  A,  If  a^  lies  at  the  i>oint  r,  «, 
we  may  denote  it  by  J,.^,,  so  that  J^^,  is  only  another  symbol  for  a^. 
In  this  way  we  get  a  double  series 

5.  Example.  Let  a,  b  be  any  two  complex  numbers,  such  that 
the  three  points  0,  a,  h  are  not  coUinear.  If  m,  n  range  over  all 
lattice  points,  the  origin  excluded, 

ma-^-nh 

will  be  the  vertices  of  a  set  of  congruent  parallelograms,  as  in  the 
figure,  which  completely  cover  the  plane. 
The  series  ^ 

^  (via  ^-nhy  ^ 

is  important  in  the  elliptic  functions  and  will  be  employed  later. 
We  now  establish  the  theorem : 

The  series  6)  converges 
when  p  >  2  and  diverges 
when  JE?  <  2. 

For  brevity  let  us  set 
a>^^  =  ma  -h  nb. 

The  adjoint  of  5)  is  thus 


Then  by  definition  5)  and 
6)  converge  simultaneously. 
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We  replace  6)  by  the  simple  series 

«  =  2/3., 

where  )9^  denotes  the  sum  of  the  terms  of  6)  whose  indices  m,  n 
correspond  to  points  on  the  first  parallelogram  P^  whose  center  is 
the  origin  0\  ^Sj  is  the  sum  of  tlie  terms  of  6)  whose  indices  lie 
on  the  second  parallelogram  P^  about  0,  etc. 

Let  d  and  D  be  the  least  and  greatest  distances  of  the  sides  of 
Pj  from  0,  Then  each  of  the  8  numbers  o^^^  which  lie  on  P^ 
satisfy  the  relation  ,  _ 


Similarly  each  of  the  2  •  8  numbers  ©^^  which  lie  on  P^  satisfy 

the  relation 

2  rf  <  I  tt)«.n  I  <  2  A  etc. 

Thus  8  ^  o  ^  8 

<  Pj  <  y^  ,^_,  etc. 


Thus 


or 


— V  L<g3<ii.y_l  . 


As 


A^p-l 


converges  when  p>2  and  diverges  when  /?  <  2,  the  theorem  is 
proved. 

42.  Row  and  Column  Series.    1.    Let  us  consider  the  double 
series  .  ... 

+ (1 

=  2a^  „  7w,  n=l,  2,  ..• 

The  ?»'*  row  of  A  gives  a  series 


n=l 
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and  from  these  we  can  form  a  series 

=  i     2  a 

M— 1      f|sl 

putting  in  the  value  of  r«  as  given  by  2).     We  say  the  series  R  is 
obtained  by  aumming  1)  Jy  rows. 

Similarly  the  w'*  column  of  A  gives  a  series 


OD 


and  from  these  we  can  form  a  series 

11=1 

OO         OD 

=  2   2a^,.  (5 

n=l  nt=\ 

We  say  the  series  C  is  obtained  by  summing  1)  Jy  columns, 

2.  To  sum  a  double  series  -4  which  is  known  to  be  convergent, 
we  may  often  use  the  following  theorem  with  advantage  : 

if  A  is  canvepgenU  each  series  r^^  c^  is  absolutely  convergent.     The 
series  R  and  C  both  converge  absolutely  and 

A=R  =  a  (6 

For  let  5  =  fij  +  62+...  =  26.  (7 

be  one  of  the  simple  series  associated  with  the  double  series  A. 
Since  A  is  convergent,  B  converges  absolutely  by  definition,  and 
A  =  B.     Let  I  a«„  |  =  a^^.     The  adjoint  of  A  is 

a  =  2a^^. 
Let  us  denote  the  series  formed  from  SI  analogous  to 

^m       1       <!m       '^       R       ^        O      ,       b^ 

To  show  that  r^  is  absolutely  convergent  we  observe  that  we 
can  take  s  so  large  that  each  term  of 
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lies  in  SB,.     Hence  ^  en  ^  m 

Pm^p  <  55.  <  55. 

Thus  T  ^  ca 

Pm  =  lira  p^^p  <  SB. 


Hence  the  series  p^  is  convergent  and  r^  is  therefore  absolutely 
convergent.     The  same  holds  for  c^. 

To  show  that  R  is  absolutely  convergent  let  us  consider 


n=ao 

=  lim(/5i  +  pj  +  ...  -f-p«). 


But 

=:  lira  p^^  ^  =  lim  (a„j  +  «»„  +  ..•+  «*«)• 

If  therefore  we  set 

^.  n  =  «ii  +  Oia  -h  — h  «!» 

+ 

+  aml  +  am2+  •••  Omni 

and  hence  «  =  lira  lim  ?L... 


Now  let  us  take  «  so  large  that  each  term  of  SL,*  lies  in  SB,.    Then 
Passing  to  the  limit  71  =  00  gives 

Passing  to  the  limit  w  =  oo  shows  that  5R  <  SB.    Hence  9i  is  con- 
vergent.    As  each  ,     ,  ^ 

^  km|<Pm, 


we  see  that  R  is  absolutely  convergent. 

To  show  that  iJ  =  ^  we  begin  by  taking  s  so  large  that 

».<e. 
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Next  we  take  />,  q  so  large  that  every  term  of  9  not  in  8,, ,  lies 
in».     Then  ^-%,^ 

contains  only  terms  of  8,  when  m>  p^  n>  q.    Thus 

Now  the  numerical  value  of  -B  —  A^^  is  <  the  sum  of  the  nu- 
merical values  of  the  terras  of  this  series.     Thus 


Letting  now  n  =  oo,  we  get 

|5-/2«|<e. 

Letting  m  =  oo,  we  get     \B  ^  R\< 


As  e  >  0  is  small  at  pleasure,  this  gives 

B  ^  R.     .\  A^  R.  Q.E.D. 

Similarly  we  show  that  0  is  absolutely  <jonvergent  and  A  =s  O. 

3.  Let  us  now  show  conversely  : 

If  the  9i  or  the  S  series  converges^  A  is  convergent. 

Let  us  suppose  that  9Z  is  convergent.     Taking  s  at  pleasure,  we 
may  take  m^  n  so  large  that  the  terms  of  SB.  lie  in  S^**     Hence 

Thus  55  is  convergent  by  13, 2.    Hence  A  is  convergent  by  definition. 

4.  The  following  example  will  show  that  double  series  cannot 
be  treated  as  if  they  were  finite  sums.  They  are  the  limits  of 
such  sums  and  often  illustrate  the  fact  that  what  is  true  of  the 
variable  is  not  necessarily  true  of  the  limit.     Consider  the  series 

^  =  ^-"  +  2-1-3!  +  - 

+  l_2a  +  <2iO»_^y'^... 

21  3! 

+  l_3a  +  (3«)"-i^'^>V... 

2!  8.! 


+ 
where  a  >  0. 
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The  m^  row  has  here  the  sum 

Thus  summing  A  by  rows  we  get 

iJ  =  rj  +  rj  -f-  ••• 

This  is  a  geometric  series  and  converges  absolutely  since  a  >  0. 
We  cannot  infer,  however,  that  A  is  convergent  or  that  if  it  were 
its  sum  =  R.  In  fact  A  is  divergent.  For  if  it  were  convergent 
each  c^  series  must  be  convergent  by  2.     This  is  not  so,  for 


is  divergent. 


?i  =  l-hl+l  + 


43.  Application  to  Power   Series.    We  wish  to  apply  the  fore- 
going theorem  to  obtain  a  result  which  we  shall  use  later.     Let: 

the  power  series 

P(z)  =  %-\-  a^z  -f  a^'^  +  •••  (L 

have  6  as  a  circle  of  convergence.     About  any  point  z  within 
let  us  describe  a  circle  c  of  radius  p  which  also 
lies  within  S.     The  point  z-^  h  will  lie  in  c  if 
I  A  I  <  p.     Hence  the  series  1)  converges  abso- 
lutely when  we  replace  z  by  2  +  A ;  that  is 


P(«  -h  A)  =  a^  -f  ai(2  -f  A)  +  a^{z  +  A)2-f 


(2 


is  an  absolutely  convergent  series.    Let  us  expand 

the  terms  of  2)  and  write  the  result  as  a  double  series.    We  get 

^  =  a^j  -f  0  -f-  0  -f  0  -h  ... 

-f  ai3  -f  ajA  -f  0  +  0  -h  ••• 
+  OjSf^  -h  2  a^h  -f  a^h^  -f  0  H 

-h  agSfS  -f  3  a^z^h  -f  3  a^Jfi  -h  A^  -f-  — 
-h 


(3 


If  we  sum  3)  by  rows,  we  get  the  absolutely  convergent  series  2). 
From  this  we  cannot  infer  that  3)  is  convergent  as  we  saw 
in  42,  4 
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The  series  A  is,  however,  convergent,  as  we  may  easily  see  as 
follows.  Let  us  set  I  2  I  =  r.  Then  1)  converges  absolutely  for 
2  =  r  +  p  since  this  point  lies  within  6.     Thus 


•  •  • 


(4) 

=  Oq  -h  Oir  -h  Oj/B-f-  02^  +  2  a^rp  -h  Oj/^  -f  ••• 

is  convergent.     Thus  the  simple  series 

is  absolutely  convergent  since  each  of  its  terms  is  numerically  >, 
the  corresponding  term  of  4).  Thus  A  is  convergent  and  we  can 
sum  it  by  rows  or  by  columns.     Summing  by  rows  gives 

Summing  by  columns  we  get,  since  the  result  is  the  same  as  before, 

Fix  +  A)  =  P(z)  +  Ai>,(z)  + 1  h^P^Cz)  +  ^A'i^sC^)  +  -     (6 

■where  P,  =  a,  +  2  OjZ  +  3  ag^  +  - 

P,=  2  a,  +  2  .  3  ajZ  +  3  .  4  a^z*  +  — 


CHAPTER   IV 

THE  £L£B1£NTARY  FUNCTIONS 

44.  1.  The  functions  employed  in  elementary  mathematics  are 
the  following  : 

Integral  rational  functions.  Exponential  functions. 

Rational  functions.  Hyperbolic  functions. 

Algebraic  functions.  Inverse  circular  functions. 

Circular  functions.  Logarithmic  functions. 

• 

Except  in  case  of  the  algebraic  functions  the  independent  vari- 
able X  is  usually  real. 

We  propose  in  this  chapter  to  define  these  functions  for  complex 
values  of  the  variable,  and  to  study  a  few  of  their  simplest  and 
most  useful  properties. 

2.  The  reader  is  perfectly  familiar  with  all  these  functions,  the 
variable  being  real,  except  possibly  the  hyperbolic  functions.  For 
such  as  have  not  used  these  functions  in  the  calculus  we  add  the 
following.     They  are  defined  by 

cosh  X  = ; —     ,     sinh  x  = —  •  CI 

2  2  ^ 

The  left  sides  are  read  "  hyperbolic  cosine  of  x  "  and  "  hyperbolic 
sine  of  z."  We  see  that  they  are  merely  linear  combinations  of 
e*  and  e"'. 

These  functions  have  been  computed  and  tabulated,  so  that  one 

is  as  free  to  use  them  as  sin  x^  cos  x.     The  reader  is  referred  for 

example  to 

B.  O.  Peirce,  A  Short  Table  of  Integrals. 

Ginn  and  Company,  Boston,  1899. 

Jahnke  and  Emde.     Funktionentafeln. 
Teubner,  Leipzig,  1909. 
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By  means  of  these  tables  we  may  draw  the  graph  of  these  func- 
tions which  we  herewith  give.  The  graph  of  cosh  x  is  the  familiar 
catenary^  that  is,  the  form 
of  a  chain  supported  at      y  y 

two  points  on  the  same 
level.  It  is  important  to 
note  that : 

cosh  X  never  vanishes^ 
while  sinh  x  vanishes  just 
once^  viz :  for  a:  =  0. 

We  note  also  that  cosh  x 
is  symmetric  with  respect 
to  the  y-axis,  and  sinh  x  with  respect  to  the  origin. 

If  we  express  «•,  e~*  as  series  we  find 

cosha;=l  +  ^+^-h-  (2 

2!      4 1 

sinha:=— -h  — +  — +  ...  (Z 

1!^3!      51^  ^ 


y^Bin  h  X 


From  1)  we  find  at  once  that 

cosh*  X  —  sinh*  a;  =  1. 


(4 


45.  The  Integral  Rational  Function.   These  functions  have  the 

form 

%  -h  a^z  +  a^^  4- h  a««",  (1 

where  the  coefficients  a^,  a^,  •••a^  are  any  given  complex  num- 
bers and  the  independent  variable  z  is  free  to  take  on  all  complex 
values,  or  as  we  say  is  free  to  range  over  the  whole  2;-plane. 
The  exponent  m  is  an  integer  >  0,  and  is  called  the  degree  of  1). 
Such  functions  are  called  polynomials  in  algebra.  Since  1) 
involves  only  the  operations  of  addition  and  multiplication  of 
complex  numbers,  its  value  can  be  calculated  for  any  given 
value  of  z. 

In  algebra  we  learn  that  1)  vanishes  for  just  m  values  of  2,  say 
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some  of  which  however  may  be  equal.  We  call  2)  the  root%  or 
zeroB  of  1).  Knowing  the  roots  2)  and  denoting  the  expression 
1)  by  w^  it  is  shown  in  algebra  that 

w  =  a«(2  -  Zi)(2  -  22)  -  (2  -  O-  (3 

The  theorem  which  states  that : 

Every  polynomial  of  degree  m  has  m  roots 

is  called  the  fundamental  theorem  of  algebra.  As  often  given 
in  algebras,  its  demonstration  is  long  and  difficult.  Few  students 
really  comprehend  it.  It  is  a  luxury  which  most  students  are 
willing  to  dispense  with.  And  quite  rightly,  for  it  is  far  beyond 
their  powers  at  that  time.  Later  we  shall  give  two  proofs  of  this 
important  theorem  which  the  student  will  comprehend ;  one  is  so 
simple  that  he  will  not  need  to  set  pen  to  paper  to  follow  it. 

46.  Rational  Functions.  The  quotient  of  two  integral  rational 
functions  of  z  is  a  rational  function.  Such  functions  have  the 
iona  .  .  .        m 

where  the  coefficients  a^,  a^  ...  6^,  b^  ...  are  constants  and  m, 
n  are  integers  >^  0.  The  expression  1)  involves  division  by 
0  for  those  values  of  z  for  which  the  denominator  vanishes.  Let 
these  be  ^  -,  -,  /o 

For  any  value  of  the  complex  variable  z  not  included  in  2)  the 
value  of  the  expression  1)  maybe  computed  by  rational  opera- 
tions. These  values  of  z  form  the  domain  of  definition  of  the 
expression  1).     We  may  thus  state : 

The  domain  of  definition  of  a  rational  function  of  z  is  the  whole 
Z'plaii^eixeptingthej^ero^  denominator.  "^ 

The  degree  of  1)  is  the  greater  of  the  two  exponents  rw,  n,  sup- 
posing of  course  that  a^,  h^  are  ¥=  0. 

When  1)  is  of  the  first  degree,  it  is  said  to  be  linear.  The  type 
of  a  linear  rational  function  of  z  is  therefore 

i+>.  (3 

c  -^  dz 
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The  rational  functions  include  the  integral  rational  functions  as 
a  subclass.  In  fact  let  the  numerator  of  1)  be  exactly  divisible 
by  the  denominator;  then  1)  reduces  to  a  polynomial.  This 
takes  place  in  particular  when  the  denominator  reduces  to  a  con- 
stant, that  is  when  n  »  0. 

47.  Algebraic  Functions.  1.  We  say  w  is  an  algebraic  function 
of  z  when  it  satisfies  an  equation  of  the  type 

w^  -h  /2i(2)m^-i  4-  R^(z)w''''  +  ...  +  R^(2)  =  0,  (1 

where  the  coefficients  iJj,  R^  ••.  are  given  rational  functions  of 
2,  and  n  is  a  positive  integer.     The  degree  of  w  is  n. 

Let  us  give  to  2  a  definite  value,  real  or  complex,  say  z  =  a.  If 
a  is  a  zero  foi*  one  of  the  denominators  of  the  coefficients,  we 
shall  say  that  the  point  corresponding  to  this  value  of  a  is  an 
exceptional  point.  Obviously  1)  has  no  meaning  at  such  a  point. 
Suppose  now  that  a  is  not  such  a  point.  Then  all  the  coefficients 
in  1)  can  be  calculated,  and  1)  reduces  to  an  equation  with  constant 
coefficients.  But  such  an  equation  admits  n  roots,  which  in  general 
are  unequal,  ^„  .„  ^^  ^c% 

Thus  the  equation  1)  defines  an  n-valued  function  w  oi  z  for  all 
values  of  z  not  included  among  the  exceptional  points  of  the  coeffi- 
cients. These  values  of  2,  or,  using  our  geometric  language,  the 
points  in  the  2-plane  corresponding  to  these  non-exceptional  points, 
constitute  the  domain  of  definition  of  the  algebraic  function  w. 

The  number  of  exceptional  points  is  finite.  For  the  highest  de- 
gree of  any  coefficient  R^,  TJj  •.•  being  say  A,  no  coefficient  has 
more  than  h  exceptional  points.  As  there  are  only  n  coefficients, 
there  are  at  most  hn  exceptional  points.     Hence  : 

^Juj-^Jprnfiin  of  definition  oLjutL-alaehraiiL function  of  z  embrace        U  \ 
the  whole  z-plane^  excepting  pogaibly  a  finite  number  of  points.  ' ' 


2.  Let  us  note  in  passing  that  the  class  of  algebraic  functions 
embraces  the  rational  functions  as  a  subclass. 
For  let  n  =  1  in  1)  ;  it  reduces  to 

or  .        ws=  —  iJi(2),  a  rational  function. 


I  i 
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f 
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3.  We  have  said  that  the  roots  2)  are  in  general  unequal.  Let 
us  denote  the  equation  1)  by  F(w^  z)  =  0.  If  we  eliminate  w 
from  the  two  relations  j, 

J^=0    ,    ?£.  =  0 

ow 

we  will  get  an  algebraic  equation  in  z^  say 

(?(2)  =  0,  (8 

of  degree  m,  let  us  say.  It  is  shown  now  in  algebra  that  the 
roots  2)  are  all  distinct  at  a  point  z  =  c  when  e  is  not  a  root  of 
3).  We  may  call  the  roots  of  3)  critical  points;  they  are  finite 
in  number.  The  exceptional  and  critical  points  together  may 
be  called  singular  points.  All  the  other  points  may  be  called 
ordinary. 

48.  Explicit  Algebraic  Functions.  1.  The  two  roots  of  the  alge- 
braic equation  „^^v  «..^ 

where  i2j,  R^  are  rational  functions  of  z^  are 

M^  =  - jiJi±JViJi2-4/2j.  (2 

Since  2)  satisfies  1),  it  is  an  algebraic  function  of  z.  To  calculate 
this  function  we  have  to  perform,  besides  the  rational  operations, 
the  operation  of  extracting  a  square  root  of  a  known  quantity. 

2.  The  three  roots  of  the  algebraic  equation 

vfl  -h  R^Cz)w  4-  JSa(2)  =  0,  (8 

where  R^^  R^  are  rational  functions  of  z,  are  given  by 

«  = -V^r]^V^V|^+^^  +  ^PJ^3;4^^+^^.    (4 

Since  4)  satisfies  3)  it  is  an  algebraic  function  of  z.  The  right 
side  of  4)  exhibits  this  function  by  means  of  roots  of  quantities 
which  can  be  successively  calculated  by  rational  operations.  We 
say  2)  and  4)  are  explicit  algebraic  functions  of  z. 

In  general  we  say  w  is  an  explicit  algebraic  function  of  2) 
when  its  expression  involves  the  extraction  of  roots  of  rational 
functions  of  2,  or  the  extraction  of  roots  of  such  roots,  or  the 
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rational  operations  on  such  roots,  each  operation  performed  only  a 
finite  number  of  times.  This  definition  is  clumsy,  but  its  idea  is 
very  simple.  The  expressions  2)  and  4)  will  serve  as  illustra- 
tions. 

3.  It  is  shown  in  algebra  that  every  explicit  algebraic  function 
of  z  is  a  root  of  an  equation  of  the  type  47, 1).  The  demonstration 
is  simple  but  will  not  be  given  here. 

On  the  other  hand  it  is  not  true  that  every  algebraic  function 
of  z  is  an  explicit  algebraic  function.  The  demonstration  of  this 
fact  is  anything  but  simple.  The  solution  of  the  cubic  and  bi- 
quadratic equations  was  effected  by  the  Italian  algebraists  in  the 
first  half  of  tlie  sixteenth  century.  The  algebraic  solution  of  the 
quintic  was  then  sought.  This  became  one  of  the  celebrated 
problems  of  the  seventeenth  and  eighteenth  centuries.  The  great- 
est mathematicians  of  their  time  sought  its  solution,  but  in  vain. 
At  last  Abel  in  1826  demonstrated  that  the  roots  of  the  general 
equation  of  the  fifth  and  higher  degrees  cannot  be  expressed  as 
explicit  algebraic  functions  of  their  coefficients,  in  other  words 
that  these  equations  do  not  admit  an  algebraic  solution. 

If  then  the  roots  of  the  general  equation  of  fifth  degree  cannot 
be  expressed  in  terms  of  radicals,  in  terms  of  what  functions  can 
they  be  expressed  ?  In  1858  the  illustrious  French  mathemati- 
cian Hermite  showed  that  these  roots  may  be  expressed  in  terms 
of  the  elliptic  modular  functions.  This  will  be  referred  to  again 
when  we  take  up  the  study  of  elliptic  functions. 

4&.  Study  of  y/t.  1.  Let  2  =  r  (cos  ^  -f- 1  sin  ^),  then  as  we  saw 
in  7,  3  the  two  values  of  V2  are 

t£^j=Vrfcos^4-tsin^j     ,     w^=-Wy  (1 

If  we  let  z  describe  a  curve  in  the  2-plane,  the  two  roots  Wj,  t/'j 
will  describe  curves  in  the  w-plane. 

For  example,  let  z  describe  a  circle  S  of  radius  r  as  in  Fig.  1. 
When  2  is  at  ^,  ^  ss  0,  hence  w^  =  Vr,  w^  ==  ~  "^^  Thus  w^  is  at 
a  and  w^  is  at  S.  Let  z  describe  the  quadrant  AB.  Then  ^ 
increases  from  0°  to  90**  while  r  remains  constant.  From  1)  we 
see  that  the  argument  ^  ^  of  w^  increases  only  half  as  fast  while 
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its  modulus  Vr  remains  constant.  Thus  when  z  describes  the 
quadrant  AB^  w^  describes  tlie  octant  al3.  Since  w,  =  —  Wj,  we 
see  that  at  the  same  time  w^  describes  the  octant  Se.  Let  now  z 
describe  the  second  quadrant  BO.    At  (7,  ^=180**,  hence  J  ^=90^ 


Z  plane 


Fio.  1. 


Thus  when  z  has  reached  (7,  w^  has  arrived  at  7,  while  w^  has  got 
to  f.  Continuing,  we  see  that  when  z  has  gone  all  around  the 
circle,  ^=360°,  hence  ^  ^=180°,  and  hence  u\  is  at  S.  Meantime 
Wj  has  moved  from  f  to  a.  Now  when  we  began,  Wi  was  at  a, 
and  M?2  at  S.  After  the  circuit,  Wi  is  at  S  and  Wj  at  a.  The  two 
roots  have  been  interchanged. 

2.  We  will  now  let  z  describe  any  closed  curve  ji  about  the 
origin  as  in  Fig.  2. 

To  any  point  P  on  ^  whose  polar  coordinates  are  r,  ^  will  cor- 
respond a  value  of  Wj  given  by  1),  and  the  point  in  the  tr-plane 
corresponding  to  this  value  w^  has  the  polar  coordinates  Vr,  i^  ^. 


Fio.  2. 


Fio.  5.' 


As  z  describes  St  starting  from  A^  (f>  will  increase  steadily  from 
</)  =  0°  to  4>  =  360^  when  z  will  have  returned  to  A,  The 
modulus  r  varies  continuously  from  its  original  value,  say  r  ^  a^ 
sometimes  increasing,  sometimes  decreasing,  but  finally  returning 
to  its  original  value  a.  From  this  we  see  that  the  argument  \  ^ 
of  w^  will  increase  steadily  from  0**  to  180°  while  the  modulus  Vr 
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will  vary  continuously.  Thus  tv^  will  describe  a  continuous  curve 
as  in  Fig.  3,  whose  end  points  A^^  B^  lie  on  the  real  axis  at  the 
distance  Va  from  the  origin  in  the  t<^-plane.  Moreover,  as 
w^=i  —  w^  we  see  tliat  w^  will  describe  a  symmetric  curve  on  the 
other  side  of  the  origin.  Hence  when  z  has  completed  its  circuit 
about  the  origin  of  the  z-plane,  w^  and  w^  have  interchanged  posi- 
tions in  the  u^-plane. 

Thus  we  see  that  tliis  more  general  case  behaves  in  an  entirely 
analogous  manner  to  the  simple  case  considered  in  1.  The  main 
facts  to  remember  are  these  : 

1°  When  z  describes  a  circuit  about  the  origin,  w^  and.  u^^-  each 
describes  a  curve,  but  not  a  closed  curve. 

2"  At  the  end  of  the  circuit,  Wj  and  w^  have  interchanged 
values.  In  other  words,  a  circuit  about  the  origin  effects  the 
substitution  ,  . 

For  this  reason  the  point  a;  =  0  is  called  a  branch  point, 

3.  Let  now  z  describe  a  closed  curve, 
as  in  Fig.  4,  which  does  not  (enclose  the 
origin  0.     Let  the  polar  coordinates  of 

ABODE 


be 


a,  « ;    6,  /8 ;     c,  7 ;    d,h\    e,  e. 


FiQ.  4. 


O 


The  value  of  ti^j  at  the  point  A  is  thus,  by  1), 

Wi  =  Va  (cos  I  a  -f- 1  sin  J  a), 

The  point  A^  in  Fig.  5,  corresponding 
to  this,  has  the  polar  coordinates 
Va,  ^  a.     Let  now  z  move  along  the 

arc  ABO  >>• .   Its  argument  ^  steadily  ~  

increases  till  the  radius  vector  becomes  '  ' 

tangent  to  the  curve  at  J? ;  that  is  ^  ^*o-  5- 

increases  from  ^  s  a  to  ^  s  e.  Thus  the  argument  ^  ^  of  w^ 
steadily  increases  from  |  a  to  ^  e,  as  Wi  moves  from  A^  to  E^  in 
Fig.  5.  The  modulus  r  of  2  increases  from  r  =  a  to  r  =  dfas  it 
moves  from  il  to  a  point  D  in  Fig.  4,  when  it  begins  to  decrease. 
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Similarly,  if  to  fix  the  ideas  we  suppose  r  >  1,  the  modulus  Vr 
of  Wj  will  increase  from  Va  to  V5  as  w^  moves  from  A^  to  a  point 
Dj  in  Fig.  5.  As  z  moves  from  JS  back  to  A  and  so  completes  the 
circuit,  <l>  decreases  from  e  back  to  its  original  value  a.  The  mod- 
ulus r  also  assumes  its  original  value  r  ^s  a,  at  the  close  of  the  cir- 
cuit.   Thus  Wi  also  comes  back  to  its  point  of  departure  Ay  Hence: 

WheiL^  describes  _a  closed  curve  not  including  the  origin^  w^ 


Since  w^=^  —  W'^  we  see  that  w^  will  describe  a  symmetric  closed 
curve  on  the  other  side  of  the  origin. 

4.  When  z  describes  a  circuit  about  a;  =  0  we  have  seen  that  the 
two  values  of  w  =  V2  are  permuted ;  on  the  other  hand,  we  have 
seen  that  if  z  describes  a  circuit  about  any  other  point,  which  does 
not  include  the  origin,  the  two  values  of  w  are  unaltered  at  the 
end  of  this  circuit.  We  therefore  ^ay  that  ^aLr=.0  is  the  only 
branch  point  of  w. 


50.  Study  of  tt^  =  V(z  —  a)(z-b).     1.  Let 

z^  a  =  a  (cos  6  -^  i  sin  tf), 
z  —  6  =  /8(cos  ^  +  t  sin  ^). 
Mj  =:Va(cos  J  tf -f- tsin  J  tf)     ,     u^^ 


Let 


=  — tt, 


Vj  =  V/8(cos  J  </)  -h  t  sin  J  </>) 


Va  = 


-Vp 


(1 
(2 


Then  the  two  values  of  w  are 


W^  =  MjVi 


w^  =  —  Wit'i. 


We  note  that  the  expressions  1), 
2)  defining  u^  Vj  have  precisely  the 
same  form  as  that  defining  w^  in  49. 
From  this  it  follows  that  when  z 
describes  a  circuit  9  about  a,  n^ 
will  go  over  into  w,  =  —  Uy  On  the 
other  hand  the  curve  8  lies  outside 
of  6,  and  hence  by  49,  3,  when  z  de- 
scribes a,  Vj  returns  to  its  original  value  at  the  close.  Thus  Vj  is 
unchanged.     Hence  the  effect  of  the  circuit  9  on  w^  is  to  change 
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it  into  —  ttiVj  or  ti^j.  As  Wj  =  —  ti^j,  we  see  that  the  same  circuit 
converts  w^  into  Wy  Thus  a  circuit  of  z  about  a  effects  the  sub- 
stitution /  \ 

Vwj  wj 

Similarly  if  t  describes  a  circuit  9  about  i,  but  excluding  a,  the 
roots  Wi^  w^  are  also  permuted. 

For  this  reason  the  points  z  =  a^  z  =  b  are  called  branch  points. 

The  same  reasoning  shows  that  if  z  describes  a  circuit  about  a 
or  5,  but  in  the  opposite  direction,  the  two  roots  w^^  w^  are  per- 
muted also. 

Next  let  z  describe  a  closed  curve  (E  which  does  not  include 
either  a  or  b.  Then  49  shows  that  both  u^,  v^  return  after  the 
circuit  to  their  original  values  and  hence  w^  =  u^v^  also  returns  to 
its  original  value. 

2.  Let  z  move  from  c  to  d  over  the  path  S.  If  it  describes  the 
same  path  in  the  opposite  direction,  i.e.  from  d  to  e^  we  may  denote 
it  by  8"^.  Let  9H  denote  the  other  path  from  c  to  df  as  in  the 
figure.    Then  SSW"*^  will  denote  the  closed  ^ 

curve  from  c  over  8  to  rf  and  back  to  c 
over  the  curve  2H. 

At  each  point  z^  the  algebraic  function 


has  two  values.  The  values  of  w  for  z  =  c 
let  us  call  7  and  —  7.  When  z  ranges  over  the  curve  ?,  the  differ- 
ent values  that  w  has  group  themselves  into  two  curves  or  branches 
which  we  may  call  L^  and  L^.  An  end  point  of  one  of  these  curves, 
say  Lj,  is  7.  Let  8  be  the  other  end  point  of  Ly  If  8  does  not 
pass  through  one  of  the  branch  points  z  =  a^  z=ib^  the  two  values 
that  w  has  for  each  value  of  z  are  distinct.  In  this  case  the  two 
branches  X^,  X,  have  no  point  in  common.  We  may  thus  distin- 
guish the  two  branches  Xj,  X^  by  giving  one  of  their  points.  Thus 
the  branch  Xj  is  determined  by  the  fact  that  it  passes  through  7, 
or  through  8. 

Suppose  now  we  allow  z  to  range  from  c  to  d  over  8.     If  we 
start  with  ii'  =  7,  what  value  will  we  have  when  z  reaches  d  if,  afl 
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we  pass  over  ?,  we  always  choose  that  determination  of  w  which 
will  form  a  continuous  set  of  ^values  ?  Now  at  2  =  a,  w  has  two 
values  w  =  h^  and  tr  =  —  S.  From  the  foregoing  the  value  we 
must  choose  is  obviously  t^  =  S.  Let  us  indicate  this  by  the 
notation  cs 

whereby  we  mean  that  if  we  start  from  2  =  c  with  tliat  value  of  w 
which  is  =  7  and  allow  z  to  range  over  the  patli  ?,  the  value  that 
w  has  at  the  other  end  of  S  is  S. 

Suppose  that  we  next  allow  z  to  move  from  c  to  d  over  the  path 
SK.     We  prov^e  now  the  important  fact : 

Ifi^SSRdo  not  pass  through  or  enclose  a  branch  pointy 

In  other  words,  if  we  start  with  tlie  same  determination  of  w  at 
2  =  c  we  arrive  at  the  same  value  of  w  'Aiz  =  d^  whatever  path  we 
choose,  provided  no  two  paths  pass  through  or  enclose  a  branch 
point. 

The  proof  is  very  simple.     For  by  1, 

Imr^  =  7- 

Hence  __ 

7tHjK-»*jDi  —  7aR- 

But 

7iHjjj-ujK  -  7^- 

Hence 

7«  =  7aR. 

3.  Suppose  we  start  at  z  =  e  with  the  determination  of  tr  =  7. 

We  allow  z  to  describe  the  circle  6  as  in  the  figure.     We  ask  what 

is  the  value  of  w  when  z  returns  to  <?  ?     As  w  has  only  two  values 

at  c  we  have 

7c  =  7  or  7g  =  -  7. 

To  determine  which,  we  introduce  the  paths 

dc  and  ce. 
Then 

7(£  ■"•  7cif  •  dc .  ac' 

As  the  two  paths  de  and  dc  •  ce  do  not  include  a  branch  point, 

7(J  ^    led 'dc'Ct'W 
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and  thus 


Now  cd  •  dc  is  9,  circuit  about  the 
branch  point  z=^a.    Hence 

7«iA:  =  —  7^ 
7c  =  (~7)c.«:- 

Also  ce  •  ^£7  is  a  circuit  about  the 
branch  point  2  =  5.     Hence 

(-7)e..«  =  7- 
Thus  finally      ^^  ^  ^ 

51.  The  Elliptic  Radicals.    1.  When  we  take  up  the  elliptic  funo- 
tionsy  we  shall  find  that  two  radicals 


and 


(1 
(2 


and 


Tw  =»  1,  2,  3, 


figure  very  prominently.     Let  us  consider  first  1).     If  we  set 

2  -  «m  =  ^mCcos  0^  4-  i  sin  0^) 

w«.  =  V^(co8 10^  +  i  sin  i  ^^), 

the  two  values  of  w  in  1)  are 


Now  the  radicals  u^  =  Vz  — «„,  have  the  same  form  as  those  con- 
sidered in  50  and  we  may  therefore  conclude  at  once  : 

The  branch  points  of  1)  are  ej,  e^,  e^.  When  z  describes  a  circuit 
about  one  of  them^  w^  and  w^  are  interchanged,  A  circuit  which  in- 
cludes two  of  the  branch  points  leaves  w^ ,  w^  unchanged  ;  a  circuit  which 
includes  all  three  branch  points  interchanges  w^^  w^^  Finally  a  cir- 
cuit which  includes  none  of  the  branch  points  leaves  w^^  w^  unaltered. 

2.  Let  us  now  turn  to  the  radical  2).     Since 

(1  -  2»)(1  -  F««)=  *«(e  -  IXz  + 1)(2  -  f)(z  + 1) 

we  set 

z  —  1  =a  rj(cos  0^  +  i  sin  ^j)     ,     2  -f- 1  =  r^Ccos  0^  -h  i  sin  tfj), 

2  —  -  =  rg(co8  ^8  +  *  sin  tfg)     ,     24--  =  r^(cos  0^  -f-  i  sin  0^^. 
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Finally  we  set 


^m  =  Vr^(cos  ^O^-^i  sin  J  0^),        m^l,2,  3, 4. 


Then  the  two  values  of  w  in  2)  are 

From  this  we  conclude  : 

IVie  branch  points  of  the  radical  2)  are  li  —  1>  7»  ~  7 


When  X 


describes  a  circuit  which  includes  no  branch  point  or  an  even  number 
of  them^  the  values  ofw^^w^  are  each  the  same  at  the  end  of  the  circuit 
as  at  the  start.  If  the  circuit  contains  an  odd  number  of  the  branch 
points^  the  values  of  w^y  w^  are  interchanged  after  the  circuit. 


52.  Study  of  ti^  =  \f^ — r'     '^'^®  method  we  adopt  to  study  this 

^2  —  6 

radical  is  the  same  as  that  employed  in  49,  50,  and  51.     We  set 
2  —  a  =  a(cos  ^  + 1  sin  ^     ,     2  —  6  =  /8(cos  ^  +  t  sin  ^) 

and  introduce  the  cube  root  of  unity 

27r  ,   .  .    27r 
o)  =  cos  -^  4- 1  sin  -—  • 


We  also  set 

t«j  =  y/a{ cos-  -f- 1  sin- )     ,     1*2  =  amj     , 
\       o  0/ 


1^3  =  «%p 


Vj=  \/)8f cos^-H  isin^j     ,     v^^tavy^     ,     v^^t/Ny 


Then  the  three  values  of  w  are 


w. 


=  ?^ 


Uy 
^1 


(1 


Let  now  z  describe  a  circle  O  about 
2  as  a,  as  in  the  figure.  Then  6  in- 
creases from  say  ^sstto^=^  +  2'7r, 
while  ^  returns  to  its  original  value. 
At  the  beginning  of  the  circuit 

ttj  =  \/a(co8  \t-\-i  sin  \  <).      (2 
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At  the  end  of  the  circuit,  t^  has  acquired  the  value 
(mi)^  =  ^(co8  i  (^  +  2  7r)K  sin  J(e  +  2  ir)  ) 

Thus  (1I5)  c  =  «i>(wi)  <?  =  **^i  ="  % 

The  effect  of  (7  is  to  convert 

into  ti,    ,     Ug    ,    Uj. 

As  Vj  remains  unaltered  by  the  circuit  (7,  the  relation  1)  shows 
that  after  the  circuit 

go  over  into  ,^  ,^  .^ 

The  circuit  thus  effects  the  substitution 


Let  z  now  describe  a  circle  D  about  z  =  i  in  the  positive  direction. 
The  same  considerations  show  that  ^  increases  from  say  ^  =  p 
to  ^  =|>  +  2  Tf.  On  the  other  hand,  6  returns  to  its  original  value. 
Thus  at  the  beginning  of  the  circuit  2>, 

Vj  =  -nZ/S  (cos  \p  +  i  sin  \p) . 

At  the  end  of  2),  v^  has  acquired  the  value 

(y{)j,  =  >^(cos  i(i>  4-  2  Tf)  -h  t  sin  i(/>  +  2  ir)) 

im  ary  (v^)^  =  (0^2=^3     ;     v^^wv^^Vy 
As  Uj  remains  unaltered  by  the  circuit  D  we  have 


=  ^3. 
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Similarly  w^  goes  over  into  Wj  and  1/^3  into  m?2  after  2).     Thus  the 
circuit  D  effects  the  substitution 


We  notice  -A*  =  jB  ;  that  is,  going  around  z  =  a  twice  in  the 
positive  direction  produces  the  substitution  B,  If  we  go  around 
a  three  times,  w^  w^  w^  take  on  their  original  values,  or 


A  substitution  which  effects  no  change  in  the  roots  is  called  the 
identical  substitution  and  is  denoted  by  1.     Thus 

^8=1. 

Let  us  now  see  what  happens  when  z  describes  the  circuit  C  in 
the  negative  direction.  This  path  according  to  our  agreement  is 
represented  by  0~\  In  this  case  0  decreases  from  say  0=it  to 
0=:  1  —  2  IT.  At  the  end  of  the  circuit  0~\  u^  as  given  by  2)  has 
acquired  the  value 

(Mi),,_i  =  </a(cos  JO  -  2  tt)  +  i  sin  j(^  -  2  tt)) 

=  a)~^Wi  =  oJ^Mj  =  1/3. 
Similarly  („^)^^  ^  „^    and     («8),^.  =  % 

As  Vj  is  unaltered  by  this  circuit,  we  see  that  C~^  produces  the 
substitution  /  v 

\W3      W^      Wj 

Since  the  circuit  C~^  just  undoes  what  C  does,  we  should  have 
AA"^  =  1  and  this  we  see  is  indeed  so. 

Similarly  the  circuit  D"^  produces  the  substitution  B"^  =  A. 

We  notice  that  A^  B  combine  as  products. 

53.  1.  One  and  Many  Valued  Functions.  The  integral  rational 
function,  .         .  .      ^ 

assigns  for  each  value  of  z^  a  single  value  to  w.     It  is  a  one-valusd 
function  of  z.     Let  w^b  for  £  =  a.     If  we  allow  z  to  describe 
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some  curve  in  the  2-plane  returning  to  its  point  of  departure 
z==  a^  w  will  describe  a  curve  in  the  ti^-plane  which  starts  from 
10  =  by  and  returns  to  this  point. 

2.  On  the  other  hand  the  function 


w 


=  \^Z'-  a 


assigns  to  w  two  values  for  each  value  of  z  except  z  ==  a  where  w 
has  only  one  value  tv  =  0.     This  function  is  a  two-valued  function. 
For  a  similar  reason  • 

is  a  three-valued  function. 


3.  Since  the  equation 


(1 


considered  in  47  has  in  general  n  distinct  roots,  the  function  w  of 
z  defined  by  this  relation  is  called  an  n-valu^d  function. 

Let  z  =  a  be  an  ordinary  point  [47,  8].  If  now  z  describes  a 
curve  C  which  does  not  pass  through  a  singular  point,  the  n 
values  which  w  has  at  each  point  of  0  can  be  grouped  together 


zs^a 


O 


z^h 


z  plane 


SO  as  to  form  n  curves  or  branches.  If  u^  =  a  is  one  of  the  roots 
of  1)  for  25  =  a,  one  and  only  one  of  these  branches  will  pass 
through  the  pointt<^=a.  It  thus  serves  to  characterize  this 
branch. 

Now  when  dealing  with  many-valued  functions  we  very  often 
have  to  solve  this  problem : 

We  take  one  of  the  values  as  u^  =  a  which  w  has  at  the  ordi- 
nary point  « =  a  and  ask  what  value  of  w  do  we  get  when  z 
describes  some  curve  C  leading  to  z  =  5  and  avoiding  all  singular 
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points.  The  many  values  which  w  has  for  the  points  of  C  will 
be  distributed  over  certain  continuous  curves  or  branches  and 
the  value  of  w  we  always  want  is  that  value  of  w  iov  z^b  which 
lies  on  the  branch  passing  through  the  point  w^^a. 

This  general  problem  we  have  studied  in  several  simple  cases 
in  49-52. 

If  this  value  of  ti^  is  tc^  =  /3,  we  say  that  branch  of  w  which 
takes  on  the  value  w  =  a  for  2  =  a,  has  the  value  w  =  fi  at  z  s  5, 
when  z  describes  the  curve  0.     We  have  used  the  notation 

to  denote  this  fact. 

If  z  describes  some  other  curve  Z>  not  passing  through  a  singu- 
lar point  and  leading  from  z^a  to  2  =  i,  the  end  value  of  this 
branch  will  not  be  in  general  /3.  In  any  case  it  must  be  one  of 
the  many  values  which  tv  takes  on  for  2  =  5. 

The  Exponential  Function 

54.  Addition  Theorem.  1.  In  the  foregoing  articles  we  have 
considered  the  algebraic  functions  which  include  as  special  cases 
the  rational  and  the  integral  rational  functions.  All  functions 
which  are  not  algebraic  are  called  transcendental.  The  first  such 
function  we  shall  study  is  the  exponential  function. 

It  is  defined  by  the  series 

1  +  ^  +  1  +  51+ -  (> 

In  39,  4  we  saw  that  this  converges  absolutely  for  every  z. 
Thus  it  defines  a  function  of  z  which  is  denoted  by  the  symbol 

e*    or     Exp  z. 

The  domain  of  definition  of  this  function  is  the  whole  2-plane. 
When  z  has  a  real  value  a;,  1)  reduces  to  the  well-known  expo- 
nential function  ^       « 

^i:^2!^3I 

studied  in  algebra  and  the  calculus. 

A  most  important  property  of  e*  is  the  addition  theorem^  as  i 
is  called,  viz. :  ^^y  _  ^x+»^ 
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Let  us  show  that  the  relation  holds  for  complex  values.     Let  u, 
V  be  complex  numbers.     Then  by  definition 

If  we  multiply  these  absolutely  convergent  series,  as  shown  in 
33,  2,  we  get 

/t^  4,  ?^  iL  4-  ii  !^  -I-  ^\  -I- 

■^\3!"^2!l!"^l!2!"*"8!y"*"  "* 


Thus 


eV»  =  e-^"  (2 

holds  for  any  complex  numbers  u  v. 

2.  From  the  addition  theorem  we  can  show  how  to  calculate  e^ 

for  any  .  _ 

2  =  X  +  ttf    ,     Xy  if  real 

by  using  our  ordinary  logarithmic  tables.     We  have  in  fact 

«•  =  e^-^^v  =  e'e^K  (3 

^1!^    2!    ^3! 
2!      4! 


Hence 


e*9  =s  cos  y  + 1  sin  y.  (4 


Thus  from  3^)  we  have   .       .•  .    •  •      n  /^c 

-iiiuo  rxv***  try  T»«    »  «  ^,  _.  ^»(co8  y  +  i  sm  y).  (5 
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to  plane 


The  relation  5)  is  an  expression  of  the  complex  number  e',  which  is 
nothing  but  the  sum  of  the  series  1),  in  its  polar  form  r(cos  ^-h  t  sin  0). 
Thus  the  modulus  of  e'  is  e',  and  its  argument  is  y.    In  symbols 

I  e«  I  =  e'     ,     Arg  e'  =  y.  (6 

Thus  to  plot  the  value  of  ^  _.  ^,  _  ^x^iy 

we  first  describe  a  circle  of 
unit  radius  about  the  origin 
of  the  tr-plane  and  then 
lay  off  on  this  an  arc  of 
length  ss  y  as  in  the  figure. 
On  a  radius  through  the 
end  of  this  arc  we  now  lay 
off  a  length  =  «*.  The  end 
point  of  this  segment  is  w.         *  ^  ^® 

To  calculate  «■  by  the  tables  we  first  compute 

r  =  «*. 
Then  we  convert  the  arc  y  into  degrees,  getting  an   angle   0. 

w  =  e*  =  r  (cos  0  -{-  i  sin  0).  (7 

If  we  wish  to  reduce  w  to  the  rectangular  form 

w  =  u  +  iv 
we  have,  comparing  with  7), 

tt  =  r  cos  ^    ,     v  =  r  sin  ^.  (8 

Let  us  note  in  passing  the  important  theorem  : 

2%e  exponential  function  e  vanishes  for  no  value  of  z. 

For  ^  cannot  =  0  unless  its  modulus  e'  ==  0.     But  e*  vanishes 
for  no  real  x. 

8.  As  an  example  let  us  compute  w  ^  e*  for 

25  =  -  1.6  -  2  .  8  t. 
Here 

Hence 

Let  us  set 

then 


2:  =  -  1.6,    y  =  -  2.8. 


r  =  e'  =  e"^*^. 


log  %  =  1.6  log  e  =  ^,  say. 
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Here  the  symbol  log  stands  for  the  logarithm  whose  base  is  10. 

log  e  =  0.43429 
log  (log  c)  =  9.68778 
log  1.6  =  0.20412 
log  t  =  9.84190 
log  «  =  0.69487 
log  r  =  9. 80518,  r=.  20190 

We  now  convert  y  into  degrees.     From  our  tables  we  have 

2'r>  =  114°  85'  80" 
0.8'r«=    45  50   12 

^®°''®  d  =  -  160°  25'  42", 

or  adding  360°  ^  ^  jggo  34,  jg,  ,^ 

To  simplify  our  calculation  let  us  take 

^  =  199°  84' 

log  (- cos  ^)=  9.97417 

'  log  (- sin  ^)=  9.52492 

log  r  =  9.30513 

log(-tt)=  9.27930    M  =  -. 19024 

log  (-t))=  8.83005    »  =  -. 067616 

As  a  cheek  for  our  work  we  should  have 

tan^=-. 
u 

^"*  log*  =9.55075 

« 

*>"■  e  =  199°  34' 

as  before.     As  a  final  result  we  have  therefore 

w  =  -.19024-.  06762 1 
to  I  =  .20190     ,     Arg  w  =  199°  84'. 


4.  Since  the  function  e*  for  real  x  often  occurs  in  calculations, 
tables  of  this  function  have  been  prepared.  We  mention  those  of 
B.  O.  Peirce  and  those  of  Jahnke  and  Emde  already  referred  to 
in  44. 
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From  Peirce's  Tables,  p.  114,  we  have 

log  e-i  =  9.56571 

log«-«  =9.73942. 

Hence  log  e'^^  =  9.30613    ,     e-i«  =  .20190, 

which  agrees  with  its  value  obtained  in  3.  In  the  Tables  of 
Jahnke  and  Emde  we  may  take  out  the  value  of  e~^'®  directly  from 
the  table  on  p.  6. 

55.  1.  IhUer's  Formula.  Let  us  suppose  the  real  angle  ^  is 
expressed  in  circular  measure.  Then  54,  4),  gives  Euler^s  cele- 
brated formula  ^n  .   .   •  .     .  rn 

e^  =  cos  9  +  I  sin  9,  (1 

which  we  referred  to  in  1,  3).  The  point  in  the  2-plane  as- 
sociated with  this  number  lies  on  the  unit  circle,  i.e.  a  circle  about 
the  origin  of  unit  radius.  It  lies  on  the  radius  making  an  angle 
<^  with  the  real  axis.  Since  every  complex  number  can  be  ex- 
pressed in  polar  form 

zz=:r  (cos  <^  -f- « sin  <^),  (2 

we  have,  using  1)         ^  ^  ^^<^  ^g 

We  call  this  the  exponential  form  of  2.     Thus  we  have  three  ways 
of  representing  a  complex  number :   the  rectangular  form  x  +  iy^ 
the  polar  form  given  by  2),  and  the  exponential  form  given  by  3). 
Each  way  of  expressing  z  is  useful  at  times. 
From  1)  we  have 

e^^i    ,     e''  =  -l     ,     e^'  =  -t     ,     «»''=:1.  (4 

The  n  roots  of  unity  are^representedjbj^^ 

The  n  roots  of  ><       /i  ,   •  •    iix 

a  =  r  (cos  a  4- 1  sm  u) 


are 


i      Or  if  CO  is  the  first  imaginary  n'*  root  in  5) 
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2.  In  plane  trigonometry  the  two  formulae 

COS  (^  4-  <^)  =  cos  0  cos  <^  —  sin  ^  sin  <^ 
sin  (9  4-  <^)  =3  sin  6  cos  <^  +  cos  6  sin  <^ 


(8 
(9 


are  of  fundamental  importance.    They  express  the  addition  theorem 
of  the  cosine  and  sine  functions.     Let  us  show  how  they  m^ 
from  Euler^s  formula. 
From  1) 


e'^  =a  cos  <!>  —  %  sin  <^. 
From  1),  10),  we  have,  adding  and  subtracting, 


(10 


and 


8ia«^  =  ^  («'♦-«-'♦). 


(11 
(12 


These  last  two  formulae  expressing  the  cosine  and  sine  as  ex- 
ponentials are  often  useful. 
Let  us  now  multiply  1)  by 

e^  =  cos  0  +  i  sin  0. 
We  get 

e^e**  =  ««•+♦>  =  cos  (^  +  </»)  -f- 1  sin  (0  -f-  <t>)  (13 

=s  COS  0  COS  <^  —  sin  ^  sin  <^  -f- 1  (cos  ^  sin  <^  +  sin  0  cos  <^). 

equating  the  real  and  imaginary  parts  of  this  equation  gives  8) 
and  9)  at  once. 

I 

3.  Let  us  show  how  the  powers  of  sin  9,  cos  0  may  be  expressed    /  / 

in  terms  of  the  sine  and  cosine  of  multiple  angles.     To  this  end  we  // 

set  ..  _..  // 


Then  11)  and  12)  give 

(2  cos  ^)*  =  (m  -f  v)"*  =  !*"•  4- ( ^  jW^'h  +[  c%  jW^'^i^ 

uv  =  e*^e~^  =  1. 

ym^^m^  ^mi^  ^  ^~mi^  ».  2  COS  Wl<^. 


f       i 


iuv 


« 


Now 
Also 


/ 


/ 

I 


I 


I 


I 
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Thus  14)  gives  for  m  =  2,  3,  ... 

2  cos^  (t>  =  cos  2  <^  +  1 

4  cos'  <f>  =  cos  3  <^  4-  3  cos  <f>  (15 

8  cos*  <^  =  cos  4  <^  -f  4  cos  2  <^  -f-  3 

Similarly  (g  i  sin  </»)-  =  (w  -  r)" 

g^^®»  -28in2</»  =  cos2</»-l 

—  4  siu'  <^  =  sin  3  <^  —  3  siiK^ 

+  8  sin*  </»  =  cos  4  </»  -  4  cos  2  </»  -f-  3  (16 


56.    Period  of  e*.     We  are  familiar  with  the  fact  that 

sin  (a:  +  2  tt)  =  sin  x 

for  any  real  x.     W^e  say  sin  x  is  periodic  and  has  the  period  2  tt. 
It  is  easy  to  show  that  e*  admits  the  period  2  ^rt,  that  is, 

for  all  values  of  z.     For    «'+*^  =  e'  -  e^^    by  54,  3) 

In  the  same  way  we  see  that  6*  admits  2  min  as  period,  where 
«^s  an  integer.  — '""'        ^  - 

We'^ayany  complex  number  a  is  a  'period  of  «•  when 

«'+•  =  e»  (1 

holds  for  all  values  of  z.     Let  us  show  that  t*  has  only  the  periods 
2  min  just  given. 

For  let  a  =  a  -f-  iJ  be  a  period.     Then  1),  holding  for  every 
value  of  z^  will  hold  for  2  =  0,  and  we  have 

e»  =  gO  =,  1^ 

or  putting  in  the  value  of  a 

e""*^*  =  1  =  e"«*. 

Thus  ««  =  1,   6  =  2i7r,  A  an  integer. 

Hence  a  =  0.     Thus  any  period  must  have  the  form  2  hiri.     But 
these  we  have  already  seen  are  periods. 

W^jcatt-friri  the jpnww'^ive  period  of  e*,  since. all.ita.^riods  can 
be  expressed  as  multiples  of  this  period. 


THE  EXPONENTIAL  FUNCTION 


109 


57.  1.  Graphical  Study  of  e*.  In  the  calculus  the  student  has 
become  ttorimghly^tamiliar  with  the  notion  of  the  graph  of  a 
function,  and  has  seen  on  many  occasions  bow  useful  it  may  be. 
In  the  function  theory  of  a  complex  variable,  the  graph  of  a  func- 
tion is  also  rooat  serviceable  at  times.     Let  us  study  the  graph  of 

w  =  «•  =  e'tf*"  =  e'(co8  y  +  i  sin  y)  (1 


We  have  seen  that  when  the  variable  z  describes  some  curve  O  in 
the  z-plane  »  will  describe  a  curve  C  in  the  w-plane,  and  we  call 
S  the  ijru^e  of  C 

Let  2  range  over  a  line  parallel  to  the  x-axis.  Then  z  =  x  +  ib, 
where  x  ranges  from  —  oo  to  +  oo,  and  b  la  constant.  Let  us  cull 
this  parallel  I.     The  value  of  w  corresponding  to  such  a  «  ia,  by  1), 

a  =  e'e*. 
As 


a»  moreover 


Iwl™**    .    Arg.  10=' b, 
lim  e*  =  0,  lim  e*  =  +  oo, 


we  see  that  to  describes  a  straight  line  or  ray  r  issuing  from 
10  s  0,  and  making  the  angle  b  with  the  real  axis  in  the  to-plane. 
Thus  to  each  point  on  I  corresponds  some  point  on  r.  As  b  in- 
creases  from  0  to  2  v,  that  is,  as  f  moves  parallel  to  itself  through 
the  distance  2  ir,  the  corresponding  i  rotates  through  an  angle  2  w. 
Let  X  now  range  over  a  parallel  \  to  the  y-axis.  Then  z  =  a  +  ijf, 
where  a  is  constant  and  y  ranges  from  — »  to  -foo.     From  1) 
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the  value  of  w  corresponding  to  such  a  2  is 

As  tt;  =  ^    ,    Arg.  tr  s=  y  \ 

we  see  that  the  corresponding  points  in  the  ur-place  lie  on  a 
circle  c*  When  z  moves  over  a  segment  of  length  2  7r  on  the 
line  \,  y  moves  over  an.  angle  of  2  7r,  and  hence  w  goes  once 
around  the  circle  c* 

The  parallels  Z,  \  divide  the  2-plane  into  a  set  of  rectangles  R. 
To  each  such  R^  corresponds  in  the  ti^-plane  a  curvilinear 
i*ectangle  91^  bounded  by  the  rays  r  and  the  circles  c.  When 
z  lies  in  B^,  the  corresponding  value  of  w  lies  in  JR^*  ^^  this 
way  the  relation  between  z  and  the  corresponding  value  of  to  is 
roughly  given.  The  smaller  we  take  the  rectangles  iZ  the  more 
accurately  we  will  know  the  value  of  w  corresponding  to  a  given  z. 

Suppose  now  that  z  describes  a  curve  O.  To  find  approximately 
the  curve  (S  which  w  describes  we  have  only  to  note  the  points 
Oj,  Oj  •••  where  z  enters  and  leaves  the  rectangles  iZ.  Then  S  will 
enter  and  leave  the  corresponding  rectangles  9t  at  points  which 
may  be  estimated  roughly  by  proportion.  The  smaller  we  take 
the  iZ,  the  more  accurately  we  will  be  able  to  plot  (S. 

2.  Let  us  draw  the  lines 

y=s27ii7r     ,     711=  ±  1,  ±2,  ••• 

parallel  to  the  2;-axis.     This  divides  the 
IB-plane  into  a  system  of  bands  By  By^^  ^-\^    ^ 
B^y  B^2  **' 

If  we  take  a  point  2  =  2;  +  ty  in  B^  the 
point  2m  =  ^  +  2  mTTt  will  have  the  same  position  relative  to  JB*. 
as  z  does  to  B.  We  say  z^  is  congruent  to  2.  On  account  of  the 
periodicity  of  «•  ^  ^  ^^^  ^  ^ 

Thus  w  has  the  same  value  at  z^  as  it  has  at  z.  For  this  reason 
we  call  these  bands,  bands  of  periodicity/. 

All-  tha  values  that  ^  eaa  take  on  at  any  point,  it  takes  on  in 
any  one  of  these  bands  as  B.     Let  us  show  that : 

The  function  ur  =  e*  does  not  take  on  the  same  value  tvfice  in  B. 


THE  CIBCULAR  FUNCTIONS  111 

Forsay  z^  =  a  +  ib    ,    z^  =  a  +  iP  __  ^ 

are  two  points  in  B  for  which  ^i  =e^. 
Then  ^^.<5  __  ^^if^ 

This  requires  that       - 
also  that  i      o  .  o  ' 

6  =  /8  -f-  2  WITT. 

As  2|,  2^2  both  lie  in  B  we  must  take  m  =  0.     Thus  5  =  /9.     Hence 

Thus  to  each  point  zin  B  corresponds  one  point  in  the  ti^-plane, 
and  conversely  to  each  point  w  in  the  ti^-plane  corresponds  just  one 
point  in  J?,  if  we  agree  to  reckon  only  one  of  its  two  edges  as  be- 
long^g  to  B. 

For  this  reason  B  is  called  ?^  fundamental  domain  of  e',  that  is,  a 
domain  in  which  e^  takes  on  every  value  it  can  take  on,  once  and 
only  once. 

The  Circular  Functions 

58.  1.  Addition  Theorem.  We  wish  now  to  extend  the  definition 
of  the  circular  functions  to  complex  values.  In  the  calculus  we 
learn  that  the  developments 

1  —  _  -I- ... 

art    •  ^K    • 


COS  2; 


sm  X  = + •  •  • 

1!      31^5! 

are  valid  for  all  real  x.  If  we  replace  x  by  the  complex  variable  a, 
the  series  on  the  right  converge  absolutely  for  every  value  of  2,  as 
we  saw  in  39,  4. 

This  affords  a  natural  extension  of  the  circular  functions  when 
we  wish  to  pass  from  the  domain  of  real  to  complex  numbers. 
We  thus  set  2      ^ 

cos«  =  l-|yH-  — -...  (1 

1!      31^6!  ^ 


/ 
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The  domain  of  definition  of  these  functions  is  the  whole  z-plane. 
When  z  becomes  real,  cos  2,  sin  z  reduce  to  the  familiar  cos  ix^  sin  x. 
For  real  values  of  z  therefore,  cos  2,  sin  z  have  the  properties  of 
cos  x^  sin  X. 

We  wish  now  to  show  that  these  properties  still  hold  for  com- 
plex z.     The  most  important  of  all  these  is  the  addition  theorem 

sin  (m  -h  v)  =  sin  u  cos  v  +  cos  u  sin  v,  (3 

cos  (w  -h  v)  =  cos  u  cos  V  —  sin  u  sin  v,  (4 

Here  u,  v  are  any  complex  numbers.     Let  us  establish  3).     The 
reader  may  prove  4)  in  the  same  way  as  an  exercise. 
From  1),  2)  we  have  on  multiplying 


sm  u  cos 


^"^     V3!      2!>/     VSI'^SI  2!"*"lI4!y 
V7!     -5!  2!      8!  4!      II  6  !>/ 
'"''  =  '' -(3!  +  2!M5I  +  3y2!  +  lT4lj 


cos  u  sm 

V7!      51  2l"^3!  4!      II  6!/ 
Adding  we  get 

sin  u  cos  V  -h  cos  m  sin  v  =  (w  -h  v)  —  -—  (w  +  v)^  "•"  f"i(^  +  v)*— ... 

31  51 

=  sin  (tt  -f  v) 
which  is  3). 

2.  Since  we  have  now  defined 

^    ,     cos  z    ,     sin  2 

for  all  values  of  2,  let  us  note  that  the  relation  54,  4)  holds 
■   ■  whether  y  is  real  or  not.     We  therefore  have 

j  e*«  =  cos  w  + 1  sin  u  (5 

I  for  any  complex  u.     Hence  also 

gi«+»r  _-  g«(cos  V  +  i  sin  v)  (6 

\  holds  for  all  complex  u  and  v. 
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We  note  that  5)  is  a  generalization  of  Euler'a^  Formula,  55,  1). 
Since  5)  holds  for  complex  u,  we  see  that  we  ipay  also  generalize 
56,  11),  12).     We  thus  have 


cosu  = 


sin  u=s 


2 


>tM 


€••  —  e 


—tu 


2t 


and  these  relations  hold  for  any  complex  u. 


IT 


Let  us  set  M  3=  2  +  --  in  8)  ;  then 


Thus 


sin 


'T"^2J=2fr       '      1 

1      f      »«     ,  -2l        •     1 

2tl  J 

=  K^«  +  ^-"),     by  55,  4) 
sacos  «,     by  7). 

=  cos2     ,     sin(2 -|-7r)=  —  sing. 


(8 


(9 


etc.,  as  for  real  values  of  z. 

3.  From  the  addition  theorem  we  can  show  how  to  calculate 
cos  2,  sin  z  for  any  complex     __     .   . 

by  using  ordinary  logarithmic  tables.     We  have  in  fact  from  3) 

(10 


Now 


Thus 
Similarly 


sin  z  =s  sinCx  -h  ly)  =  sin  x  cos  lyH-  cos  x  sin  ty 

=  cosh  y     by  44,  2).' 
cos  ty  =  cosh  y 


(11 


Sin  ty 


1! 


3! 


6! 


Thus 


Al!      3!      5!  J 

=  I  si  nil  y,     by  44,  3) 
sin  ty  =  t  sinh  y. 


(12 
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Putting  11),  12)  in  10)  we  get 

sin  2  ss  sin  (z  +  ty)  =  sin  x  cosh  y  +  i  cos  x  sinh  y.  (13 

Similarly  we  get 

cos  z  =  cos  (a:  +  *y)  =  cos  x  cosh  y  —  t  sin  x  sinh  y .  (14 

The  forranlse  18)  14)  express  sin  z^  cos  z  in  the  rectangular  form 
u  +  tv,  where  li,  v  are  known. 

4.  As  an  example  let  us  compute 

w  =  cos  z^u  +  iv 
for  2  = -1.6002-2.8 1. 

Here  a:  =  -1.6002    ,    y  =  -2.8. 

We  first  reduce  x  to  degrees.     From  our  tables  we  have 

irad  ^  570  17,  45,, 

.6002  =  34   23   20 

^^^  -  a:  =  91°  41 '     approximately. 

log  I  cos  2;  I  =  8.4680 

log  I  sin  a:  I  =  9.9998 

log  cosh  y  =  0.9166 

log |sinhy  I  =  0.9134 

log|u|  =  9.3846    tt  =  -.2424 
log  »  =  0.9132    t;  =  8.188 
Hence  cos  «  = -.2424  +  8.1881,    approx. 

5.  As  an  exercise  in  multiplying  series,  let  us  show  that 

sin^  z  +  cos*  2  =  1.  (15 

From  1)  and  2)  we  have 

U!      3151      5!8!     71/ 

\6!      412!      2!41      6!/ 

VS !      6  !  2 !      4  !.4  1      6 1  2 !      8  !y 


cos*  2 


Thus 
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-^.H>(S-C>Q-0 


+  1 


Now  from  elementary  algebra  we  have  for  a  positive  integer  m 
(a  +  6)"  =  a"+("'y--»6+r^)a"-«6«+...  +  (^    ^^aA"-»+6".  (17 

If  we  set  here  a  =  1,  ft  =  —  1,  it  gives 

0-l-(7)+(^)-g)+-+(-l)-.  (18 

This  relation  shows  that  all  the  {  •••  |  in  16)  vanish.     Thus  the 
right  side  of  16)  reduces  to  its  first  term,  and  establishes  15). 

6.  When  a  function  /(s)  is  such  that 

/(-«) /(*)  (19 

for  all  values  of  z  for  which  /(«)  is  defined  we  say  /  is  an  odd 
function  of  z.     Similarly  if 

/(-2)=A«)  (20 

we  say/ is  an  even  function. 

Since  1)  involves  only  even  powers,  and  2)  involves  only  odd 
powers,  we  have : 

The  function  cos  z  is  an  even  function,  and  sin  z  is  an  odd  func- 
tion of  z. 

7.  Let  us  now  define  the  other  circular  functions  for  complex  z. 
This  we  do  as  in  trigonometry.     We  set 

.            sinz             .        cos  z                         1  1 

tan  z  = ,     cot  z  =  -: —     ,     sec  z  = ,     cosec  z 


cosz  sm  z  cos  z  sin  2 

These  functions  are  defined  for  all  values  of  z  for  which  their 
respective  denominators  do  not  vanish. 
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59.  Zeros  and  Periodicity.    1 .  Let  us  find  for  what  values 

sin  2  =  0.  (1 

We  already  know  that  such  values  are 

zz^rmr    ,     rw  =  0     ,     ±  1     ,     ±  2     ,     •••  (2 

We  show  that  there  are  no  others.     Suppose  in  fact  that 

sin  (a  +  iV)  =  0. 

Then  by  the  addition  theorem  58,  13) 

sin  a  cosh  6  -h  t  cos  a  sinh  5  =  0. 
*^®"^®  sin  a  cosh  6  =  0,  (3 

cos  a  sinh  6  =  0.  (4 

Now  when  a  product  a/9=  0,  either  a  or  /8  must  =0.  Thus  in 
3)  since  cosh  6  does  not  vanish  at  all  [44,  2],  we  must  have 
sin  a  =  0.     Thus  a  =  mir.     Putting  this  value  of  a  in  4)  it  gives 

sinh  6  =  0. 

But  this  requires  [44,  2]  that  6  =  0.  We  thus  get  the  important 
result : 

The  function  sin  z  has  the  same  zeros  as  the  real  functian  sin  x  ; 
they  are  ffiven  by  2). 

From  58,  9)  we  see  that  the  zeros  of  cos  z  are 

—  H-mTT    ,     m  =  0     ,     ±1     ,     ±2  — 

as  for  real  cos  x. 

2.  Let  us  now  investigate  the  periodicity  of 

w  =  sin  z. 
From  58,  9)  we  have 

sin  (2-1-2  rmr)  =  sin  z     ,     m  =  ±1     ,     ±2     ,     ••• 

Thus  2  mir  are  periods.     Let  us  show  that  there  are  no  others. 

For  say  a  -\-  ib  were  a  period.     Then  for  all  values  of  z  we  would 

^ve  .     .    ,       ,   .,. 

sin  (2  -h  a  -f  t6)=  sin  z. 
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In  this  relation  set  2  =  0 ;  it  gives 

sin  (a  4-  tJ)  =  0. 

But  this  equation  is  satisfied,  as  we  saw  in  l,  only  when 

a  =  nTT     ,     6  =  0. 

Thus  all  the  periods  of  sin  z  must  be  included  among  the  numbers 
fiTT.  But  among  these  we  know  only  those  are  periods  for  which 
n  is  even,  orn  =  2 m.     We  have  thus  established : 

The  periods  of  sinz  are  2  mir.     m  ==  ±1,  ±  2,  ••• 

Since  all  of  these  are  multiples  of  2  tt,  this  is  called  the  primi- 
tive period. 

60.  Graphical  Study  of  ig  =  sinz.     Let  z  describe  a  parallel  I 
to  the  2;-axi8^     Then  z  =  x  -f  ih  where  h  is  constant.     Then 

w  =s  sin  (a;  +  ih)  =a  sin  x  cosh  6  -f  t  cos  x  sinh  6 
=s  M  -f  iv. 

Thus  to  the  point  z  whose  coordinates  are  x,  6  corresponds  in 
the  fi^plane  a  point  whose  coordinates  are 

u  s  sin  2;  cosh  6,     v  =  cos  x  sinh  6.  (1 


0 


Thus  the  image  c  of  the  line  I  is  the  curve  whose  equations  in 
parameter  form  are  1).  As  sin  2:,  cos  x  have  the  period  2  tt,  we 
see  that  when  z  describes  a  segment  of  I  of  length  2  tt,  u^  comes 
back  to  its  original  position  in  the  u^-plane.  The  curve  1}  is 
thus  closed.     It  is  iaiaotr- 


+ 


cosh^  b      sinh^  h 


=  sin^  X  +  cos^  X 


(2 


I 
I 


I    ; 
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Next  we  let  z  range  over  a  parallel  X  to  the  y-axis.  Then 
z  =  a  +  iy^  where  a  is  constant.     As  before  we  have 

w  Bs  sin(a  +  ty)  =  sin  a  cosh  y  +  i  cos  a  sinh  y 

®°  ^^^^  u  =  sin  a  cosh  y, 

t;  =s  cos  a  sinh  y. 

As  z  ranges  over  X,  w  will  describe  a  curve  ^  whose  para- 
metric equations  are  3).     As  before  we  have 

-^ 5-  =  cosh^y  -  sinh^y 

sin^  a     cos^  a 

=  1,   by  44,  4).  (4 

Thus  ^  is  a  hyperbola. 

The  ellipses  2)  and  the  hyperbolas  4)  are  confocal  and  hence 
cut  each  other  orthogonally. 

The  parallels  Z,  X  divide  the  2-plane  into  a  set  of  rectangles  H, 
to  which  corresponds  a  set  of  curvilinear  rectangles  9{.  When 
z  lies  in  some  iZ^i  the  corresponding  value  of  w  will  lie  in  the 
image  9L  of  R^.  Thus  the  smaller  the  rectangles  R  are  taken 
the  smaller  the  rectangles  9{  become  and  therefore  the  more  accu- 
rate is  our  knowledge  of  the  true  value  of  w. 
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61.    For  any  complex  z  we  define 

C08h«  =  «^±£l'  =  l+^  +  ^+    ...  (1 

«„he _  +  _  +  _+...  (2 

From  these  we  further  define 

tanhe  =  !in^     ,    coth « =  52!^?,  (3 

cosh  X  sinh  z 

sech  2  =  — -—     ,     cosech  z  =  -r-; —  (4 

cosh  z  smh  z 
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We  saw  in  89,  4  that  the  series  1),  2)  converge  absolutely  for 
every  value  of  z.  The  domain  of  definition  of  sinhs,  coshs  is 
therefore  the  whole  2-plane.  That  of  the  four  functions  3)  4)  is 
the  whole  z-plane  except  those  points  for  which  their  respective 
denominators  vanish. 

Since  we  have  now  defined 

sin  z    ,     cos  z    ,     sinh  z    ,     cosh  z 

for  all  values  of  z^  the  relations  58,  11),  12)  are  not  restricted  to 
real  y  as  we  easily  see,  but  hold  for  any  complex  value. 

We  have  therefore  the  important  relations  connecting  the  cir- 
cular and  hyperbolic  functions,  viz.  : 

cos  tz  =  cosh  z^         ^  (5 

sin  iz  =  i  sinh  zi^  y  (6 

tan  iz  =  i  tanh  2,  etc.   ^  (7 

These  relations  show  that  all   the  analytical   properties  of  the 
hyperbolic   functions  may  be   deduced   from  the  corresponding 
relations  between  the  circular  functions. 
Thus  the  addition  theorem 

sin  (u  4- 1^)  =  sin  u  cos  t;  +  cos  u  sin  t; 

^^®*  sin  i  (tt  4-  v)  =  i  sinh  (u  +  v) 

=  sin  iu  cos  iv  4-  cos  iu  sin  iv 

=  t  sinh  u  cosh  v-^i  cosh  u  sinh  v, 
or  dividing  by  i, 

sinli  (u  4-  v)  s  sinh  u  cosh  v  +  cosh  u  sinh  v.  (8 

Mmiiar  y      ^^^  (u  4-  v)  =  cos  u  cos  t;  —  sin  w  sin  v 

m 

gives  ^^g|^  (ti  4-  v)  =  cosh  u  cosh  v  4-  sinh  u  sinh  v.  (9 

The  forroulsB  8),  9)  express  the  addition  theorem  of  the  sinh  and 

cosh  functions. 

A^ain  the  relation     „.  •  -,  _l  ^^^2 »,     i 
°  sin*  u  +  cos*  11  =  1  J 

becomes  on  replacing  u  hy  iu 

sin^  iu  +  cos*  iu  =  1,       I 

^^  costf  w  -  sinW  w  =  1,  (10 

and  so  on. 
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In  a  similar  manner,  when  we  have  considered  differentiation 
and  integration,  we  shall  see  that  all  formulae  involving  these 
operations  on  circular  functions  go  over  into  corresponding  for- 
mulae for  the  hyperbolic  functions  on  using  the  relations  5),  6). 

A  student  of  a  new  subject  is  naturally  eager  to  see  its  use- 
fulness made  manifest  as  soon  as  possible.  We  submit  the  results 
just  obtained  as  an  example.  As  another  example  we  recall  the 
treatment  of  analytic  trigonometry  founded  on  Euler's  formula 
which  we  indicated  in  55.  We  adduce  also  the  elegant  manner 
of  establishing  the  formulae  of  6.  Other  examples  will  occur  as 
we  advance. 

Logarithms 
62.  1.  In  the  equation      — "^iTa  {\ 

let  us  find  the  values  of  w  corresponding  to  a  given  z.     We  set 

Here  r,  0  are  known,  and  we  are  to  find  w,  v.     Putting  2)  in  1) 
^^^^®  e"e'''  =  re^.  (3 

Equating  moduli,  we  have  e"  =  r,  whence 

u  =  log  r.  (4 

Equating  arguments  in  3)  gives 

v  =  ^  -f  2  irm    ,     m  an  integer.  (5 

This  shows  that  all  values  of  w  which  satisfy  1)  must  have  the 

form  ,  .>!     «        . 

w  =  log  r  +  w  +  2  miri.  (6 

If  we  set  theise  values  of  t&  in  1)  we  see  that  they  do  in  fact  satisfy 

it.     Thus  6)  is  the  solution  of  1).     We  call  it  the  logarithm  of 

«,  and  write  ,  ^- 

^  w=s  log  z.  (7 

There  is  a  slight  ambiguity  which  custom  and  usefulness  sanction. 
In  6)  the  symbol  log  r  means  the  logarithm  of  algebra.     For  each 
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positive  r,  log  r  has  one  and  only  one  value.  On  the  other  hand 
the  symbol  log;;  has  an  infinity  of  values,  viz.  those  given  in  6). 
As  the  reader  is  never  seriously  in  doubt  which  of  the  two  mean- 
ings the  symbol  log  has,  there  is  no  need  of  denoting  ti^  by  a  new 
symbol,  as  Log  z  for  example. 

2.    In  algebra  y  =  log  x  is  defined  by 

e^  =  X.  (8 

But  here  x  is  restricted  to  positive  values.  By  enlarging  our 
number  system,  the  equation  8)  admits  a  solution  whatever  value 
X  has,  the  value  2;  =  0  excepted.  In  doing  this  we  find,  however, 
not  one  but  an  infinity  of  solutions  as  given  in  6).  Ifwea] 
z  to  ran&re  over  a  nnrvft  ^.I^q  f»nrrftqnonHinpr  yalues  of  w  wiU  trace 
Old  an  iuUlillyof  congruent  curves  or  branches.  Each  value  of 
in=^  A  1|  ±'%  ■•■  in  6j  will  give  one  of  these  branches.  The 
branch  correSpqtnJtgg^  To  m  =  0  we  will  call  the  principal  branch, 
TJbLaJuaDcn'  belgHging"TO  aTspecial  value  of "^wi  as  nTsay,  we  may 
del 


Thus  ^^  =  log^  <j  =  log  r  4- 1^  +  2  mri.  (9 


8.  The  relation         j^g  ^^  =  log  a;  +  log  y  (10 

established  in   algebra  for   positive  x,  y  is  called  the  addition 
theorem  of  logarithms.     It  is  an  immediate  consequence  of 

A  similar  relation  holds  in  the  complex  domain.     For  let 

u  =  re^     ,     V  =  9e^. 
Then  ^^  ^  r«e««+*\ 

Hence  by  2)  and  6) 

log  uv  =  log  (r«)  +  t(^  4.  <^)  +  2  niri  (1 1 

=  (log  r  4- 1^  -f  2  n'TTi)  +  (log  «  -f  t<^  4-  2  n^Tri) 

when  n',  n"  are  any  two  integers  such  that 

n'  4-  n"  =  n.  ^ 

Thus  11)  may  be  written,  using  9) 

logn(ttt;)  =  log„,w  4-  log^-v.  (12 
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If  we  leave  the  symbol  log  undetermined,  we  may  write  11) 

log  uv  =  log  u  +  log  V.  (13 

The  relations  12),  18)  express  the  addition  theorem  of  the 
logarithm  in  the  complex  domain.  They  are  the  generalization 
of  .10). 

1    Tifl^  Tin  find  thn  gfTftff  '}f  ^^  Tn     If  we  set 

w  =  log  z  szu  +  ivy 
we  have  , 

=  Vlog»  r  +  (^  +  2  miry. 

This  being  the  sum  of  two  squares  cannot  vanish  unless 

log  r  =  0     ,     ^  +  2  WTT  =  0, 
orunless  ^^^     ^     0^^2m'rr, 

that  is,  ^_.  J 

Since  log  1 «  0  this  shows  that :  — 

T^^^/t»/.fV/vw  7/ij  ^  A/jtJi  ^y^  /yOT./7  nnly  one  zevo^  viz.:  2  =  1. 

5.  Branch  Points.    Let  2  describe  in  the  positive  direction  a 
cirCJle  01  radnisr  about  the  origin.     Then  r  in  2)  remains  constant 
while  0  increases  from  say  ^=s^o.to  ^=^Q  +  27r.      If  we  start 
with  the  value  of  w  corresponding  to  ^  =  ^q  in  9),  w^  will  acquire 
\  at  the  end  of  the  circuit  the  value 

^«  =  log  ^  +  *(^o  +  2  '"^'^  2  niri 
=  log  r  +  i0Q  +  2(n  +  l)7rf 

Thus  a  circuit  about  the  origin  in  the  positive  direction  converts 
each  branch  w^  into  t&n+i* 

Suppose  now  that  z  passes  around  C  in  the  negative  direction. 
Then  0  decreases  from  say  ^  =  ^^  to  ^  =  ^^  —  2  tt.  Thus  tr»  will 
have  at  the  end  of  the  circuit  the  value 

w^  =  log  r  +  i(0Q  —  2  tt)  4-  2  mti 
=  log  r  +  f^o  +  2(n  —  1)  tri 
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Thus  a  circuit  about  the  origin  in  the  negative  direction  converts 
each  branch  w^  into  w^^y 

Finally,  let  z  describe  a  closed  curve  (S  which  does  not  include  the 
origin  as  in  the  Figure.  In  this  case  both  r  and  0  vary  as  z  moves 
over  S.  But  if  z  starts  from  the  point 
z=iZ^  for  which  r=r^  0^=0^  as  in  the 
Figure,  obviously  r  and  0  acquire  these 
same  values  when  z  has  returned  to  Zq. 
Thus  if  we  start  out  witii  the  value  of  w 
corresponding  to  r  =  ro,  tf  =  ^o  i^  9)i  ^n 
will  have  this  same  value  when  z  has 
returned  to  z^.  Hence  each  w^  remains 
unaltered  when  z  describes  a  closed  curve  which  does  not  enclose 
the  origin  z  =  0. 

Since  the  branches  w^  permute  when  z  describes  a  circuit  about 
the  origin  z  =s  0,  this  point  is  called  a  branch  paint.  There  is  no 
other  point  in  the  s;-plane  having  this  property ;  that  is,  2  s  0  is 
the  only  branch  point  of  the  logarithmic  function  to  =:  log  z. 

Since  log  x  in  the  real  domain  is  not  defined  for  2;  =>  0,  it 
follows  that  the  formula  6)  has  no  meaning  for  r  ss  0 ;  that  is, 
when  zssO.  Thus  the  domain  of  definition  of  w  is  the  whole 
2-plane  excepting  z  s  0. 

63.  The  Function  2^.    1.  Letting  fi  denote  any  complex  number, 


we  define  the  symbol 

Let 

then 

Hence  1)  gives 


log  z  =3  log  r  -f  «<^  +  2  wrt, 

Let  us  consider  special  cases  of  the  exponent  fA. 
1°  fjL  a  poiitive  integer  m.     As 

«*«'<  =  1, 
2)  becomes  z^  ^  e'^^'^e'^. 

But  by  algebra,  ^^ogr  ^  ^m^ 

Hence 


(1 

%  an  integer. 
(2 


which  agrees  with  4,  4). 


=  2  •  2  •  •••  2,     m  times. 


(8 
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2^  fjL  a  negative  integer.     Let  /i  =  —  n.     Then  we  find 


gr-n  _.  jr-n^-ni^  _.  _  ^ 


as  in  algebra. 


2* 


m 


8°  ft  =  —  1  a  fraction.    Here 
•  n 


9.^2   i 


e^'*  =  e  «      =», 


an  n^*  root  of  unity  by  55,  5). 


Also 


MA 


as  in  algebra.     Here  the  radical 

has  the  value  heretofore  assigned  to  it ;  that  is,  it  is  the  positive 
real  root  of  the  positive  real  number  r^.  One  often  denotes  the 
right  side  of  4)  by  ^  — . 

4^  fA  a  real  number  not  a  fraction^  and  z  real  and  pontive. 

Let  us  denote  this  value  of  z  by  a.     Here  ^  =  0,  r  =  a.     Then 

as  is  shown  in  algebra.     Then  2)  gives 

2**  s  a'*e*'*'*    ,     «  =  0,  ±  1,  ±  2  ...        (5 

This  shows  that  in  this  case  z*^  has  an  infinity  of  values,  each 
differing  from  the  others  by  a  factor  of  the  form 

For  8=0     ,     2^-=  a^. 

2.  From  the  foregoing  it  follows  that  the  function  1)  is  in 
general  infinite-valued,  as  the  logarithm  is.  If  we  give  to  log  z  a 
definite  one  of  its  many  values,  the  exponent  on  the  right  side  of 
1)  takes  on  a  definite  value,  as  v,  say.  Then  1)  gives  zf^  as  the 
absolutely  convergent  series 

H  V  v^  1^ 

2"  =  1  +  —  +  —  -f  —  H-  ... 
Its  value  is  thus  completely  determined. 
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3.  Suppose  fi  is  not  a  positive  or  negative  integer  or  0.  Then 
2  SB  0  is  a  branch  point  of  z*^.  For  if  we  start  at  z  =»  a  with  one  of 
the  many  values  of  tr  =  z*^^  w  will  not  have  this  value  when  z 
describes  a  circuit  about  the  origin. 

Since  ;;  =  0  is  the  only  branch  point  of  log  z^  the  only  branch 
point  of  w  is  also  z^Q.  That  is  to  say,  if  we  start  at  2  =  a  with 
one  of  the  many  values  of  tr,  as  w^g,  and  allow  z  to  describe  a  closed 
curve,  which  does  not  enclose  the  origin,  w  will  return  to  its 
original  value  w^  when  z  returns  to  z  =  a. 

Inverse  Circular  Functions 
64.  1.  In  trigonometry  we  learn  that  the  equation 

sin  y  =  2;  (1 

has  two  sets  of  solutions  y  when  0<  2;  <  1.     If  y  =  y^  is  one  solu- 


y  =  yo+2m.  «,  «  =  0,  ±  1,  ±  2, ...  (2 

y  =  TT  -  y^  +  2  WTT, 


.^ns  1)  defines  an  infinite-valued  function  which  is  denoted  by 

y  =  sin"^  or  y  =  arc  sin  x. 

Of  these  two,  we  shall  employ  the  latter  only. 

LfCt  us  now  pass  to  the  domain  of  complex  numbers.     We  seek 

the  solution  ti'  of  .  ^o 

sintp  ^  z  (3 

where  z  is  any  given  complex  number. 

Now  by  58, 8)  .         . 

sinw  =  — — _/c^ 

This  in  3)  gives  ^y^  ^  2  ize*^  =  1, 

or  setting  f^e^^ 

^^g®^  fi^2izt^l. 

Solving  this  for  ^  we  get 


^^^  =  t«  +  VI  -  z^  (4 
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where  the  radical  may  have  either  of  its  two  values.  From  4)  we 
have,  taking  the  logarithm  of  both  sides, 

uf  =  -  log  \iz  +Vl  —  z^\.  (5 

t 

As  the  log  is  infinite-valued  and  as  the  radical  may  have  either 
sign,  we  see  that  8)  admits  a  twofold  infinity  of  solutions.  If  we 
denote  these  solutions  by  arc  sin  2,  we  have 

w  =  arc  sin  z  =  -  log  \iz  +  Vl  —  z^\ .  (6 

t 

2.  Let  us  show  that  the   relations  2)  still  hold  for   complex 
values.     Let  us  set 


iz  -  VI  -  «2  =  Zj. 

^^^"^  '^  L,  =  log  Z, 

is  one  of  the  determinations  of  log  Zj,  all  the  other  determina- 
tions of  log  Zj  are  given  by 

ij  +  2  mTrt, 
as  we  saw  in  62.     Thus  if 

u  =  1  logjw  +  VT3^2|  =  1  log  z^ 

is  one  of  the  values  of  5)  when  the  radical  is  taken  with  the  posi- 
tive sign,  all  the  other  values  of  5)  for  this  determination  of  the 

radical  are  given  by 

te  4-  2  WITT     ,     m  an  integer.  (7 

Similarly  if        „^  1  j      j^,  _  vr^T"}  =  \  log  Z, 

is  one  of  the  values  of  5)  when  the  radical  has  the  negative  sign, 

all  the  other  values  of  5)  for  this  determination  of  the  radical  are 

given  by 

V  4-  2  mw    ,     m  an  integer.  (8 

^"""^  u^v^^,  log  Z^Z^.  (9 
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the  logarithm  on  the  right  being  properly  determined.     But 

*°<^  log  (  -  1)  =  iri  +  2  nwi. 

Thi,89)give8  „  +  r  =  ^  +  2«^, 

^^  v  =  7r  —  le  +  a  multiple  of  2  tt. 

Putting  this  value  of  v  in  8)  it  becomes 

TT  —  tt+2«r     ,     «an  integer.  (10 

Thus  all  the  values  6),  that  is,  of  arc  sin  z^  are  given  by  7)  and 
10).     We  have  therefore  shown  : 

If  w  ^  WqU  a  solution  of  8),  all  solutions  of  3)  are  given  by 

w  =  tt^o  -h  2  mir    ,     w=^ir  ^w^  +  2  mir^  (11 

where  w  =  0     ,     ±  1,  ±  2  ••• 

3.    Since  2  =  1,  2  =  —  1  are  branch  points  of 

vT^r^=  V-  (2  -  1)(2  4- 1), 

we  see  that  when  2  describes  a  small  circuit  C  about  one  of  them, 
Z^  and  Z2  permute.  Thus  if  at  2=  z^  we  start  out  with  one  of  the 
values  of  w  at  this  point,  say  w  =  w^^  and  allow  2  to  pass  around  (7, 
w  will  not  return  to  its  original  value  w^  when  2  returns  to  2^. 
Thus  2=1,  and  2  =  —  1  are  branch  points  of  w. 

Let  us  see  if  there  are  any  other  branch  points  for  w  =  arc 
sin  2.     Since  2  =  1,  2  =  —  1  are  the  only  branch  points  of 

Z ^  iz  +^T^\ 

the  only  other  branch  points  of  w  must  be  branch  points  of  log  Z, 
that  is,  points  2  =  a  for  which  Za  0.     But  the  relation 


%a  +  Vl  -a^  =  0 
gives  —  a^  =  1  —  a^ 

or  1  =  0, 

which  is  absurd.     We  have  thus  shown  that : 

The  branchpoints  of  the  function 

w  =  arc  sin  2 

are  the  points  2  =  1,  2  =  —  1,  and  only  these. 


128  FUNCTIONS  OF  A  COMPLEX  VARIABLE 

4.  In  a  precisely  similar  manner  we  may  define  and  study  the 
other  inverse  circular  functions 

arc  cos  z    ,     arc  tan  z    ,     etc. 

We  will  not  take  space  to  do  this,  as  it  is  all  too  obvious.     We 
note,  however,  that  the  solution  of  the  equation 

tan  w  ^  z  (12 

tr  =  —  log  ■       ,  =  arc  tan  z.  (13 

^  %  X  "^  VZ 

Its  branch  points  are  .       . 

«  =  I  and  «  =  —  t. 


CHAPTER  V 
REAL  VARIABLES 

65.  Many  readers  of  this  book  have  studied  the  calculus  chieflj 
with  the  view  of  learning  its  technique  and  of  applying  it  to 
geometry,  meclianics,  physics,  etc.  Such  students  have  little  time 
to  spend  on  demonstrations,  and  it  is  natural  that  their  ideas  of 
the  limiting  processes  which  lie  at  the  base  of  all  the  principles 
and  method  of  the  calculus  are  often  vague.  It  seems  best,  there- 
fore, to  insert  a  chapter  at  this  point  whose  object  is  to  briefly 
treat  such  topics  of  the  calculus  as  we  shall  need  in  the  course  of 
this  work.  It  will  be  our  purpose  rather  to  refresh  the  reader's 
memory  and  to  illuminate  the  subject  than  to  repeat  demonstra- 
tions or  to  discuss  delicate  points.  One  may  therefore,  turn  over 
the  following  pages,  reading  such  parts  as  are  not  quite  familiar ; 
or  he  may  pass  at  once  to  the  next  chapter  and  return  to  this  one 
when  further  explanations  are  necessary. 

66.  Notion  of  a  Function.  1.  The  functions  used  in  the  calculus 
are  usually  made  up  of  simple  combinations  of  the  elementary 
functions,  as  

y  =  sm  a;  H . ,  (1 

log  X 

^'*"    sin  2/1/         / 

u  = -^  -h  Vsin  y,  (2 

tan(a:-fy)  ^  ^ 

Or  they  are  defined  implicitly  by  equations  between  such 
functions,  as  for  example. 

The  equation  1)  defines  y  as  a  function  of  the  independent  varia- 
ble X,     But  when  x  <  0,  log  x  has  no  sense,  the  variables  being 
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real.  Also  VI  —  ar*  is  not  real  when  a:^  >  1.  Finally,  when  a;  =  1, 
loga;  =  0,  and  the  denominator  in  1)  vanishes.  Thus  1)  defines 
y  only  for  0  <  a?  <  1.  These  values  of  x  form  the  domain  of  defi- 
nition of  y. 

2.  Let  us  turn  now  to  2).  This  relation  defines  u  as  a  function 
of  two  variables  a;,  y.  We  note  that  the  denominator  either  s  0 
or  is  not  defined  when  the  point  a;,  y  lies  on  one  of  the  lines, 

a;-fy  =  m.^,        wi  =  0,  ±  1,  ±  2  ...  (4 


Also  the  radical  Vsin  y  is  not  real  when  siny  is  negative,  that  is, 

when 

(2n  —  l)7r  <  y  <  2n7r,         n  =  0,  ±  1,  ±  2  ...  (5 

The  domain  of  definition  of  u  embraces  thus  that  part  of  a;,  y  plane 
after  removing  the  lines  4)  and  the  bands  5)  which  are  parallel 
to  the  a?-axis  and  of  width  tt. 

3.  It  is  convenient  to  generalize  our  definition  of  a  function. 
To  fix  the  ideas,  let  us  take  a  single  independent  variable  x.  Let 
us  mark  a  certain  set  of  points  on  the  a;-axis  and  denote  them  by 
8.  At  each  value  of  x  in  9,  let  us  assign  to  y  one  or  more  values 
according  to  some  law.  Then  we  call  y  a  function  of  x,  and  we 
call  9  its  domain  of  definition. 

To  illustrate  this  let  us  take  the  function  1).  For  the  point 
set  9  we  take  the  values  of  x  such  that  0  <  a;  <  1,  that  is,  the 
interval  (0,  1)  except  the  end  points.  The  value  we  assign  to  y 
for  a  given  a;  in  9  is  the  value  that  the  right  side  of  1)  has  for 
this  value  of  x. 

Another  illustration  would  be  the  temperature  y  at  a  given 
place  at  a  given  time  x.  If  we  were  concerned  only  with  tem- 
peratures from  the  time  x  =i  a^  to  the  time  a;  =  i,  these  would 
define  y  as  a  function  of  x  in  the  interval  9  =  (a,  i),  and  this 
would  be  its  domain  of  definition.  This  would  be  an  example  of 
a  function  which  is  not  defined  by  an  analytic  expression  as  in  1). 

As  an  illustration  of  a  function  of  two  variables  not  defined  by 
an  analytic  expression  we  may  take  the  following.  Let  x  denote 
the  latitude  and  y  the  longitude  expressed  in  circular  measure  of 
a  point  on  the  earth's  surface.     Let  u  denote  the  temperature 
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at  the  earth's  surface  at  one  and  the  same  instant.  As  the  lati- 
tude is  restricted  to  lie  between  —  —  and  --,  and  the  longitude 

between  —  ir  and  tt,  we  see  the  domain  of  definition  of  u  is  the 
rectangle  _^<^<Z[     ,     _  ^  <  y  <  ^. 

67.  Limits.  1.  We  have  already  discussed  the  notion  of  a 
limit  of  a  sequence  of  numbers 

«li  «2'  ^8'  '•'  O 

when  studying  series.  In  the  calculus  we  use  the  notion  of  limit 
also  in  another  way.  Thus  in  defining  the  derivative  of  a  func- 
tion y  =/(a:)  we  ffi;m  tlie  diffeggpoo-quQtient 

and  allow  the  incremennk:"=TS5To  converge  to  0  by  passing  over 
all  values  near  A  s  0.  The  value  A  =  0  is  excluded,  since  this 
would  make  the  denominator  in  2)  vanish.  What  do  we  mean 
by  the  limit  of  2)  as  A  =  0  ?  The  value  of  x  being  fixed,  the 
quotient  2)  is  a  function  of  A;  let  us  denote  this  by  ^(A).  If 
now  ^(A)  converges  to  some  fixed  value  2  as  A  s^  0,  we  mean  that 
q  may  be  made  to  differ  from  I  by  an  amount  as  small  as  we 
please,  say  by  <  €,  provided  A  remains  numerically  <  some  posi- 
tive number  £. 

Graphically  we  may  state  this  as  fol-      — L — |      t 
lows.     Let  us  plot  the  values  of  q  for 

values  of  A  near  A  =  0,  on  an  axis  which     , ^ ■*  ?  ■ 

we  may  call  the  j-axis.    With  Z  as  a  center 

we  may  lay  off  an  interval  of  length  2 6.  Then  if  q^l  as  A  =^ 0, 
there  must  exist  an  interval  ( —  S,  S)  on  the  A-axis  such  that  q 
falls  within  the  €  interval  when  A^O  is  restricted  to  lie  within 
the  h  interval. 

This  graphical  formulation  of  the  notion  of  a  limit  may  be  put 
in  analytic  form.  By  the  phrase  qQi)  =^l  as  A  =  0  we  mean  that 
for  each  €  >  0,  there  exists  a  S  >  0  such  that 

\qCh}-l\<e 

provided  0  <  |A|  <  S. 


I  ! 
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The  reader  should  think  this  over  carefully  and  see  that  this 
analytic  formulation  exactly  represents  the  above  graphical  for- 
mulation. 

2.  This  notion  of  the  limit  is  used  in  many  other  parts  of  the 
calculus.     We  will  therefore  state  the  definition  quite  generally. 

Let  the  function  y  =/(a:)  be  one-valued  about  the  point  a;  =  a. 
When  we  say  fix)  ^  Z  as  2;  =  a  or  otherwise  expressed  that  the 
limit  oif{x)  =  I  for  a;  =  a,  in  symbols 

X\mf{x)  =  Z,  (3 

we  mean  this : 

For  each  €  >  0  titer e  exists  a  B  >  0  such  that  \f(x)  —  Z|  <  e pro- 
vided 0  <  |a;  —  a  I  <  S. 

The  last  sentence  will  be  expressed  more  briefly  by  a  line  of 
symbols, 

€>0     ,     S>0     ,     ;/(a;)-/|<€     ,     0<|2:-a|<S,         (4 

and  such  a  line  of  symbols  is  to  be  read  as  the  sentence  above  in 
italics. 

3.  The  reader  will  note  the  similarity  of  this  definition  and 
that  employed  in  16. 

Almost  all  students  dislike  this  €  form  of  the  definition  when 
first  presented  to  them.  It  seems  so  much  easier  to  think  ot/(z) 
converging  to  Z  as  2;  converges  to  a.  Why  bother  about  these 
e's  and  S's  ?  In  reply  we  refer  the  student  to  the  remarks  made 
in  16.  Fortunately  the  intuitive  form  of  the  definition  of  /  con- 
verging to  its  limit  is  usually  quite  sufficient,  and  we  shall  avoid 
the  e's  as  much  as  possible.  When  we  do  employ  them,  it  will  be 
to  aid  clear  thinking.  When  the  reader  can  think  clearly  with- 
out the  e's,  let  him  do  without  them. 

4.  The  reader  should  note  that  when  the  limit  8)  exists, 
/(a:)  =  Z  when  x  converges  to  a  from  the  right  side,  or  when  it 
converges  to  a  from  the  left.  For  by  the  definition  given  in  2, 
the  only  restriction  on  x  is  to  remain  in  the  S  interval,  excluding, 
of  course,  the  value  x  =  a.  It  can  therefore  approach  a  from 
either  side,  and/(a;)  must  =  Z  in  either  case. 
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6.    From  the  definition  of  a  limit  we  conclude  that  when  3) 

holds,  we  may  write 

/(x)  =  H€'  (5 

and  know  that  je'l  <  6  provided  x  lies  in  some  S  interval.     We 
may  also  say  in  this  case  that  e'  =  0  as  2:  =  a. 

68.  Limits  for  Two  Variables.  Let  us  now  consider  limits  of  a 
function  of  two  variables.  Suppose  the  one-valued  function  is 
defined  in  a  certain  domain  9.  Let  2:  =  a,  y  =  i  be  a  point  a  of  9. 
Then  u{a^  J)  is  the  value  of  u  at  the  point  a.  More  briefly  we 
may  denote  this  value  by  u(a). 

Let  us  describe  a  circle  of  radius  3  about  a.  The  points  x^  y 
within  this  circle  may  be  called  the  domain  oi  this  point  of  norm  S, 
and  denoted  by  any  one  of  the  symbols 

D^(a,b)     ,     2>(a,  6)     ,     2>a(a)     ,     2>(«). 

The  simpler  forms  may  be  used  when  no  ambiguity  can  arise. 

When  the  center  a  of  this  domain  is  excluded^  we  indicate  this 
fact  by  a  star,  thus  2>*. 

What  now  do  we  mean  when  we  say :  u  converges  to  2  as  the 
point  f  =  X,  y  converges  to  a  =  a,  J  ?     In  symbols 

u  =  Z     ,     asf  =  a.  „      ^_^^ 

We  mean  just  this:    Let  us  plot  the  values  '       ^      ' 

of  u  on  an  axis,  the  u-axis.    With  Z  as  a  center 

we  lay  oflf  the  €  interval  as  in  the  figure.      — - 

About  the  point  a  ==  a,  b  we  describe  the  S 

circle  in  the  a;,  y  plane  of  radius  8  as  in  the 

figure.    Then  for  each  €  interval  there  must  URxia    '       ;^e  i  lie 

exist  a  8  circle  such  that  u  remains  within 

this  interval  when  the  point  x,  y  remains  within  this  circle,  the 

center  a,  b  excluded. 

Analytically  we  may  formulate  this  as  follows: 

The  limit  of  u(a;,  y)  for  a:  =  a,  y  =  J  is  Z,  or  in  symbols, 

lim   tt(a:,  y)  =  i 


V     ^»^     J 


X 
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when  for  each  €  >  0,  there  exists  a  S  >  0  such  that 

|M(a:,  y)~Z|<€ 

when  Xy  y  lies  in  i)a*(a,  J). 

The  reader  will  note  that  the  definition  of  a  limit  for  a  single 
variable  is  a  special  case  of  the  one  just  given,  the  domain  of  the 
point  a=  a,  b  reducing  to  an  interval. 

He  should  also  notice  that  in  passing  to  the  limit  the  point  x^  y 
is  never  allowed  to  become  a  :=  a,  &;  that  is,  a;,  y  ranges  in  -D*(a) 
and  not  in  D(^a). 

69.  Continuity^  1.  Let  y=f(^x}  be  a  one-valued  function  in  the 
interval  8=  (jt?,  g)  whose  graph  is  given  in  Fig.  1.  The  graph 
shows  that  y  is  continuous  in  9 
except  at  the  point  x  =s  b.  Let  us 
formulate  the  notion  of  continuity 
analytically.  To  this  end  we  note 
how  /(a;)  behaves  at  a  point  of  con- 
tinuity as  a;  =  a,  and  about  the  point 
of  discontinuity  x=b. 

Let /(a:)  have  the  value  a  at  a;  =  a. 
Then  as  a: :^  a,  we  see  that  y  =  a;  in  symbols 

lim/(a:)=/(fl)=a. 


Fio.  1. 


xssa 


On  the  other  hand,  at  the  point  a;  =  &,  the  ordinate  does  not  con- 
verge to  a  definite  value.  For  when  a:  =  J  on  the  left  y  =  /8'; 
when  a;  =  &  on  the  right,  y  =  /3''.  But  if  the  reader  will  turn  back 
to  67,  4,  he  will  see  that  when 

lim/(a:) 


x=b 


exists,  /(a;)  must  converge  to  the  same 
value  whether  a;  =  J  on  one  side  or  on  the 
other. 

Another  case  of  discontinuity  is  illus- 
trated by  Fig.  2.  Here  y  =/(a:)  is  a  one- 
valued  function  whose  value  at  x  =  a  is 
defined  to  be  y  =«.    The  figure  shows  that 

lim/(a:)=  a'. 
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Here  the  limit  exists,  but  its  value  is  not  the  value  that /(a;) 
has  assigned  to  it  at  this  point  which  is  a. 
These  considerations  lead  us  to  say : 

The  function  f(x)  is  continuous  at  x=  a  when  and  only  whenf(x) 
converges  to  the  value  off  at  a,  that  iSy  when 

lim/(2:)=Aa). 


x=o 


Therefore  if  lim  /(a:)  does  not  exist  at  a:  =  a,  or  if  it  exists  but 
has  a  value  different  from  the  value  /(a),  then  we  must  say  that 
f  is  discontinuou>s  at  2:  =  a.  If  /(x)  is  continuous  at  each  point  of 
an  interval  2t  =  (p,  g)  we  say/  is  continuous  in  2t. 

2.  When  /(a;)  is  continuous  at  a:  =  a,  we  know  that  the  value 
of /(a;)  differs  from  its  value  at  x=a  by  an  amount  as  small  as  we 
please  if  x  is  only  kept  sufficiently  near  a.     In  symbols 

fCx)  =  /(a)  +  6'  (1 


where  e'  =  0  as  a;  =  a.     This  is  the  same  as  saying  that 

I  c'  I  <€     ,     providing  |  a;  —  a  |  <  some  8. 


(2 


3.  Let /(a;)  be  continuous  in  2t=  (jt?,  q).  Let  us  take  6>0  at 
pleasure  and  fix  it.  At  any  point  a:  =  a  we  lay  off  the  S  interval 
about  a  as  in  Fig.  3  such  that  the  ^ 
in  1)  satisfies  the  inequality  2).  Let 
us  pass  to  another  point  &  in  St  and 
lay  off  the  corresponding  8  interval 
about  by  such  that  e'  again  satisfies 
2).  At  the  point  a:  =  i  the  curve  is 
steeper  than  at  a,  and  therefore  the 
8  interval  at  b  is  shorter  than  at  a, 
that  is,  the  value  of  S  at  i  is  less 
than  at  a.  The  reader  will  note,  how- 
ever, that  as  a  ranges  from  pto  q  the 
value  of  S  corresponding  to  the  dif- 
ferent values  of  a  will  never  sink  below  some  positive  number  17. 
In  other  words,  for  the  value  of  e  that  we  have  been  using,  there 
exists  an  17  >  0  such  that /(a:)  differs  from /(a)  by  an  amount  <6 
when  I  a?  —  a  I  <  17 ;  and  here  a  is  any  point  in  8. 
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If  we  expressed  this  in  symbols,  we  would  say  that  for  each 

6>0,  and  for  any  and  all  points  a  in  21,  there  exists  a  fixed  17  >0 

such  that 

\fix)  —  f(a)  [  < €     ,     provided  \x-a\<rj.  (3 


Or  what  is  the  same, 
where 


/(x)  =  /(a)  +  e', 
|€'|<€     provided      \x  —  a\<r]. 


(4 


Fio.  4. 


This  important  property  of  a  continuous  function  in  an  interval 
?[  is  expressed  by  saying  that  f(jc)  converges  uniformly  to  /(a) 
in  9 ;  or  in  symbols 

f(x)  =^  f(^a)  uniformly  in  2t. 

The  reader  should  remember  that  here  a  is  a  variable  point  in  the 
interval  2t. 

4.  When  fix)  has  a  point  of  dis- 
continuity in  a  =  (j!),  q)  as  at  2;  =  g  in 
Fig.  4,  the  reader  will  see  at  once  that 
taking  6  >  0  small  enough  and  then 
fixing  it,  there  is  no  corresponding 
iy  >  0  such  that  3)  or  4)  holds  wher- 
ever a  is  taken  in  9.  To  make  this  perfectly  clear  we  have  taken 
6  as  in  Fig.  4,  and  laid  off  the  corresponding  h  interval  at  a  point  a. 
The  reader  will  see  at  once  that  for  a 

point  b  very  near  «,  the  length  of  the  h 
interval  will  be  determined  by  the  fact 
that  it  cannot  contain  the  point  2;  =  e. 
For  in  any  interval  containing  this  point 
f(x)  could  differ  from  /(J)  by  an  amount 
far  greater  than  the  small  quantity  €,  as 
Fig.  5  shows. 

5.  Finally  let  us  consider  the  function 

/(a;)  =  tan  x. 

This  is  defined  for  all  x  not  included  in  the  point  s^t 


±^ 


.3 


J.5 
^2" 


•  •• 
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Let  X  range   over  the  point  set  8  defined  by  0>.x<— •      This 
may  be  denoted  by  (O,  ^   J,  the  star  *  indicating  that  the  end 
point  ^  is  omitted.     We  call  such  a  set  an  incomplete  intervaL 
Obviously  f{x)  is  continuous  at  each  point  a;  =  a  of  2t,  for 


lim  tan  x  =  tan  a. 

x=a 


It  is  not  uniformly  continuous  in  8.     For  in  the  relation  2)  we 


T 


see  that  S  must  =  0  as  the  point  a  approaches  — .     There  exists 
therefore  no  iy>0  such  that  8)  or  4)  holds. 

6.  The  analytic  definition  of  continuity  can  be  extended  at  once 
to  functions  of  any  number  of  variables.  For  clearness  let  us 
take  two. 

Let  the  one-valued  function  u{x^  y)  be  defined  in  some  domain 
2>  about  the  point  a:  =  a,  y^h.  Then  u  is  continuous  at  this 
point  when  u(x^  y)  converges  to  M(a,  J)  as  the  point  a:,  y  con- 
verges to  the  point  a,  b  ;  in  symbols  when 

lira    u(x^  y)  =  w(a,  J). 

x=a,  y=b 

If  u(x^  y)  is  continuous  at  each  point  belonging  to  some  point  set 
9In  we  say  u  is  continttous  in  fL. 

7.  Let  w(a:,  y)  be  continuous  at  the  point  a,  b.     If 

c  =s  M(a,  A)  ¥=  0, 

there  exists  a  domain  2>g(a,  J)  about  a,  b  such  that  in  it  u(a:,  y)  has 
the  same  sign  as  c. 

For  since  u  is  continuous  at  a,  b  there  exists  a  8  >  0  such  that 

|u(a:,y) -<?!<€  (5 

when  a:,  y  is  restricted  to  D^(a^b).     But  6)  is  equivalent  to 

(?  — €<ii(ar,  y)<(?H-6.  (6 

Obviously  as  c  is  =^  0  we  may  make  €  >  0  so  small  that  c  —  e  and 
c-\-  €  have  the  same  sign  as  c. 
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8.    If  u(^x^  y)  is  continuous  at  a,  b 

|w(a;,  y)|<some  G 

in  D^(^a^  J)  for  a  sufficiently  small  8  >  0. 
This  follows  at  once  from  6). 


a 


70.  Geometric  Terms.  1.  At  this  point  it  will  be  convenient  to 
introduce  some  geometric  terms  which  we  shall  need  constantly. 
We  begin  by  considering  the  point  set  9  formed  of  the  points 
within  a  circle  A,  that  is,  in  the  interior  of  A.  Any  point  a  of  9  is 
such  that  we  may  describe  a  circle  c  about  it  as  center,  and  all 
the  points  within  c  form  a  part  of  St.  In  other  words,  9  is  such 
that  any  point  a  of  it  is  surrounded  by  some  domain  Di(j(i)  which 
also  lies  in  9.  As  a  approaches  A,  S  =  0.  But  for  each  given  a, 
Sis  >0. 

We  may  now  generalize.  Let  9  denote  any  set  of  points  in  the 
plane.  If  9  is  such  that  each  of  its  points  a  has  a  domain  D(a) 
which  also  lies  in  9,  we  call  the  point  set  9  a  region. 

For  example,  the  two  curves  Cj,  CJ,  in  Fig.  1 
define  a  ring  9t  whose  boundary  or  edge  (S  is 
formed  by  them.  The  set  of  points  9  in  the  ring 
yt  but  not  on  its  edge  (S  form  a  region. 

Let  us  look  at  the  set  of  points  S3  formed  of  9 
and  the  curve  C\,  in  symbols  the  point  set 

»  =  9  +  (7i. 

The  set  S3  is  not  a  region.  For  let  e  be  a  point  of  C^  as  in  Fig.  2. 
Then  however  c  is  taken  it  will  contain  points  of  S3  and  points  not 
in  S3. 

As  another  example  of  a  region,  let  9  be  the 
point  set  formed  of  all  the  points  of  the  2;,  y 
plane  except  the  points  lying  on  a  finite  num- 
ber of  ordinary  curves,  and  also  a  finite  number 
of  isolated  points.     Obviously  9  is  a  region. 

We  say  a  region  9  is  connected  when  any  two  of  its  points  can 
be  joined  by  a  curve  lying  in  9. 

If  the  boundary  of  a  connected  region  is  a  closed  curve  Avithout 
double  point,  we  call  it  a  simple  region. 


Fio.  2. 
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2.  Let  St  be  a  connected  region  whoso  boundary  or  edge  (g  as 
formed  of  a  finite  number  of  ordinary  closed  curves  or  points. 
The  point  set  S  formed  of  3(  and  (£,  that  is,  C  =  9  +  (£,  we  call  a 
eonnex.  If  9  is  a  simple  region,  the  corresponding  connex  S  is 
called  simple  also. 

8.  The  reader  will  note  that  the  definition  of  continuity  given 
in  69,  6  requires  that  if  1^(2;,  y)  is  continuous  in  a  connex  S,  it  must 
be  continuous  at  each  point  of  its  edge,  and  this  requires  that  u  is 
defined  as  a  one- valued  function  for  all  points  in  some  i)(«)  of  e. 

4.  Let  9  be  a  connex  or  a  connected  region.  Let  P  be  any 
point;  it  may  or  may  not  lie  in  9.  Let  r  be  the  radius  vector 
joining  P  to  a  point  z  of  9.  If  z  can  describe  a 
continuous  curve  lying  in  9  such  that  r  describes     X  X  -i^ 

a  complete  revolution  about  P,  we  say   hat  9  is 
cyclic  relative  to  P,  otherwise  acyclic 

Thus  in  Fig.  3  let  9  be  the  ring-shaped  figure 
bounded  by  Cj,  C^.  Then  9  is  cyclic  relative  to 
L  and  M^  but  acyclic  relative  to  N.  Fio.  3. 

71.  yn^form  Coo<j"«^ty.  Let  us  now  show  that  if  u(x^  y)  is 
contimiuim  Hi  II  uoiiiigl  6  it  is  uniformly  continuous.  By  this 
we  mean  the  following.  Since  u  is  continuous  at  a  point  a,  b  of 
9  we  have 


w(^'  y)  =  w(^i  ft)  +  ^^     ^     I  c'  1  <  6, 


(1 


if  only  x^  y  lies  in  some  domain  2>,(a,  J)  of  the  point  a,  b.  We 
say  now  that  the  point  set  C  being  a  connex,  S  cannot  sink  be- 
low some  minimum  value  17  >  0,  as  the  point  a,  b  ranges  over  S. 
For  say  that  as  a,  J  converges  to  some  point  «,  )8  of  6,  S  =  0. 
Since  u  is  continuous  at  ce,  )8, 

l*'l<5' 
if  a:,  y  liei  in  some  !)»(«,  /3). 

But  then  8  cannot  =  0,  for  as  the  point  a,  b 
converges  to  the  point  a,  j3,  the  figure  shows 
S  =  cr,  and  not  to  0.  Since  therefore  B  cannot 
=  0  as  a,  i  ranges  over  6,  it  follows  that  there 
exists  an  17  >  0  such  that 

tt(a:,  y)=u(a,  6)H-€'|     ,     c' |  <  €         (2 


> 
I 

F 
f 
\ 

I 


> 


I 


I 
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wherever   the   point   a,  b   is   taken   in   E,  provided  a;,  y  lies   in 
2>,(a,  J),  the  norm  tf  being  the  same  wherever  a,  b  may  be  in  S. 
We  may  thus  state  the  following  theorem,  which  for  our  fur- 
ther development  is  of  utmost  importance  : 

If  u(x^  y )  i%  continuous  in  a  connex  E,  it  is  uniformly  continuous 
in  E  ;  or  in  other  words  the  relation  2)  holds  in  E. 


1.  We  touched  on  this  subject  by  way  of 
We  wish  now  to  discuss  it  more  fully.  Let 
y  =/(a:)  be  a  one- valued  function  in  the 
interval  8  =  (a,  J)  whose  graph  is  given  in 
Fig.  1.    If  we  give  to  x  an  increment  h  =  Aa:,  Qj 

the  function  receives  an  increment 


The  quotient 

Ay  _f(x  +  h)  -fix-) 
Ax  h 


(1 


X     a>¥h   b 
Fio.  1. 


I    • 


is  called  the  difference  quotient.     From  the  figure  we  see 

^  =  tan  0. 

l^X 


(2 


!       As  Aa;=0,  the   secant   PQ  converges  to  a  limiting  position, 
viz.  the  tangent  at  P. 

We  call  the  limit  of  1)  when  A  ==  0  the  differential  coefficient  at 
the  point  x  and  write 


I 


dX  A=rO  h 


(8 


'^  \if  has  a  differential  coefficient  at  each  point  of  some  interval 
A^  we  say/  has  a  derivative  in  A\  the  value  of  this  derivative 
at  a  point  a;  of  ^  is  given  by  3). 


2.  Let  us  consider  the  function 

y=(a:-l)J. 


(4 


The  graph  of  this  function  is  given  in  Fig.  2.     It  has  a  point 
of  inflection  with  a  vertical  tangent  at  2:=  1.     We  see  here  that 
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the  secant  PQ  converges  to  a  vertical  posi- 
tion.   The  difference  quotient 

A.y^     1 

is  always  >  0  and  increases  indefinitely  as 
Aa:  =  0.    We  say  its  limit  is  -|-  oo  and  write 

4^=/'(a;)  =  +  oo     for     a:  =  l. 
ax 


Fia.  2. 


To  say  that  a  variable  q  has  the  limit  +  oo  as  2;  ==  a  is  only  a 
short  way  of  saying  q  has  no  limit  at  x  =  a,  but  that  it  increases 
without  limit  as'  x^  a. 

Strictly  speaking  the  function  4)  has  no  differential  coefficient 
at  x  =  1.  Usage,  however,  permits  us  to  say  its  differential  coeffi- 
cient is  -I-  00  at  this  point.  We  also  say  the  derivative  /'(a;)  is 
definitely  infinite  at  this  point,  meaning  thereby  that  the  differ- 
ence quotient  does  not  change  its  sign  about  2;=  1. 

3.  Let  us  consider  the  function 

y=(x—  !)•     ,     radical  with  positive  sign. 


(5 


The  graph  of  this  function.  Fig.  3,  has  a  ver-      y 
tical  cusp  at  2;  =  1. 

At  this  point     A^^(^^ 

Ax        Ax 


(6 


It  is  thus  positive  for  positive  Aa;,  and  nega- 
tive when  A2;  is  negative.    Thus 


Fig.  3. 


Ax 

=  -00 


-f  Qo     as  A2;  =^  0     on  the  right, 
left. 


Here  we  cannot  say  that  the  difference  quotient  Ay /Ax  converges 
to  any  value,  not  even  to  an  improper  limit  as  -|-  00,  or  —  00,  since 
it  changes  its  sign  in  any  interval  about  x  =  l. 

4.  Let  us  now  consider  the  differentiation  of  a  function  of 
several  variables.  For  clearness  let  us  take  a  function  u(^x^  y)  of 
two  variables  which  we  suppose  is  one- valued  in  some  domain  D 


<(«,  J)  = 
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of  the  point  a,  b.     Then,  as  the  reader  knows, 

lim  <g  +  h,h)^  u(a,  b)  ^  ^,  .     i,)^^  (^ 

*=o  h  '^  da  ^ 

is  the  partial  differential  coefficient  of  u  with  respect  to  2;  at  the 
point  a,  &,  and  a  similar  definition  holds  for 

du 
db' 

The  values  of  7)  as  the  point  a,  b  ranges  over  some  set  of  points 
9  define  the  first  partial  derivative  of  u  with  respect  to  z ;  this 

we  denote  by  a^ 

^x(^'  y )  or  u;  or  —  •  (8 

ox 

A  similar  definition  holds  for 

tti(a:,  y)  or  m^  or  -^-  (9 

dy 

The  derivatives  8),  9)  are  also  functions  of  2:,  y  and  so  in  general 
possess  partial  derivatives 

u" -^  u"--^  etc 

5.  Suppose  u  possesses  first  partial  derivatives  for  the  points 
x^  y  of  some  point  set  St.     The  expression 

du  =  ^-^h  +  ^k  (10 

dx         by 

is  called  the  fir%t  differential  of  u. 

Similarly,  if  u  has  second  partial  derivatives, 

d^w  =  ^'^A2  +  2-^AA-h^Aa  (11 

djr  dxdy  dy^ 

is  the  second  differential  of  u,  etc. 

We  note  that  the  right  side  of  11)  may  be  written  symbolically 

A  — -hAr— Yw.  (12 

dx        dyj  ^ 


( 


To  deduce  11)  from  12)  we  expand  12)  as  in  algebra  and  replace 


(: 


—  1  M  by  --,  etc. 


dxJ        '   dx^ 
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In  general,  suppose  u  has  all  partial  derivatives  of  order  <  n 
for  all  points  a:,  y  in  some  set  2t.     Then 

V   dx        dy)  ^ 

when  after  expanding  the  right  side  we  replace 


\Bx)  \dy) 


w  by 


dyj  "    dx^dy^"^ 

I 

73.  Law  of  the  Mean.  1.  Let  the  graph  of  the  one-valued  func- 
tion y=f(x)  be  as  in  the  figure.  Let  the  secant  PQ  make  the 
angle  ^  with  the  2;-axis.  At  each  point  x 
let  us  draw  the  tangent  to  the  curve.  It 
makes  an  angle  6  with  the  x-axis.  Let  now 
x  start  at  a  and  move  toward  b.  The  tan- 
gent changes  its  inclination  from  point  to 
point.  If  the  reader  will  reflect  a  few  mo- 
ments, he  will  see  that  it  is  altogether  im- 
possible to  pass  from  a  to  i  without  somewhere  the  tangent  being 
parallel  to  the  secant  PQ,    Let  this  be  the  case  for  x^c.    Now 

h  —  a 

tan^  =  ^=/'(a;). 
dx 

Since  ^  =  ^  at  the  point  c,  we  have,  on  equating  these  two  expres- 
sions, fih)^fia)^(h^dyf\c^     ,     a<c<h. 

This  is  the  celebrated  Law  of  the  Mean.     It  is  one  of  the  most 
important  theorems  in  the  whole  calculus. 

The  foregoing  considerations  do  not  form  an  analytic  proof  of 
this  law.  They  do,  however,  make  the  reader  feel  in  the  most 
convincing  manner  that  this  law  is  true,  and  this  is  all  that  he 
needs  at  this  stage.  On  account  of  its  importance  let  us  formulate 
it  as  follows : 

If  f(x)  is  one-valued  and  continuous  in  the  interval  8  =(a,  J) 
and  if  f\x)  is  finite  or  definitely  infinite  within  8,  then  for  some 
point  a<c<h     '     /(,)_y(,)  =  (,_a)y.(,).  (i 
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2.  Let  a<x<b,  f{x  +  h)-f(ix}^  Af.  Then  the  law  of  the 
mean  1)  gives,  setting  h  =  £ix, 

^=/'(w)  ,      x<u<X'\-h.  (2 

iAX 

Suppose  now  that /'(a;)  is  continuous  in  the  interval  8.     Then 

/'(m)  =  /(x)+6'     ,     |6'|<e,  (3 

provided  |  Ax  |  <  some  fixed  S,  wlierever  the  point  x  is  chosen  in 
a.    This  in  2)  gives 

and  e'  =  0  uniformly  in  21. 

3.  From  the  law  of  the  mean  it  is  easy  to  establish  another  very 
important  theorem,  viz. : 

Taylors  Development  in  Finite  Form.  In  the  interval  ?[  =  (a,  6) 
let /(a:)  and  its  first  w—  1  derivatives  be  continuous.  Let/^"\a;) 
be  finite  or  definitely  infinite  within  21.     Then  for  any  x  within  21 

(w—  1)!  ni 

As  this  is  not  a  work  on  the  calculus  we  do  not  intend  to  prove  this 
theorem  ;  we  have  quoted  it  in  order  to  state  precisely  conditions 
for  its  validity. 

4.  From  the  law  of  the  mean  we  can  draw  an  important  con« 
elusion  which  we  shall  need  later.  Suppose  tt(a:,  y)  has  continu- 
ous fii'st  partial  derivatives  about  the  point  a,  b.  When  we  pass 
from  this  point  to  the  neighboring  point  a  4-  A,  A  +  A,  m  receives 

the  increment 

Am  =  M(a  +  A,  6  -f  A)  —  M(a,  6). 

But  we  have 

Au=  \u(a-\-h,  b-\-k)  —  u(^a,  6  H- A)i -h  {M(a,  6-|-A)  — u(a,  b)\ 
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By  the  law  of  the  mean 

Aj  =  Aw^(c,  6  H-  A:)     ,     c  between  a  and  a  +  A 
A^  =  kuy^a,  e)     ,     e  between  6  and  b-\-  k. 

But  u^  Uy  being  continuous, 

«xC^,  J  -h  *)  =  wi.(  a,  6)  H-  a 

where   a  =  0,  )8  ==  0  as   h  and   A  ==  0.     Hence  we  may  state   the 
theorem : 

Let  u(x^  y)  have  continuous  first  partial   derivatives  about   the 

point  a,  b.     Then  the  increment  Au  differs  from  the  differential  du 

by  a  quantity  ofthefomi 

ah  +  ^k 

where  a  and  j3  :^0  as  h  and  Ar  =  0.      Thus 

dx  ay 

5.  Suppose  now  that  u^  and  Uy  are  continuous  functions  of  x^  y 
in  a  counex  6.  Then,  as  observed  in  71,  a  and  j3  will  converge 
uniformly  to  0  in  S.     Hence  in  particular 

a\<a     ,      |/3i<(7, 

provided  |  h  \  and  |  k  \  are  <  some  8,  and  here  S  is  independent  of 
the  position  of  the  point  a,  b  in  S. 

6.  Taylor's  development  5)  may  be  extended  to  a  function  of 
any  number  of  variables.  For  clearness  let  us  take  a  function 
u(^Xj  y)  of  two  variables.  Suppose  u  and 
all  its  partial  derivates  of  orders  <  n  are 
continuous  in  some  domain  D  about  the 
point  a,  6.  Let  a  +  A,  J  -h  Ar  be  any  point 
in  D.    Let  L  be  the  segment  joining  these 

two  points.     Then  any  point  x^  y  on  L   o 

has  the  coordinates 

x  =  a-^sh     ,     y  =  6-f«A:    ,     0  <.«  <  1. 
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When  s  ranges  over  the  interval  ©  =  (0,  1),  the  point  a:,  y  ranges 
over  L.     Then 

is  a  function  of  s  defined  for  values  of  s  lying  in  @.     But 
^       "^      d2?  da;dy  dy^  ^  ^"^ 


Hence  ^'(«),  ^"(«)  •••^^*^(«)  are  continuous  in  ©  and  we  may 
apply  2  to  the  function  ^(«).  Doing  this  and  then  setting 
«  =  1,  we  get 

u(a  +  A,  6  -I-  A:)  =  u(a,  ^)  +  tt  <iw(a,  i)  +  ^ry  d'(a,  J)  +  ••• 


+ -^  ci"tt(a  +  ^A,  b  +  dh) 


n  I 
where  0  <  ^  <  1. 

For  convenience  of  reference  we  note  that 


(6 


74.  1.  The  integral 


Integration 


may  be  defined  in  connection  with 
the  notion  of  area  as  follows.  Let 
the  graph  of  /(a;)  be  as  in  Fig.  1. 
In  the  interval  of  8  =  (a,  6)  we 
interpolate  the  points  a^  Oj  •••  If 
no  interval  (a,„_j,  a^)  has  a  length 
greater  than  S,  we  say  these  points 
effect  a  division  of  fi  of  norm  S. 
We  set 


a    a,   a^  a 


Fiu.  i. 


^m  =  «m  -  «/«-!  =  ^^m 


(1 
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and  form  the  sum 

/(ai)  Aa?!  +/(aa)  Aa:^  +  ...  =  lf(aJAz^. 


(2 


The  value  of  this  sum  is  the  area  of  the  shaded  rectangles  in 
the  figure.  If  now  S  =  0,  this  sum  obviously  converges  to  the 
area  under  the  curve.  Thus  when  f{x)  is  a  one-valued  con- 
tinuous function  of  x  in  the  interval  9,  the  sum  2)  has  a 
limit  as  S  =  0.  This  limit  is  the  value  of  the  symbol  1).  This 
symbol  we  also  denote  sometimes  by 


X 


f(x^dx. 


2.  These  geometric  considerations 
enable  us  to  take  a  more  general 
definition  of  1).  In  the  intervals  S„ 
let  us  take  at  pleasure  a  point  a^. 
If/(a^)=^^,  let  us  construct  the 
rectangles  of  base  B^  ^^^  height  jS 
as  in  Fig.  2.    We  now  form  the  sum 


m9      aajiCLia^z    tta 


Fio.  2. 


/(o,)  Ax,  +/(«,)  Aa^  +  ...  =  2/(««)  Ax„. 


(3 


The   value  of  this  sum  is  the  area  of  the   shaded   rectangles. 
If  now  S  =^  0,  the  sum  obviously  converges  to  the  area  under  the 
curve  and  therefore  has  the  same  value  as  before. 
Let  us  state  this  in  a  theorem  : 


Iff(jx)  is  continuous  in  the  interval  (a,  6), 

lim  2/(a^)Aa;^ 

exists  and  this  limit  is  the  value  of  the  integral  1). 


(4 


3.  With  this  definition  we  can  establish  the  following  funda- 
mental theorem : 

In  the  interval  (a,  J)  let  F(x)  he  one- valued  and  have  the  continu- 
ous derivative  f(x)'     Then 


C\x:)dx^F(J>)-F(ay 


(5 
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For,  using  the  points  a,,  n^---  a„_j  introduced  in  1,  we  have  by 
the  law  of  the  mean 

J'(a,)-l'(a)=/(«i)Ax, 
i'(aj)-i'(a,)=/(«j)Ax, 

J'(J)-l'(a,_0=/(«,)Ax, 

where  a„  is  some  point  in  tlie  interval  Ax^. 
Adding  these  equations  gives 

Now  by  2  the  limit  of  the  right  side  as  £  =  0  exists  and  equals 
the  integral  in  5). 

4.  From  the  definition  of  an  integral  given  in  1)  follows  an 
important  property  which  is  useful  in  estimating  the  numerical 
value  of  an  integral.     Since 

|2/C0^2:,|^2|/(a,)|Aa;,„, 
we  have,  on  passing  to  tlie  limit  £  =  0, 

rf(x)dx\<    r\fix)\dx     ,     a<b.  (6 

Also  let        ly.^^^  I  <^(a:)     in  the  interval  (a,  6). 

Then  similarly  we  have 

f    f(x)dx\<   I    4>(jc)dx     ,     a<b.  (7 

5.  Another  property  of  importance  is  that : 

J(jc)  =  /  f{x)dx    ,    a<x <  b 

considered  as  a  function  of  its  upper  limit  x  is  a  continuous  function 

of  x  such  that  J  T 

•^  dJ      ^,   ^ 

the  integrand  f(x)  being  continuous  in  (a,  6). 
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75.  Stuface  Integrals.  1.  Let  K=/(a:,y)  be  a  one-valued  con- 
tinuous function  of  a;,  y  in  a  iield  31  bounded  by  a  finite  set  of 
ordinary  curves.  As  a^  y  ranges  over 
%,  the  end  points  of  the  ordinate 
through  X,  If  will  describe  a  surface 
S,  while  the  points  of  the  ordinates 
will  constitute  a  solid  of  volume  V 
lying  between  S  and  the  x,  y  plane 
under  S. 

Let  us  draw  a  set  of  parallels  to 
the  X,  y  axes  in  the  x,  y  plane  as  in 
Fig.  1.  This  effects  a  division  of  the 
plane    into    rectangles  R.     If   their  "**■ '' 

sides  AiZ,  A^  are  all  <&,  we  say  the  norm  of  this  division  is  S. 
Let  us  now  form  the  sum  analogous  to  74,  2), 

S/(«-i  i,)Aa:.Ay„  (1 

extended  over  all  rectangles  containing  a  point  of  ![.     The  points 
a^,  b^  arc  the  vertices  of  these  rectangles. 

The  sum  1)  is  obviously  the  volume  of  the  set  of  prisms  whose 
bases  are  the  rectangles  Ax^Ay^  and  whose  heights  are  the  ordi- 
nates of  the  surface  S  at  the  points  a:  =  «„,  y  =  6,.  We  take  it  as 
geometrically  evident  that  the  sum  1)  converges  to  the  volume  V 
as  £  =  0.     This  limit  we  use  to  define  the  symbol 


f  /(^.  y)^xdy. 


(2 


2.    To  calculate  this  integral  it  is  usual  to  express  it  as  an 
iterated  integral 

i  dxffix,yyy.  (8 

Here  the  symbol  9  denotes  the  projection  of  the  Held  9  on  the 
z-axis.  Let  x  be  a  point  of  39.  The  line  through  x  parallel  to 
the  y-axis  will  partly  He  in  SI.  This  section  we  denote  by  fit,  or 
more  shortly  by  g.  Thus  to  calculate  3)  we  give  x  a  fixed  value 
in  8  and  calculate  „ 
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y 


the  field  of  integration  being  the  section  (S  of  9  corresponding  to 
the  value  of  x  chosen.  This  integral  itself  is  a  function  of  x. 
This  we  now  integrate  relative  to  x  over  the  field  SB,  getting  in  this 
way  3). 

To  illustrate,  suppose 
the  field  of  integration 
9  in  2)  is  bounded  by 
the  three  outer  curves 
and  the  two  inner  curves 
of  Fig.  2.  Then  the  pro- 
jection SB  on  the  2;-axis 
consists  of  the  segments 
AB,  CD.  For  a  value 
of   X   corresponding   to 


o 


E 


X 


D 


B       C        F 
Fig.  2. 

E^  the  section  (S  of  9  is  formed  of  the  two  segments  marked  C  in 
the  figure.  At  F  the  section  (S  is  made  up  of  three  segments,  also 
marked  S. 

It  is  shown  in  the  calculus  that : 

The  two  integralB  2)  and  3)  are  equal. 

The    following    geometrical    considerations    will    make    this 
apparent : 

That  slice  of  V  which  lies  between  the  two  planes 

in  Fig.  3  has  approximately  the 
volume 


Aa:. 


n    i  fC^my  !/)df/, 


Vy 


Fio.  3. 


as  is  seen   from   Fig.  3.     The 
sum  of  these  slices  is 

TAx^  //(am*  y^dy,      (6 

Thus  the  volume  V  is  the  limit  of  5)  or  the  iterated  integral  8). 
Thus  2)  and  3)  are  equal  as  they  both  =  F". 

76.  Cunrilinear  Integrals.    1.  Let  us  suppose  that  f(x^  y)  is  a 
one-valued  continuous  function  of  x,  y  at  the  points  of  a  curve  C 
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whose  end  points  are  a,  (,  as  in  Fig.  1.  If  we  interpolate  a  set  of 
points  a^  a^  a^  •••  such  that  the  arcs  aa^^  aiO^t  o^Aj  •••  are  of 
length  <8,  we  say  these  points  a^,  a,  ••• 
effect  a  division  of  norm  S. 

Let  x^^  y^  be  the  coordinates  of  o^;  let 
^m  =  a^m+1  —  ^m-    W©  now  form  the  sum 


2/(a;^,  y^)Aa:^. 


(1 


Fig.  1. 


(2 


If  we  let  S  =  0,  this  sum  converges  to  a 
definite  limit  which  we  denote  by 

/  f(x,  y)dx  or  by  /  /(a:,  y)d, 

and  call  it  the  x-curvilinear  integral  of /(a;,  y). 

When  the  curve  C  reduces  to  a  segment  of  the  a^axis,  the 
integral  1)  reduces  to  the  ordinary  integral  considered  in  74, 
since  y  is  now  constant. 

Let  us  prove  that  the  limit  of  1)  exists  for  the  simple  case  that 
the  equation  of  C  is 


y  =  <^Ca:), 


(3 


^  being  one-valued  and  continuous,  the  end  points  of  C  corre- 
sponding to  a;  =  a,  a;  =  )8.     Then 


and  1)  becomes 


(4 


But  g(x)  is  continuous,  hence  the  limit  of  4)  exists  and  is 


J' 


g(^x^dz. 


(6 


Hence  the  limit  of  1)  exists  and  has  the  same  value.  We  note 
that  this  form  of  proof  not  only  establishes  the  existence  of  the 
limit  of  the  sum  1)  but  determines  its  value. 

Because  2)  and  5)  are  equal,  we  may  extend  the  properties  of 
ordinary  integ^ls  to  curvilinear  integrals.  Tlius  if  c  is  some 
point  on  C  between  the  end  points  a,  (,  we  have 


Jfb  /•r  pb 

'  /(a;,  y)dx  =  I  /(a:,  y)dx  -h  /  f(x,  y^dx. 


(6 
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Let  us  return  to  the  sum  1).  The  factor /(a:^,  y„)  denotes  the 
value  of  /  at  the  end  point  of  the  arc  ap,_ja^.  The  same  geo- 
metric considerations  used  in  74,  2  would  show  that  1)  has  the 
same  limit  when  x^^  denote  any  point  in  the  arc  a^^^a^.  We 
shall  make  use  of  this  fact  in  3. 

2.  The  foregoing  proof  applies  to  the 
case  when  (7  is  the  arc  PQ  ol  the  circle  of 
radius  r  in  Fig.  2.     For  then 


y  =  +  Vr^'^^Q^  =  <f>ix). 


C 


the  radical  being  taken  with  the  plus  sign. 

It  does  not  apply  immediately  if  O  is  the 

arc  PQS.     For  if  —  «  is  the  abscissa  of  «S,  ^^^  2. 

y  is  two- valued  in  the  interval  (  — r,  —  «). 

In  this  case  we  have  only  to  break  O  into  two  arcs 

(7i  =  PQR  and  C^  =  RS. 

Then  on  Cj  we  have  <f>  determined  as  in  7),  while  on   C^  <f>  is 

determined  by  /_ _ 

y  =  -  Vr^  -  a^^  =  <^(a:), 

the  radical  now  having  the  negative  sign. 

Corresponding  to  this  we  would  break  2)  into  two  integrals 

and 


J    and  1  . 

To  each  of  these  our  proof  applies. 


3.  In  2  we  have  taken  the  equation  of  the  circle  as 

ar^  +  y3  =  r^,  (8 

which  defines  y  as  a  two- valued  function  ±  Vr^  —  .r^.     Instead  of 
the  equation  8)  we  may  use  the  equations  of  the  circle  in  pa- 

x  =  r  cos  u    ,    y  —  r  sin  u.  (9 


rameter  form 


If  we  do  this,  we  can  avoid  the  radical  and  so  deal  from  the  start 
with  one- valued  functions. 
In  general,  let 


X  =  4>(u)     ,     y  =  -^(m) 


(10 
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be  the  parametric  equations  of  a  curve  (7;  that  is,  when  u  ranges 
from  u  =  a  to  u  =  13^  the  point  x^  y  defined  by  10)  describes  the 
curve  (7.  We  suppose  of  course  that  ^,  -^  are  one-valued  con- 
tinuous functions  in  U  =  (a,  ^9),  with  continuous  first  derivatives. 
Then 

is  a  continuous  function  of  u  in  U.     Let  us  effect  a  division  of  U 
of  norm  S  by  interpolating  the  points  aj,  Oj  •••.     To  them  will 
correspond  certain  points  aj,  a^  •••  on  C. 
Then  by  the  law  of  the  mean 

where  v^  is  some  point  in  the  interval  (a,n-ii  ««)•  To  this  point 
v^  will  correspond  x^^  y^  in  the  arc  (flm-r  «m)  on  the  curve  0.    Thus 

If  we  let  the  norm  8  =  0  in  this  relation,  we  get  in  the  limit 

CKx.  y)dx  =  rg(u)4>^(u)du,  (11 

4.    In  precisely  the  same  manner  the  y-curvilinear  integral  gives 

T/C^.  y)  ^y  =  rff<iu)ylr\u)du.  (12 


77.  Work.  1.  Let  us  show  how  the  notion  of  curvilinear  in- 
tegrals presents  itself  naturally  in  mathematical  physics.  Suppose 
a  particle  is  acted  on  by  a  force  JJ  whose  com- 
ponents are  X  and  Pi  as  in  Fig.  1.  The  work 
done  in  passing  from  P  to  a  point  Q  near  by 
on  the  curve  C  is 

dW  =  ^  cos  0'd8,  (1 

where  0  is  the  angle  between  g  and  the  tan- 
gent T.    If  S  makes  the  angles  a,  /3  with  the  x  and  y  axes,  and  T 
the  angles  a',  jS'  with  these  axes,  we  have,  from  analytic  geometry, 

cos  0  =  cos  a  cos  a'  -h  cos  ^  cos  /3'.  (2 


Fio.  1. 
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Now 


JJ  cos  a  =  X 

dx  _ 
ds 


cos  a 


r 


^  cos  13 


COSTS'. 


Thus  1)  and  2)  give 

dW=^  Xdx  +  Ydy. 


(3 


Thus  the  work  done  by  the  particle  in  passing  from  a  to  i  along 
the  curve  C  is 

Tr=  C\xdx  +  Ydy)  (4 


=  /   Xdx  +  I    Fdy. 


(5 


It  is  therefore  the  sum  of  two  curvilinear  integrals. 

2.  The  relation  3)  may  be  obtained  more 
simply  by  referring  to  Fig.  2.  The  work  per- 
formed in  passing  from  P  to  a  point  Q  very 
near  is  in  general  the  same  as  if  the  particle 
took  the  route  P-B,  RQ.  The  work  done 
along  P^  is  Xdx\  the  work  done  along  RQ 
is  Ydy.    The  total  work  dW\s  the  sum  of  these  or  3). 

78.  Potential.  1.  In  physics  we  often  deal  with  forces  ^  whose 
components  are  the  partial  derivatives  of  some  one- valued  function 
V(jx^  y),  that  is, 


X=- 


dx 


F=- 


(1 


In  this  case  77,  3)  gives 


^  dW^^dx  +  ^-^dy  ^  dV, 


dx 


^y 


and  the  element  of  work  is  the  total  difiFerential  of  the  function 
Fi  with  sign  reversed. 

Let  us  suppose  that  — ,  —   are  continuous.     We  can  then 

dx     By 

show  that  the  work  done  in  passing  from  a  to  (  is  independent  of 

the  path.     For  let  us  effect  a  division  of  norm  S  of  (7  by  inter- 
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polating  points  a^  a,,  •••  between  a  and  (.     Then  by  73,  4 

A  r=  y^Ax  4- —  Ay  +  oAa;  4- iSAy 

Bx         By 

=  -  XAr  -  JAy  +  AtAa;  +  ^Ay 

where  a,  ^  =  0  with  Aar,  Ay.     Thus  we  have 

Via)  -  V(a{)  =  XiAa^i  4-  r^Ayi  +  Oj Ar^  4-  /SAyj 
Via;)  -  r(a,)  =  XaA^Ta  +  Y^y^  +  a^iix^  +  /SAy, 

Now  by  73,  6  ,       ,         a     \  o 

^  I  a.,  I     and     1^^ 


are  all  <  some  €  for  all  norms  S<  some  Sq.     Thus,  adding  the 
foregoing  equations,  we  get 

where  c'  =  0  as  8  =  0.     Hence,  letting  S  =  0,  the  last  relation  gives 

Tr=  r(a)  -  r(6)  =  C^xax  +  rrfy).  (2 

As  V(x^  y)  is  one-valued,  the  value  of  the  work  done  by  the 
particle  in  moving  from  a  to  i  is  independent  of  the  path  taken, 
and  depends  thus  only  on  the  end  points  a,  i. 

2.  It  is  sometimes  useful  to  know  that  the  relation  2)  holds,  in 
a  certain  sense,  when  F'is  not  one- valued.  In  fact  the  foregoing 
reasoning  is  valid  if  V(x^  y)  is  only  one-valued  about  each  point 
of  the  curve  (7  and  possesses  continuous  first  partial  derivatives  as 
before.  Suppose  then  that  V^  is  the  determination  of  V{x^  y) 
with  which  we  start  at  a.  If  Vf,  denotes  the  value  that  V^ 
acquires  on  reaching  i,  passing  over  (7,  we  see  that  we  may 
write  2) 

Tr=  jiXdx  +  Ydy)  =  r«  -  F,.  (3 

3.  The  simplest  case  of  a  potential  function  is  presented  by 
several  particles  of  masses  m^,  m^^  •••. 
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A  unit  mass  at  P  is  attracted  by  m^  by 
a  force  whose  components  are,  as  seen  by 
the  figure, 

JTi  =  -^  cos  0^     ,     Fj  =  ^  sin  0^,  ^ 


From 
we  have 


or 


Hence 


Thus 


Similar  forces  are  exerted  by  mj,  mg,  •••.    Thus  the  total  force  5 
exerted  on  a  unit  mass  at  P  has  the  components 

X=25cos^»    ,     r=V^*8in^».  (4 

Let  us  set  j^_  V^.  C5 

rdr  =  xdx  +  yrfy, 

dr^-dx-i-^  dy, 

r  r 

Br     X  ij     5r      y       .     /| 

—  =  -  =  cos  u\  —  =  '^  =  sin  r. 

dx     r  dy      r 

dx  \rj     dr\rjdx         r* 

dt/\rj         r2 

Hence  dF^  2m, -^^1^  -  2m,52«^  =  -  X 

da:  dx\rj  r% 

We  have  therefore  a  rr  ;)  ir  ' 

and  hence  the  function  Fis  a  potential  function  for  the  force  g. 

79.  Electric  Current.  1.  Suppose  a  constant  current  of  elec- 
tricity is  passing  along  the  wire  PQ.  The  lines  of  force  gen- 
erated by  this  current  are  circles  C  as  in  Fig.  1.  The  intensity 
of  the  force  JJ  is  given  by 

r 
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where  c  is  proportional  to  the  strength  of  the 
current.    We  have  here,  as  shown  in  Fig.  2, 


X=-l'8intf=-(?^ 


r=.^. 


Suppose  a  unit  mass  of  electricity  to  describe 
the  circle  C.     Then 

a:  =  rcostf  ,       y=rsiutf, 

dx=:  —r  sin  0d0    ,     di/  =  r  cos  tfd^. 

The  work  is 


sin^  0  +  cos 


d0 


=  2wc. 


(1 


2.  Let  us  now  suppose  that  the  unit  mass 
is  restricted  to  move  in  a  connex  81  acyclic 
with  respect  to  0,  as  in  Fig.  3.     Let  us  set 

1^=  —  <? -arc  tan*^'  (2 

X 

^V         cx^     .y^^a^^^X.         (3 


Then 


dx     ^'\'y^     ^       r^ 
by  r* 


(4 


Fig.  2. 


Thus  V  is  one-valued  in  9  and  has  continu- 
ous first  partial  derivatives.    We  can  there-  ^^°-  ^• 
fore  apply  78,  2),  which  gives  as  the  work  done  by  the  unit  charge 
moving  from  a  to  i, 

(5 


f  X*  x"  1 

W^c  I  arctg—  —  arctg—  [ 


where  afy\  a/'y"  are  the  coordinates  of  a,  6. 

The  work  W  in  moving  from  a  to  (  is  independent  of  the  path 
between  these  points,  provided  only  it  lies  in  S[. 
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3.  Let  the  convex  2t  be  cyclic  with  respect  to  0  as  in  Fig.  4. 
The  origin  0  is  the  point  where  the  current  pierces  the  x^  y  plane. 
It  is  excluded  from  9  by  a  small  circle. 

The  partial  derivatives  of  V  are  one- 
valued  and  continuous  in  9[  as  3),  4) 
show,  but  V  is  no  longer  one-valued  in  8. 
For  when  the  point  x^  y  makes  a  circuit 
about  0,  V  has  increased  by  —  2  cir.  Thus, 
if  Va  is  the  determination  of  V  chosen 
at  the  point  a,  after  the  circuit  V^  has 
acquired  the  value  ^      ^ 

FlO.  4. 

Thus,  if  we  apply  78,  3),  the  work  done 

by  a  unit  charge  moving  around  the  circuit  C  is 

This  agrees  with  the  result  found  directly  in  1). 

80.  Stokes'  Theorem.  1.  The  theorem  we  now  wish  to  prove  is 
a  special  case  of  a  theorem  due  to  Stokes  and  which  is  much  used 
in  mathematical  physics.     For  our  purposes  it  may  be  stated  thus: 

Let  F(x^  y),  0(^x,  y)  be  one-valued  functions  having  continuous 
first  partial  derivatives  in  a  connex  S[  whose  edge  we  denote  by  (S. 
Then 

In  calculating  the  curvilinear  integral  on  the  left  we  let  the  point 
2;,  y  run  over  6  in  the  positive  sense,  that  is  so  that  the  region 
bounded  by  6  lies  to  the  left  of  the  direction  of  motion  as  in  Fig.  1. 

Let  $B  be  the  projection  of  %  on  the  a;-axis,  and  S  the  section  of 
8  at  a  point  x  of  S3.     Then 

Jf  —  dxdy  =   I  dx  I  -—  dy 

as  we  saw  in  75,  2. 

At  a  point  a:  =  a  in  Fig.  1 

dF 


rdF 


dy  =  iF^^F,)-^<iF,^F,')  =  (F^-F,)-^(F,--F^). 
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where  F^  denotes  the  vHlue  of  F(x,  y')  at  tlie  point  1,  etc.  At  a 
point  tksx^aff  io  Fig.  1  the  right  side  becomes  F^  —  Fy  Thua  in 
any  case 

n/d!f  =  -2iF.,,-F,), 

and  hence 
C^Jdxdy=  f  dxl.iF„,^F.-).  (2 

Let  us  show  that  t]ie  right  side 
is  equal  to 

-    i'Fdx.  (3 

In   fact  to   calculate  3)  we  '"'   ' 

break  €  into  a  number  of  urea  such  that  for  each  arc  y  ia  a  one- 
valued  function  of  x.  Along  the  lower  arc  AB  of  Fig.  2  let 
y  =  y^,  along  the  upper  arc  let  y  =  y^.  Along  the  lower  arcs  CD, 
EF  let  y  =  y^,  and  along  the  upper  arcs  let  y  =  y^.    Thus 

CFdx=  rF(x,y^)dx 
+ j^  V(^,  y^^dz 
+£'FCx,y^ydx 

+ jf'V(r.  y^}dx 
Hence 

-f/'i'  =  jT'c-p.  -  f i)<;.f  +  jf  K^i  -  -f,) + (^.  -  f .)  I  lii  +  ■  ■  ■ 

Jv 
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as  in  2).     Thus  2),  4)  give 

C^dxdy  =  -   fFdx,  (5 

In  the  same  way  if  O  denotes  the  projection  of  %  on  the  y-axis  and 
B  a  section  of  9  parallel  to  the  a;-axis,  we  have 


i%''''^J?'l 


—    ax 
dx 


On  the  other  hand,  taking  account  of  the  positive  direction  of  S 

Hence  from  6),  7)  we  have 

C 1^  dxdy  =  r  Gdy.  (8 

J%    ox  Jq 

On  subtracting  6)  and  8)  we  get  1). 

2.   As  a  physical  application  of  Stokes'  theorem  let  us  return  to 

our  line  integral  ..^ 

W=       (Xdx-^Ydy^  (9 

which  expresses  the  work  done  by  a  unit  mass  moving  from  a  to 
6  along  some  curve  (7  in  a  field  of  force  g  whose  components  are 
-3r,  Y  as  explained  in  77. 

We  saw  that  when  g  has  a  one-valued  potential  F(ar,  y)  whose 
first  partial  derivatives  are  continuous  in  some  connex  9,  the  value 
of  W  is  the  same  for  all  curves  (7  in  3[  leading  from  a  to  6.  This 
condition  is  sufficient  to  make  the  value  of  W  independent  of  the 
path  (7. 

In  this  case  ^         dV  ^^         ^V  ^^^ 

ox  Olf 

If  X,  T  have  continuous  first  partial  derivatives,  Stokes'  theorem 
shows  that  if  (7^  C,  are  two  paths  leading  from  a  to  (  and  St  the 
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connex  they  bouad,  the  work  done  in  running  over  the  boundary 
(g  =  (7,  +  Cj-i  of  «  is 

W=  f(Xdx  +  Ydj,)  =  f-  f 


CfBX      dY\,, 


(11 


Now  from  10) 


dy        dx 


dxdy 


Thus  11)  gives 


W 


-f-f' 


0, 


or  the  work  performed  along  C\  is  the  same  as  the  work  done 
along  ^2,  as  it  should  be.     This  gives  us  nothing  new. 

But  let  us  reverse  our  reasoning.  Let  us  suppose  that  X^  Y 
have  continuous  one-valued  first  partial  derivatives  in  a  certain 
connex  9.  We  ask  what  condition  must  X^  Y  satisfy  in  order 
that  TTis  independent  of  the  path  (7? 

The  answer  is  that 

must  hold  at  each  point  of  9.  For  suppose  it  did  not  hold  at  a 
point  c^  in  Fig.  3.     Then  within  some  domain  2)  about  c, 

dy        dx  * 

being  a  continuous  function  of  x^  y,  must 
have  one  sign,  by  69,  7.  Let  7  be  a  circle 
with  center  c  and  lying  in  D.  Then  by 
Stokes*  theorem 


i<^'"+"j')-i(f-S"»' 


Fio.  3. 


where  T  is  the  region  bounded  by  7. 

Now  the  right  side  cannot  =  0  since  the  integrand  has  one  sign 
in  r.     Thus  the  work  done  in  going  around  7  is  not  0,  or 


W^^O. 


(18 
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Let  us  now  go  from  a  to  J  along  opposite  sides  7^,  7^  of  7.     Sup- 
pose the  work 

for  these  two  paths  (7^,  C^  were  the  same.     Then 

W,,..  =  0. 

C^C^^  =  a«7i '  /3b  •  b/3  '  y^^aa. 
Also 

which  contradicts  13). 

which  contradicts  13). 

Stated  in  mathematical  language  these  considerations  give : 

Let  F^  Q-  he  one-valued  function%  having  continuous  first  partial 
derivatives  in  the  connex  9.     In  order  that  the  value  of 


f. 


(Fdx  +  6?dfy) 


shall  be  the  same  for  all  paths  in  9  leading  from  a  to  b^  it  is 
necessary  and  sufficient  that 

^=^ina.  (14 

dy       dx 


.  I 


CHAPTER  VI 

DIFFSRSNTIATION  AND  INTBORATION 

81.  Rtettm6.  Before  going  further,  let  us  take  a  look  back  and 
see  what  we  have  accomplished  so  far.  In  Chapter  I  we  have 
established  the  arithmetic  of  complex  numbers.  It  is  thus  pos- 
sible at  this  point  to  define  algebraic  functions  of  a  complex 
variable  2,  since  the  definition  involves  only  rational  operations. 
The  reader  will  recall  that  a  rational  function  of  2  is  defined  by  an 
expression  of  the  type 

JZ(2)  =  ^Q-|-^ig+  •"  -^^^^^^  m,  n  positive  integers, 

which  obviously  involves  only  rational  operations.  An  algebraic 
function  w  oi  z  was  defined  by  an  equation  of  the  type 

vf  +  ifjW""^  +  •••  +  Rn-i  w'  -H  if,  =  0, 

where  the  coefficients  are  rational  functions  of  z.     Thus  the  defi- 
nition also  only  involves  the  rational  operations  of  addition,  sub- 
traction, multiplication,  and  division  on  the  variable  sr. 
The  transcendental  functions 

^,      sin  2,    log 2,    sinh  Zy    arc  sin  2  •-*  (1 

cannot  be  defined  in  this  simple  manner.  The  definitions  we  have 
chosen  as  the  most  direct  and  simple  employ  infinite  series.  We 
have  therefore  developed  the  subject  of  series.  Now  the  conver* 
gence  of  a  given  series  A  whose  terms  are  any  real  or  complex 
numbers  is  of  prime  importance  because  divergent  series  are  not 
employed  in  elementary  mathematics.  To  test  the  convergence  of 
A  we  pass  to  the  adjoint  series  9  when  possible,  because  the  terms 
of  St  are  real  and  positive.  Thus  we  are  led  to  consider  first  the 
theory  of  series  whose  terms  are  real,  and  especially  those  which 

les 
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are  positive.  This  we  did  in  Chapter  II.  In  the  next  chapter  we 
studied  series  whose  terms  are  complex,  and  in  particular  the 
important  subject  of  power  series. 

Having  developed  the  theory  of  infinite  series  as  much  as  need- 
ful we  were  in  position  to  study  in  Chapter  IV  the  elementary 
transcendental  functions  1).  At  the  same  time  we  took  a  brief 
survey  of  the  algebraic  functions. 

The  next  topic  in  order  would  be  the  calculv^  of  these  functions, 
that  is,  we  should  learn  to  differentiate  and  integrate  these  func- 
tions just  as  is  done  for  a  real  variable  x.  In  order  to  treat  this 
subject  clearly  we  have  inserted  a  chapter,  the  foregoing  one, 
whose  object  is  to  furbish  up  the  reader's  knowledge  of  the  cal- 
culus and  to  emphasize  certain  points  of  theory  which  are  usually 
passed  over  hurriedly  in  a  first  course.  We  also  developed  the 
notion  of  a  curvilinear  integral  which  is  the  foundation  of  the 
following  chapters. 

These  matters  having  been  looked  after,  we  are  now  in  a  posi- 
tion to  take  up  the  differentiation  and  integration  of  functions  of 
a  complex  variable  z.  But  first  let  us  define  more  explicitly  a 
function  of  z. 


^.  Definition  ola  Function  otz.  1.  We  have  already  defined  a 
number-ef  iunetions  of  the  complex  variable  z^  viz. :  the  algebraic 
functions,  e\  sin  2,  log  2,  etc.  These  we  called  the  elementary  func- 
tions.   From  these  we  can  form  more  complicated  functions  of  2;  as 

w  =  — — —-  -h  sm  «V1  -h  2r. 

1  —  2* 

All  such  expressions  will  be  called  functions  of  z  just  as  they 
would  be  in  the  calculus  if  z  were  replaced  by  the  real  variable  x. 
Any  such  relation  establishes  a  relation  between  z  and  w  as 
follows.  For  each  value  of  z  which  belongs  to  a  set  of  points  81 
in  the  z-plane,  one  or  more  values  are  assigned  to  w.  We  now 
generalize  as  in  66  in  this  manner.  Let  St  be  a  point  set  in  the  «- 
plane.  Let  a  law  be  given  which  assigns  to  the  variable  w  one  or 
more  values  for  each  value  of  z  in  9.  Then  we  say  wis  2k  function 
of  z  in  %.  If  w  has  but  one  value  for  each  2  in  SI,  fi'  is  a  one-valued 
function  in  SI9  otherwise  many-valued. 
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For  example,  the  relation  

W= : (1 

Sill  Z 

assigns  to  w  two  values  for  each  z  not  among 

0,   ±7r,   ±  2  7r,  •••  (2 

except  at  «  =  ±  1,  where  w  has  but  a  single  value,  w  =  0.  Thus  w 
is  a  two-valued  function  in  the  point  set  9  which  embraces  the 
whole  z-pleLue  excluding  the  points  2). 

The  branch  points  of  this  function  are  2  =  ±  1,  that  is,  when  z 
describes  a  circuit  about  one  of  these  two  points,  the  two  values  of 
w  permute.  By  means  of  this  two- valued  function  we  can  deftne 
a  one-valued  function  of  z.  In  fact  let  55  be  an  acyclic  part  of  2[ 
relative  to  the  points  2  =  -f  1,  and  «  =  —  1.  For  example,  let  55 
denote  the  points  of  2[  which  lie  to  the  right  of  the  parallel  to  the 
y-axis,  a;  =  1.     At  the  point  z  =  2^  w  has  two  values 

V3"       ^    -V3 
— —   and 


sin  z  sin  z 

Each  of  these  may  be  used  to  define  a  branch  of  1)  and  this 
branch  is  a  one- valued  function  of  z  in  55.  If  instead  of  55  we  take 
a  cyclic  set  (E  relative  to  -h  1  or  —  1,  the  function  of  z  just  defined, 
which  is  one-valued  in  55,  is  two-valued  in  6. 

Thus  a  function  which  is  one-valued  relative  to  one  domain 
may  be  many-valued  in  some  other.  Conversely  by  taking  on  a 
part  55  of  the  domain  of  definition  SI  of  a  many-valued  function 
we  may  employ  one  of  its  branches  to  define  a  one-valued  function 
of  z  relative  to  55. 

2.  It  is  important  to  remember  that  the  functions  we  deal  witli 
in  the  following  are  one-valued  in  the  domain  SI  under  considera- 
tion unless  the  contrary  is  stated,  or  unless  it  is  obvious  from  the 
matter  in  hand. 

We  make  also  another  limitation.  The  domain  for  which  a 
given  function  to  is  defined  will  always  be  a  region  [70,  l],  unless 
the  contrary  is  stated. 

For  example,  the  domain  of  definition  9  of  the  function  1)  is  a 
region.  For  «  =  a  being  any  point  of  Jl  we  may  obviously  describe 
a  circle  c  about  a  such  that  all  points  within  c  belong  to  9.     The 
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reader  will  also  note  that  the  domain  of  definition  of  all  the  ele- 
mentary functions  defined  in  Chapter  IV  are  regions. 
For  example,  the  domain  of 

w  =  log  z 

is  the  point  se^t  %  formed  of  the  whole  is-plane  excluding  the  origin 
2  35  0.  This  function  is  infinite-valued  in  SI ;  but  any  one  of  its 
branches  is  a  one-valued  function  in  a  connex  acyclic  relative  to 
«  =  0. 

As  another  example,  the  domain  of  definition  of 

sin  z 


w  =  tan  z  = 


cos  2; 


is  a  set  St  embracing  the  whole  z-plane  excluding  the   points 


IT 


u 


o 


z^x^iy  . 


w»u^w 


~  -h  WITT.     Obviously,  2[  is  a  region. 

3.  Let  t<^  be  a  function  of  z  defined  over  some  point  set  fC     To 
each  point  z  =  x-^-iy  \n%iW  will  have  one  or  more  values, 

tcf  =  u  +  ivn  (3 

The  values  of  u,  v  will  depend  on  the  position  of  z  in  9,  that  is,  on 
the  values  of  a;,  y.  Thus  u,  v  are  real  functions  of  the  two  real 
independent  variables  2;, 
y.    If  w  is  one-valued,  ^ 

so  are  u  and  v. 
Conversely,  let 

uix,  y)     ,     v{x,  y) 

be  two  real  functions  of 

the  real  variables  a;,  y  defined  over  some  domain  9.    If  we  set 

2  =  2:  +  tyi  (4 

then  to  each  point  2;,  y  of  9  will  correspond  a  value  of  z.  By 
means  of  3)  we  can  now  define  a  function  tc^  of  2  by  stating  that  at 
the  point  z^  w  shall  have  the  value  3)  when  u  and  v  are  given  the 
values  that  they  have  at  the  point  x,  y  corresponding  to  this  value 
of  i?  as  defined  in  4). 

Example  1.   Let 


x 


V 


u^e'  cos  y    ,     v  =  e*  sin  y. 


(5 
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To  a  given  value  oiz^  correspond  a  pair  of  values  x^  y  determined 

by  4).     For  these  values  of  z^  y,  the  relations  5)  define  the  values 

of  u,  V.     These  put  in  3)  determine  the  value  to  has   for  this 

value  of  z.     Thus 

to  ^  e*  cos  y  +  le'sm  y 

is  a  function  of  z.  It  happens  to  be  the  exponential  function  «* 
[64,  5)]. 

ExampU2.    Let    ^^^  +  ^2    ,     t;=-2xy. 

Then  we  must  consider  from  the  foregoing  definition 

i<;  =s  (a?  +  y  ^  —  t  •  2  ary 
as  a  function  of  z. 

4.  Imogen.     Let  n>^f(z)  (6 

be  a  function  of  z  defined  over  a  point  set  St.  When  z  ranges 
over  9,  to  will  range  over  some  point  set,  call  it  ^^  in  the  t<^-plane. 
It  is  convenient  to  call  9  the  image  of  St  afforded  by  6).     We 

^"^  JB  ^  a. 

This  we  may  read :  9  is  the  image  of  9,  or  ^  corresponds  to  St. 

The  relation  6)  establishes  thus  a  relation  between  the  points 
of  %  and  !6.  If  /  is  a  one-valued  function  in  SI,  to  a  point  z^a 
in  St  will  correspond  but  one  point  to^h  m  ^.  If  /  is  on  the 
other  hand  a  many-valued  function  in  SI,  to  z^a  will  correspond 
more  than  one  point  in  55,  as  h\  6",  6'"  •••.  If  6^*"^  is  one  of  these 
points,  we  may  write  j(,„)  ^  ^ 

which  we  read :  ¥^^  corresponds  to  a. 

When  to  each  point  a  in  St,  there  corresponds  but  one  point  h 
in  !6,  and  to  each  i  in  S  but  one  a  in  9,  we  say  the  correspond- 
ence between  9  and  SB  is  one  to  one  or  unipunctual.     This  we  may 

^"^  »-«    ,     unipunctually. 

ffg,  yjmiffi,  f^M»Hint^j|j^  1.  Let  f<F  be  a  one- valued  function  of 
z  defined  about  z  =  a.  Suppose  as  a;  =  a,  that  the  values  of  w 
converge  to  some  value  I.     We  say  I  is  the  limit  of  to  lot  z^a 

and  write  \{^tv^l     ;     orf^  =  Za8^  =  a.  (1 
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\ 


2r  plane 


tr  plane 


Geometrically  this  means  that  having  described  an  €  circle 
about  the  point  I  in  the  t<^-plane  there  exists  a  S  >  0  such  that 
when  z  is  restricted  to  lie  in 
a  S  circle  about  z  =  a,  the 
center  excluded,  the  corre- 
sponding values  of  w  fall  in 
the  €  circle. 

Expressed  in  €  language  the 
relation  1)  means  that  for  each 


€  >  0,  there  exists  some  S  >  0  such  th^ 


\w  —  l\<€    for  all  0  <  I  2  —  a  I  <  S. 


(2 


The  reader  will  note  the  perfect  analogy  of  this  definition  with 

the  definition  of  a  limit  given  in  Chapter  V  where  the  variables 

are  real.     From  this  follows  that  the' ordinary  properties  of  limits 

employed  in  the  calculus  will  also  hold  here. 

Thus  if 

/(2)  =  r    ,    9iz)^9    as2J  =  a, 

^^^"^  lim(/+^)  =  r  +  i», 


i-a 


lim/»^  =  r  •  «. 


If  15^(2)1  ^  some  7  >  0  near  a  =s  a, 
etc. 


9 


2.  Suppose  we  write 

where  u,  v  are  one- valued  functions  of  2;,  y  about  the  point  a,  /9. 
Obviously  if 

2AXyy  converges  to  the  point  a,  /9,  then 

w  =  \  -h  *M  =  i        as  2  =  a. 
Conversely  if  ^  ^  ^        ^  ^  ^  ^ 

necessarily  3)  holds. 
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3.  Continuity.  Let  z  describe  a  continuous  patli  P  in  the 
z-plane ;  if  the  corresponding  values  of  w  define  a  continuous  curve 
in  the  ti^-plane,  we  say  w  is  continuous. 

To  obtain  an  analytic  formulation  of  this  we  have  only  to  repeat 
the  considerations  of  69,  with  slight  modifications.  This  leads  us 
to  define  as  follows  : 

Let  t<^  be  a  one-valued  function  of  z  defined  about  the  point 
z  =s  a.     Let  w  have  the  value  a  at  2  =  a.     If 

lim  w  =:  Oy 

we  say  w  is  eantiniLoiis  at  a.     If  w  is  continuous  at  each  point  of 
some  domain  9,  we  say  w  is  continuous  in  SI. 

4.  As  in  2,  let  t(^  =  u  +  iv.  The  same  considerations  show  that 
for  w  to  be  continuous  at  2;  =  a  =  a  +  t)3  it  is  necessary  and  suffi- 
cient that  u(a^  y),  v(x^  y)  be  continuous  at  the  point  a,  j3. 

5.  If  w  is  cotitinuous  and  :^  0  at  2  =  a,  f<F  is  :^  0  in  some  circle 
c  described  about  a. 

For  let  w  =  a  fit  z  =  a.  Then  for  eacli  e  >  0  there  exists  a  c 
such  that 

I  w  (2)  —  a  I  <  €         for  any  z  in  c, 

or  what  is  the  same, 

a  —  €  <  1^(2)  <«-!-€.  (1 

If  we  take  e  such  that  e  <\a\  =  R,  this  relation  shows  that 

^C^)|^^         where  1;  =  |a|  —  €>0  (2 


for  all  z  in  c. 

6.  If  t<^  is  continuous  at  2  =  a, 

I  w  (2)  I  <  some  G  (3 

for  any  z  in  some  circle  c  about  a. 
This  follows  at  once  from  1). 

7.  The   inequalities  1),  2)  may   be  extended  to  any  connex 
(S  as  follows : 

If  w  is  continuous  and  ^  0  in  the  connex  (S,  the  numerical  value 
of  w  never  sinks  below  some  positive  constant  17  in  (S,  or 

|wW|>i7>0        in  6.  (4 


I 

I 

I 
i 

t 

I 
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For  suppose  t<^  =  0  as  ;;  ranges  over  a  set  of  points  a|,  Oj  •••  in  (£ 
which  converge  to  a.     In  symbols  suppose 

lim  fi^Can)  =  0.  (6 

flsoo 

Now  w  being  continuous, 

w(a)  =s  lim  tt'Ca^). 


flsoo 


Thus  fi'  =  0  at  2  =  a  by  5),  and  this  contradicts  the  hypothesis 
that  w^O  in  (i. 

8.    If  fi'  is  continuous  in  the  connex  (S, 

|«^(«)|  <  some  G    ,     in  (£.  (6 

For  if  not,  suppose  |i^(2)|  =  +  oo  as  2  ranges  over  some  set  of 
points  a^j  a,  •••  in  S  which  =  a.  But  w  being  continuous  at  a;  s  a, 
the  relation  3)  holds  in  c.     But  then 


lim  |t£;(a„)  I  cannot  be  +  oo. 

flsoe 

Thus  if  6)  does  not  hold,  we  are  led  to  a  contradiction. 

Differentiation 

84.  1.  Let  f£^  be  a  one-valued  function  about  the  point  2  =  a. 
When  the  independent  variable  z  passes  from  z^a  to  ^sd  +  A, 
that  is,  when  z  receives  an  increment  A  s  Az,  the  function 
w(z^  receives  an  increment 

Aw  =  w(^a  +  A)  —  w(a). 

The  quotient  ^  ^  w(a-^  h)-^w(a)  .- 

Az  A  ^ 

is  called  the  difference  quotient  as  in  the  calculus.     If 

lira  «^(^  +  A)  -  u(^a)  ^2 

A=0  A 

exists,  we  say  w  has  a  differential  coefficient  at  2  =  a,  whose  value 
!      is  the  limit  2).     It  is  denoted  by  w^(jol).     If  the  limit  2)  exists 
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for  each  point  2  of  a  region  9,  it  defines  a  function  of  z  denoted  by 

—  or  by  w\z) 

and  called  the  derivative  of  w{z).     The  value  of  u/(jt)  at/i 
is  of  course  «/(a).  L     ^    , 

2.  The  reader  will  note  that  this  definition  of  the  differ0i|tial 
coefficient  uf{a)  is  entirely  analogous  to  the  definition  when  £h)ei-^^ 
variable  is  real,  given  in  72.  The  only  difference  lies  in  the  fact 
that  in  the  calculus,  A  is  restricted  to  move  on  an  axis  about  the 
point  A  s  0,  while  in  2)  A  is  any  complex  number  ^  0,  in  some 
circle  about  the  point  A  s  0. 

3.  Let  us  note  that  if  w  has  a  differential  coefficient  at  2;  s  a,  t<^ 
must  be  continuous  at  a. 

For  by  hypothesis  the  limit  2)  exists  and  is  finite.     As  the 
denominator  A  s  0,  the  numerator  must  also  s  0.     But  then 

w{a  -I-  A)  =  wia)^ 

which  is  the  definition  of  continuity,  83,  3. 

4.  By  reasoning  exactly  as  in  the  calculus  we  can  show  that 

^^=^=/'(2)  +  /(2),  (3 

^=/y+af,  (4 

hold  under  the  same  conditions  as  when  the  variable  is  real.     To 
illustrate  this  let  us  show  that  5)  hold^  in  any  region  %  in  which 

For  let  us  set  A  =s  Asr, 

w=^^     ,     ^  =  5^(2  + A). 

A2        gg^        g^    g  g^' 
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If  A^  is  taken  so  small  at  a  given  point  z  that  2  +  A  lies  in  Sd  g 
is  »^  0.     Next  we  note  that 

lim  g  =  lim  g(z  +  A)  =  g{z\ 

since  g  is  continuous  by  3.     Passing  now  to  the  limit  A^  ss  0  in 
6),  we  get  5). 

5.    By  the  aid  of  the  foregoing  we  can  find  the  derivative  of  a 
rational  integral  function 

For  as  in  the  calculus  we  show  that 

dz 
Thus  by  8), 


=  712*"^. 


^  =  aj  -h  2  flj^  -h  •••  +  ma^z'^'^ 

(JLZ 

Also  the  derivative  of  a  rational  function 

jj,  ^  flp  4- flig -I-  •  •  -t-amg**^/ 

*o  + V+  •••  +M"    g 

can  be  found  by  5). 

6.   Let  us  prove  here  a  theorem  we  shall  need  later. 

rf  T(r  —/( g)  ftrtff  (TjfrgrrrTrtfffy  coefficient  f  QCXji".  Q  at  x^  a^  there 
exJMtM  fl  g  >  Q  ft^ich  thai  AuT'-diaii^  not  vanish  when  z^a-^iiz  is 
}dto  DJ(a). 


For  as  ,.     ^iv     4^1  r  \  4. 

lim  — -  =/^(a)     ,     at  2  as  a, 

we  have  ^^^  {/(«)  +  €'{  A2  (7 

where  |  c'  |  <  e  if  only  0  <  |  A2  |  <  some  S. 
If  now  we  take  0  <  e  <  |/'(a)  | 

we  see  that  f(ji)  +  ^  cannot  vanish  when  0  <  |  A2  |  <  S.     Thus 
^w  cannot  vanish  under  this  restriction,  as  7)  shows. 

85.  The  Derlyatiye  of  a  Power  Series.    1.  Let  the  power  series 

P(z)z=zaQ  +  a^z  -h  a^  +  ...  (1 
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have  C  as  a  circle  of  convergence.     We  show  that  P  has  a  deriva- 
tive within  C,  viz.  : 

P'(2)=rai+2a^  +  3a8a«+  ...  (2 

For  by  43,  6)  ^ 

P(^  +  A)  =  P(2^)-hAPi(2)-hlA«P2(2)  +  -.  (3 

where  Pj  =  a^  +  2  Oj^  +  3  a8««+  ...  (4 

which  is  the  series  on  the  right  side  of  2).     As  2  is  an  arbitrary 
but  fixed  point,  let  us  write  3) 

P(2+A)  =  6^  +  JjA  +  6jA«-|-  ...  (5 

This  converges  absolutely  as  long  as  the  point  2;  +  A  lies  within  (S, 

that  is  as  long:  ^  1  l  1  ^  ^ 

1;  =s  I A I  <  some  0. 

The  adjoint  of  5)  is 
and  as  this  converges  for  1;  =  S, 

is  convergent.     Hence 

Q^/Sa  +  ySjS+yS^a^^  ...  (6 

is  convergent. 

From  3)  and  6)  we  have 

^=  / ^^^  =  Pi(2)  +  Ai6j  +  63A+  ...{ 

^P,(iz)  +  hQ.  (7 

Now  each  term  of    ^  =  6^  + 63A  + 6,A«+ ... 

is  numerically  <.  the  corresponding  term  of  the  series  6)  when 
|A|<S.     Thus  I  <?|<Q,  a  constant. 

Hence  hQ  =  0  as  A  =  0.     Hence,  passing  to  the  limit  A  s  0  in  7), 
we  get  2).     We  have  thus  this  result : 

The  function  of  z  defined  hy  a  power  9erie9  1)  Aa«  a  derivative 
within  its  circle  of  convergence^  which  is  obtained  by  differentiating 
1)  term  by  term. 
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2.  Let  us  show  that : 

Hie  derivative  series  2)  has  the  same  circle  of  convergence  d  as 
the  series  1). 

For  let  z  be  any  point  within  (S ;  let  ^  be  any  point  within  S 

such  that  y, 

|<1.  (8 

Since  1)  is  convergent  at  &, 

ojS*  <  some  M       n  =  0, 1,  2  ••• 

by  80,  8.     Let  us  now  look  at  the  adjoint  of  2) ;  it  is 

«i+2aa?+3a3?3^...  (9 

Its  mth  term  is  om/y^m-i        %rfy\ m-\ 

"«■£-• -=^(D<=f(D' 

Thus  each  term  of  9)  is  <  the  corresponding  term  of  the  series 

This  last  series  is  convergent  by  21,  Ex.  1  by  virtue  of  8).    Hence 
9)  is  convergent  and  hence  2)  is  absolutely  convergent. 

The  series  2)  cannot  converge  for  any  z  without  (S.     For  then 
9)  would  converge  for  some  (T  >  the  radius  of  S.     Thus 

ao-|-ai?+2oa?3  +  3a8(r*+  ... 
is  convergent  for  this  value  of  f.     Hence  a  fortiori 


... 


is  convergent,  and  thus  1)  converges  at  a  point  without  (S,  which 
is  impossible. 

8.  Since  .     1  ,   ^j    ,  2*  , 

«*=1H h h  ••• 

z       7^      7/* 
sin  «  = H ••• 

1!     3!     5! 
cos2=s  1 H •• 
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etc.,  we  have,  differentiating  these  series  termwise, 

—  =s  1  4- -I-  . . .  =s  g« 

dz  1 :     2  ! 


dz 


.a 


=s  1 1 ...  =  COS  z, 

2!     4! 


/ 


daoBz  z    ,  sfi 

= •  •  •  =  —  sin  z. 

dz  1!^3! 

Similarly      j.^iuhz  ,  rf-cosh^       .  , 

-  ss  cosn  z    ,     r =  Sinn  z. 


dz 


dz 


86.  The  Cauchy-Riemann  Equations.  1.  In  the  foregoing  article 
we  have  been  able  to  find  the  derivatives  of  ^,  sinz,  sinh^*** 
because  these  functions  are  defined  by  means  of  power  series. 
In  other  cases  the  following  theorem  is  of  great  service  ;  it  also 
has  a  deeper  significance  from  a  theoretical  point  of  view. 

Jjft  w  =  u  -h  iv  be  a  one-valued  function  of  z  =x  +  ijf  in  the 
domain  SI.  Let  li,  v  considered  as  functions  of  the  real  variables  x,  y 
have  continvmis  first  partial  derivatives  which  satitfy 


du^dv 
dx      By 


&u 
dy 


dv 
dx 


in  St.     2%en  w  has  a  derivative  in  9  and 


For 


dw _5m       .dv  _^dv      Idu 
dz      dx        dx     dy     i  dy 

Aw     Au  ,   •Av 

=s  -    ■  ■  -f-  t • 

Az      A2        As 


(1 


(2 


d^  dy 


where 


a 


Av  =  —  Ai:  H Ay  -H  7Aa;  +  SAy, 

dx  dy 


/9 


S I         are  all  <  - 

4 


(3 


(4 
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if  0  <  I A2  I  <  some  1;.     Thus,  using  1), 

T^  ( Aa:  -h  lAy )  -ft  —  ( Aa:  -|-  tAy ) 
At<^       aa:  da:  , 

As  Aa:  +  i^y 

=  —+/  —  +€',  (6 

dx         ax 

where  ,  _  «Aa:  -h  /3Ay  -H  i(^yAx  4-  8Ay) 

'      Az 

I  Aa:  I     ,     I  Ay  I     are     <^  |  A2;  { ; 

^«"''«  |e'|<|«l  +  |)9|  +  |7|  +  |S|<e. 

This  says  that  ^^^     ^^    ^^^ 

Hence,  passing  to  the  limit  A2  =  0  in  5),  we  get  2). 

2.  The  equations  1)  play  a  very  important  part  in  the  theory 
of  functions.     They  are  called  the  Cauchy-Riemann  equations. 
From  5)  we  have,  on  using  2), 

Am^=  lw'(«)  +  €'{Az,  (6 

where  e'  =  0  with  Az. 

For  later  use  we  note  here  an  important  property  of  ^ : 

Let  w(z)  he  one- valued  about  each  point  of  a  connex  (S,  and  let 
«/(«)  he  continuous  in  S.  Then  e'  =  0  uniformly  in  6;  that  XM^for 
each  €  >  0,  there  exists  a  S  >  0  such  that 

I  e'  I  <  e        provided  0  <  |  A2  |  <  S ; 

moreover  the  same  S  holds  wherever  z  is  taken  in  (S. 

For  by  73,  6,  «,  /9,  7,  S  =  0  uniformly  in  £. 

87.  Derivatives  of  the  Elementary  Functions.    1.  Let  us  apply 

the  theorem  of  86,  l  to  find  the  derivatives  of  the   elementary 
transcendental  functions.     We  have 


so  that  here 


w  =  e'=s  ^(cos  y  +  f  sin  y) 


u  =  e'  cos  y        v  =  e*  sin  y. 

We  have  at  once  ^^  ^^ 

—  =  e*cosy  =  — , 
dx  dy 

du  .   .  dv 

—  =  —  ^  sm  y  = • 

dy  dx 
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As  these  are  continuous  functions  of  a;,  y  in  the  whole  x^  y  plane, 

the  Cauchy-Riemann  conditions  are  satisfied.     We  have,  therefore, 

by  86,  2)  , 

-^  =  —  -\-i  —  =  e'  cos  y  +  te*  sm  y 
dz      dx        ax 

=  «'(cos  y  +  i  sin  y) 

=  e'.  (1 

This  result  agrees  with  that  already  found  in  85,  3  by  another 
method.  The  method  just  employed  may  be  used  to  prove  the 
more  general  relation 

-^  =  a<-.  (2 

2.  Similarly,  we  can  show  that 

=  cos«.  (o 

dz 

for  •    X     .   •  N 

_   w  =  sinz  =  sin  (x  +  «y) 

=  sin  X  cosh  y  +  i  cos  x  sinh  y,  by  58,  13) 

Here  a„  5„ 

—  =  cos  a;  cosh  y  =  -  -, 
dz  ^      5y 

—  =  sin  X  smh  y  = • 

dy  da; 

These  derivatives  are  continuous  and  satisfy  the  Cauchy-Riemann 
equations  86,  1).     Hence 

d  •  sin  z  V  •  •         •  u 

— =  cos  X  cosh  y  —  t  sm  a:  smh  y 

dz 

=  cos  2,  by  58,  14), 
which  is  3). 

Another  way  to  establish  3)  is  to  start  from 

s\nz  =  —  _-- — , 
2i 

which  we  derived  in  58,  8).     Then  by  2), 

d  •  sin  z     ie**  +  ie'**     e^'  -\-  e"^ 

; = i-. = t: =  cos  z 

dz  2i  2 

by  58,  7). 
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8.  Let  us  now  show  that 

d  •  loff  z     1  ^A 

taking  one  of  the  branches  of  log  2,  say 

log  2  =s  log  r  4-  «0  -H  2  rmri. 

^^^^^  w  =  logr     ,     v  =  0+2i»7r, 

where 

r  =  V?^fy^    ,     0=sarctg«^« 

X 

Now  at  any  point  different  from  the  origin 

dx      dr     dx     r     r      r^     dy^ 

du  _du     5r  _  1     y  _  ^  _  __  5^' 
by     dr      dy     r      r      7^         dx 

Thus  the  Cauchy-Riemann  conditions  are  satisfied,  and 

d  '  log  z  _du      •  ^v  _  2:  __  .  y 
djj  dx        dx      r^        f^ 

=  -  (cos  0  —  i  sin  0) 

_l 

Z 

which  is  4). 

4.  In  a  similar  manner  we  find  : 

d  '  arc  sin  z  _       1  d  arctg  z  _     1 

rf3  Vl  —  z^     '  ^^  1  +  «*' 


(5 


d  •  sinh  2          ,              d '  cosh «       .  u  ^^^ 
=3  cosh  z    , =  sinh  z,                   (6 

dz  dz 

In  the  first  equation  of  5)  we  must  choose  the  right  branch  of 
Vl  —  «*  for  the  particular  branch  chosen  for  arc  sin  2,  just  as  in 
the  calculus. 

88.  Inverse  Functions.  1.  Let  «^  be  a  one-valued  function  of  s  in 
the  domain  9.  As  z  ranges  over  9,  let  w  range  over  a  domain  9, 
in  such  a  way  that  to  each  point  w  in  Sd  corresponds  but  a  single 
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point  z  in  9.     Then  the  relation 

w  =f(z)  (1 

may  be  used  to  define  a  one-valued  function  of  tr, 

z^g(w)  (2 

in  the  domain  9.  We  call  this  the  %nver9e  function.  If,  on  the 
other  hand,  to  several  values  of  2  in  9  corresponds  the  same  value 
of  w  in  9,  the  relation  1)  may  be  used  to  define  a  many-valued 
inverse  function. 

We  have  already  had  examples  of  inverse  functions.     Thus 

defines  the  logarithmic  function. 

We  note  that  9  is  the  image  of  9  afforded  by  1).     When  the 
inverse  function  2)  is  one-valued  in  9i 

S'^a,  unipunctually. 

2.  Let  us  now  consider  the  derivative  of  the  one-valued  inverse 
function  2).     We  have  the  theorem  : 

If -J-  is  sjfc  0  in  8,  the  inverse  function  has  a  derivative 
dz 

—  =  —    •    ffl 

dw     dw  *  (8 

dz 

Aw     Aw'  (4 

Az 

provided  Aw^^O.  Now  by  84,  6,  Aw^O^  if  we  take  0<  |  A2|  < 
some  8.     Thus,  passing  to  the  limit  A2=  0  in  4),  we  get  8). 

8.  We  have  already  found  the  derivative  of  log  z  directly  from 
its  analytic  expression     ^^  r +  (<(,  + 2  mrri. 

It  may,  however,  be  found  much  more  easily  from  the  theorem  2 
above.     We  start  from  ^ 

We  have  seen  in  62  that  log  w  is  one- valued  in  any  connected 
region  8,  acyclic  relative  to  the  branch  point  w^O,     While  w 
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ranges  over  93,  let  z  range  over  8.     Since 

dz 
never  vanishes  for  any  value  of  z  by  64,  2,  we  have  at  once  from  3), 

^  =  ^  =  1 
dw      e'      w 

d  '  l()<y  ^>_  1 
div  w 

which  is  the  result  obtained  by  another  method  in  87,  3,  the  letters 
w^  z  being  of  course  interchanged. 

4.  Let  us  find  the  derivative  of  the  arc  sin  function  considered 

as  the  inverse  of 

w  =  sin  z. 

We  saw,  64,  3,  that  the  branch  points  of 

2  =  arc  sin  w 
are  ^  i 

Thus  in  any  connected  region  53  in  the  u^-plane,  which  is  acyclic 
relative  to  botli  of  these  points,  any  branch  of  the  arc  sin  function, 
call  it  z^  is  a  one-valued  function  of  w.  While  w  ranges  over  9, 
let  z  describe  the  set  31.     Then  in  9 

dw 

=  cos  2 
dz 

does  not  vanish.     For  cos2  vanishes  onlv  for 

But  for  these  points  w=  ±\^  and  these  points  are  by  hypothesis 

excluded  from  the  region  53. 

Thus  all  the  conditions  of  the  theorem  in  2  are  satisfied.     We 

have  therefore      ,  .  j         i  -i 

d  •  arc  sin  w      dz        \  1 


dw  die      dw      cos  2 

Iz 
1 


(5 

VI -?t.^ 
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where  tbe  radical  must  have  the  sign  of  cos  s  at 
the  puint  z  which  corresponds  to  tbe  value  of  w 
in  question. 

5.  In  tbe  calculus  we  have 
d  arc  sin  a;  1 


dx  VI -r* 

As  the  radical  U  two-valued,  the  sign  to  be  taken 
depends  on  the  branch  of  tbe  function  we  employ. 
Thus  if  we  take  tbe  branch  which  passes  through 
A  in  tbe  figure,  we  must  take  tbe  +  sign.  If  we 
take  the  branch  which  passes  through  B,  tbe  figure  shows  that  we 
must  take  the  —  sign. 

89.  Function  of  a  Function.     1.   Let  us  now  extend  tbe  familiar 

relation  ,        ,        , 

die  _  aw     at 

dt~~dz      dt 

for  complex  values,  under  certain  restrictions. 

Let  z  be  a  function  of  (  in  some  domain  %.     When  t  ranges 

over  I  let  z  range  over  a  domain  ,3  in  the  z-plane.     Let  w  be  a 

function  of  z  in  ^.     Then  w  may  be  considered  as  a  function  of 

the  variable  t  in  I. 

Example  1.    Let  -    , 

'  z  =  sin  (     ,     w  =  e', 

While  (  ranges  over  tbe  whole  (-pliine  I.  z  ranges  over  the  whole 
zplane  ^.     Thus  .,„, 

is.  a  function  of  t'\a%.  \ 

Example  2.     Let  _    /..  _  ^ 

taking  that  branch  which  corresponds  to  z=  + 1 
for  t=  0,  Then  z  is  a  oue-valued  function  in 
any  connected  region  X,  which,  as  in  the  figure, 
is  acyclic  relative  to  the  branch  points  ( =  ±  1 
of  the  radical.  When  t  ranges  over  X,  let  z 
range  over  3-    Let 

w  =  logz. 
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taking  that  branch  which  =  0  for  z  =  l.    Then  u^  is  a  one-valued 

function  of  z  in  A.     Hence  ,       /= — :^ 

^  w  =  log  VI  —  fi 

is  a  one-valued  function  of  t  in  £. 

2.  We  now  prove  the  following  theorem : 

Let  z  have  the  derivative  ---  in  I,  and  w  the  derivative  — -  in  3- 

dt  dz 

If  —  does  not  vanish  in  X,  then 
dt 


For 


dw     dw  dz  .  rf                                      /"I 

dt      dz  dt  ^ 

At^_Attj  Az  ,Q 

At"  Az  '  At'  ^ 


provided  Az^^O.     But  by  84,  6,  this  condition  is  satisfied  if  we 
^^®  0<  lA^I  <  some  S>0 


since  by  hypothesis  -j-'^O  in  X.     Let  now  A^  ^  0,  at  the  same 

dt 

time  Aw  »  0.     Thus,  passing  to  the  limit  At  s  0  in  2),  we  get  1). 

3.  We  may  use  the  relation  1)  to  calculate  the  derivative  of 
complicated  expressions,  just  as  we  do  in  the  calculus.     Thus,  let 

We  set 

w  =  e"^     ,     u  =  sin  2. 

Then  ,  , 

du  dz 

Hence  , 

^  =  e''\cosz  (3 

dz 

for  all  z  for  which  cos  z^O, 

For  these  exceptional  values  of  z  it  is  easy  to  show  directly  from 

—  that  — -  =  0,  so  that  the  relation  3)  holds  even  in  this  case. 
Az  dz 

4.  Let  us  find  the  derivative  of 

w  =  {l+zy,  (4 

where  /l»  is  a  constant.     Then  by  63, 
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Let  us  set 


tt  =  A*  log  (1  +  z) 


w  =^e^. 


The  only  branch  point  of  w  is  z  =—  1.  I^t  then  3  ^  ^^J  con- 
nected acyclic  region  relative  to  this  point.  Let  now  u  denote 
one  of  the  branches  of  fi  log  (1  +  z) ;  it  is  one-valued  in  3*  ^^^ 

dz     1  -hz 
As  this  does  not  »  0  in  3  ^e  have,  from  1), 


(^2  1+Z 


-MCl+a)"-'. 


(6 


5.  We  have  proved  the  important  relation  1)  on  the  hypothesis 

dz 
that  —  is  :^  0.     This  condition  is  imposed  by  the  fact  that  our 

dt 

reasoning  requires  that  Az  cannot  =  0  as  At  =^  0.     In  118,  9  we 

dz 
shall  see  that  the  relation  1)  holds  even  when  —  rs  0,  provided 

dz  .  .  .  * 

-J-  is  a  continuous  function  of  t. 

dt 

8Q.  J^wstlonB-liasdiis-A-SedYatiye.   1.  Let  us  return  to  86  and 
prove  the  important  convert  theoreift*: 

Letf{z)  s  u  +  tV  he  one-valued  in  the  domain  9  and  have  a  deriva- 
V7ti;e  f\z)'     Then  m,  v  satisfy  the  Cauchy-Riemann  equations 


at  each^mnLst^'!^ 

For  at  any  point  z  of  ?l 


du      dv 
dz       dff- 

du 

=s  — 

dv 
Bx 

!  of  a 

Az 

Az 

.Av 

(1 


(2 


Since  /'(z)  exists  at  z  the  left  side  of  1) 
must  converge  to/'(z)  however  z'=z-f  Az 
converges  to  z.  Suppose  we  allow  z'  to 
:;^  z  by  making  it  approach  z  along  a 
parallel  to  the  2?-axis.    As  in  general 

Az  =  Az  +  lAy, 


ZfAz 


z-t-Aa; 
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we  see  here  that  Ay  =  0.     Then  2)  becomes 

A/  __  A/  _  Aw       . Av 
— —  _^  — — ^  _^  — ^—  -^  ^      • 

Az       A2:      Aa;        Aa; 
Passing  to  the  limit,  we  get 

^» = S + ••£■  (" 

Let  us  now  allow  J  ^  z  by  making  it  approach  z  along  a  parallel 

to  the  y-axis.     Then   Aa;  =  0   and  hence  A2  =  tAy.      Thus   2) 

becomes  ^         ^      ^ 

A/  _  A/  _  2  =!!'  4-  =!i 
A2;       t'Ay       I  Ay      Ay 

Passing  to  the  limit,  we  get 

/'(.)  =  l^  +  |iL.  (4 

%dy       by 

Comparing  3),  4)  gives 

6m  .    »hv           .du  ,   dv 
h  t  -  =  —  I 1 . 

dx        dx  dy       by 

Equating  the  real  and  imaginary  parts  gives  1). 

2.  Conformal  Representation.  Let  .w  =  /(«)  be  a  one-valued 
function  having  a  derivative  in  the  connex  21.  Let  Cj,  CIj  be  two 
curves  within  9  which  meet  at  z  =  a^  making  the  angle  0  with  each 
other.  Iff*(a)  =^  0,  their  images  Ej,  ^  will  cut  at  the  same  angle  0^ 
at  the  point  a  ^  a. 

For  let  Aj,  0,  be  points  on  Cj,  0^  near  a,  as  in  the  figure.  Let 
«i  =  /(«i)^  «2  =  /(^a)-     Then 

«2  -  «  =  i/'  («)  +  «aK«2  -  «)• 
Since/'  (a)  =^  0,  a,  —  a  is  =^  0  if  aj  is  sufficiently  near  a.     Hence 

03  -  a      aj  -  a    /'(a)  +  €3 

Now  the  argument  of  the  left  side  is  the  angle  4>  between  the 
chords  a^a  and  a^a.     The  argument  of  the  first  factor  on  the  right 
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of  5)  is  the  angle  0  between  the  chords  a^a  and  a^a.  Since  Cj,  €3 
sire  numerically  small,  the  argument  of  the  second  factor  on  the 
right  of  5)  is  a  small  number  S.  Thus,  taking  the  arguments  of 
both  sides,  we  have  .       --.   .   ^ 

on  choosing  0  properly.  Now  as  a^  and  a,  s  a,  0  =  ^  and 
S  =  0.     Hence  ^  =  0  also. 


Z  plane 


tc  piano 

3.  This  property  of  the  representation  of  the  2^plane  on  the 
tr-plane  afforded  by  a  function  w  =f(z)  having  a  derivative  is  of 
great  importance  in  many  applications  of  the  function  theory.  We 
see  that  if  /'(«)  =?fc  0  in  circle  S  about  «  =  a,  to  any  little  triangle 
T  in  S  will  correspond  a  triangle  %  in  the  u^-plane  which  is  the 
more  nearly  similar  to  7,  the  smaller  T  is.  This  we  may  state 
briefly  by  saying :  The  image  of  an  infinitesimal  triangle  T^  in  which 
f\z)  =^  0,  is  a  similar  infinitesimal  triangle  I  in  the  w-plane. 

For  this  reason  the  representation  of  the  «-plane  afforded  by  the 
function  w  =zf(z)^  is  said  to  be  canformal^  where/' (2)  =^  0. 

We  have  had  examples  of  this  conformality  in  studying  the 
representations  afforded  by  the  exponential  and  the  sine  functions 
in  57  and  60. 

Thus  in  the  case  oi  w^  «',  we  divided  the  2-plane  into  a  set  of 
rectangles  and  found  that  their  images  are  a  set  of  circles  and 
their  radii  which,  of  course,  cut  each  other  at  right  angles. 

In  the  case  oiw^  sin  2,  the  rectangles  had  as  images  a  set  of 
confocal  ellipses  and  hyperbolas  which  also  cut  orthogonally. 

4.  The  reader  should  note  that  if  f(z)  is  not  one- valued  or 
il  f(z)  is  0  or  does  not  exist  at  2  =  a,  the  reasoning  in  2  breaks 
down.  We  cannot  say  the  representation  is  conformal  at  this 
point. 
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For  example, 


tv 


=v«, 


which  we  studied  in  49,  is  not  one-valued  at  2;  =  0.  Two  radii  in 
the  2-plane  passing  through  this  point  and  making  an  angle  0 
with  each  other  have  as  images  two  radii  going  through  the 
point  w=i  0  and  making  an  angle  ^  0  with  each  other.  Thus  the 
representation  is  certainly  not  conformal  at  this  point. 

Integration 

91.  Definition.    1.    Let/(2;)  =  u  +  iv  be  one- valued  and  continu- 
ous on  the  curve  C  whose  end  points  are  a,  6. 
We  will  suppose  the  equations  of  0  are  given  by 


a:  =  0(0     ,     y  =  V^(0. 


(1 


as  t  ranges  over  an  interval  X  =  (a,  13),  We  will  suppose  that 
0'(O<  V^(0  *'®  continuous  in  I ;  also  that  the  correspondence 
between  0  and  X  is  unipunctual. 

Let  us  e£Fect  a  division  of  X  of  norm 
1;  by  interpolating  the  points 


^11  ^1  f 


8  ••• 

To  these  points  will  correspond  the 

on  C  which  effect  a  division  D  of  norm 
S,  say,  of  O.    Moreover 

S  =i  0,  as  1;  =  0. 


L. 
a 


■irir-^ 


/J 


Let  us  now  calculate  the  sum 

Since  A2  =  Aa;  +  ^Ay,  we  have 

f(z)^z  =  (w  -f  tV)(Aa:  -h  tAy)  =  wAa;  —  vAy  -h  i(uAy  +  t^Ax). 
Thus  2/(2)  A2  =  2(uA2;  —  vAy)  -f  t2(MAy  +  vAi;). 

The  sum  2)  has,  therefore,  the  value 

2  (ti^Aa;^  -  v^i^y^  -h  i2(M^Ay^  -h  v,«Aa:^).  (8 
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Suppose  now  we  let  S  a  0,  the  sums  in  8)  converge  to  curvi- 
linear integrals.     Thus  the  limit  of  2)  exists ;  we  denote  it  by 

ffCz^dz    or  by      r f(z)dz.  (4 

Jc  Ja 

We  have,  therefore, 

Jf(z)dz  =lim  l,f{z^)Az^ 

=  /  (^udx  —  vrfy)  -hi/  (ttrfy  +  vdz).  (5 

Jc  Jc 

2.  Uxample.    Let  us  evaluate 

where  C  is  an  arc  of  the  circle 

x  =  r  cos  t    ,    y  =  r  sin  f. 

f^^^«  /(z)  =  «2=(a:  +  ty)«  =  2;«-y«+2:ryt, 

hence  _9       9  o 

dx  =  —  r  sin  ^ci^     ,    dy^^r  cos  trf^, 

urfx  =  —  r*(cos^  t  —  sin^  t)  sin  tdt  =  r*(8in8 1  —  cos*  t  sin  f )  J^ 

vdy  =  2  r*  cos*  t  sin  idU 

udy  =  r*(cos*  ^  —  sin*  i)  cos  f  ci^ 

vdx  5=  —  2  r*  cos  ^  sin*  tdt. 
Thus 


x^ 


/dz 


=  r^  r %in» «  -  3  cos*  ^  sin  ^)rff  +  ir^  j(^co8^  t  -  3  sin*«  cos  t)dt.    (6 

In  particular,  we  note  that  if  C  is  the  whole  circle,  call  it  & 

fz^z  =  0.  (7 

92.   Properties  of  Integrals.     1.   The  definition 


/ 


f(z)dz  =  lim  2/(«»)Az.  (1 

i=0 
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of  an  integral  of  a  function  of  a  complex  variable  is  entirely 
analogous  to  the  definition  when  the  variable  is  real.  The  only 
difference  is  the  path  of  integration ;  in  one  case  it  is  a  piece  of 
the  2;-axis,  in  the  other  it  is  a  curve  C  in  the  2-plane. 

From  this  we  conclude  that  many  of  the  properties  of  integral 
developed  in  the  calculus  can  be  extended  to  the  integral  1). 
Thus  we  have 

r/(2)rfz=- r/(z)(fe  (2 

Ja  Jb 

nb  /»c  fb 

I  fiz)dz  =  I  fdz-h  I  fdz,  (3 

where  c?  is  a  point  on  O. 

Jf*b  fb  nb 

'  if^g^dz^i  fdz^i   gdz.  (4 

2.   As  an  exercise  let  us  prove  the  very  important  relation 


IX- 


<G0,  (5 


/(Z)rf2 

c 


and  C  on  the  right  of  5)  stands  for  the  length  of  the  path  of  inte- 
gration C.     We  have  at  once 


2/(^OA^.  I  <  2 1  /(2«)  I .  I A^^  I  <  02 1 A^^  I  (7 

on  using  6).     As  Az^  =  z^-2^.p 

we  see  that  |Azm|  is  the  length  of  the  chord  joining  the  points 
^m-v  ^»»  ^^  ^'     Thus,  referring  to  the  figure  in  91, 

2|A^^|  (8 

in  7)  is  the  length  of  all  the  chords  corresponding  to  the  division  D  of 
norm  S.  Now  by  definition  the  length  of  the  curve  C  is  the  limit 
of  8)  as  8  =  0.    Thus^passing  to  the  limit  8==  0  jn^7),  we  have  5). 

3.    From  6)  we  have  the  useful  relation 

r  f(z^dz  ^2  7ra  .   .  \  .^ 

I  -^^-^ — - — <— - — T-        n  an  integer  (9 
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where  (7  is  a  circle  of  radius  R  about  2  =  a,  and 

1/(2)  \<(}        on  O. 

For  the  integrand  is  here 

."^     ^  which  is  numerically  <  -=r- 

and  the  length  of  C  is  2  ttB. 

93.  Fundamental  Integral  Theorem.  1.  In  91,  5)  we  have 
seen  how  the  calculation  of  an  integral  may  be  reduced  to  that 
of  two  line  integrals.  In  a  great  many  cases  it  may  be  effected 
by  a  far  simpler  formula,  as  the  following  theorem  shows. 

Ijet  F(z)  he  one-valued  about  each  point  of  a  connex  9,  and  have 
a  continuous  derivative  f{z).     Then 


£ 


'fiz)dz  =  F{b)-^FCa),  (1 


where  if  F(z)  is  many  valued  in  8,  J^(J)  is  the  value  which  F(a) 
acquires  as  z  ranges  over  the  path  of  integration  (7. 

For  let  us  effect  a  division  of  C  of  norm  S  by  interpolating  the 
points  «!,  Zj  •••  z^.j.     Then  by  86,  6), 

F(z,)  -  Fia)  =/(z,)Az,  +  €iA2i 
Fiz.^^  -  Fiz^ )  --f(iz^)Az^  +  CjAza 


Fib)  -  F(Z^^,)  =f(Zn)^^n  -»-  €.AZ,. 

Adding,  we  get 

Fib)  -  Fia)  =  2/(z^)Az^  4-  2€«Az,.  (2 

Now  by  the  theorem  in  86,  2,  the  |€,^|  are  all  <  €  for  any 
S  <  some  Sq.     Thus  the  last  term  in  2)  is  numerically 

<€2|Az«|<€C; 

where  C  is  the  length  of  C.  Tliis  shows  that  the  last  term  in  2) 
has  the  limit  0  as  S  =  0.  Thus  passing  to  the  limit  S  s  0  in  2),  we 
get  1). 
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2.  The  relation  1)  is  merely  an  obvious  extension  of  the  similar 
relation  in  the  integral  calculus.  It  is  just  as  useful  in  the  function 
theory  as  it  is  in  the  calculus. 

8.  A  particular  case  of  the  theorem  l  and  one  of  especial 
value  is : 

Let  F{z)  he  one-valued  in  the  connex  9  and  have  a  continuous  de- 
rivative f{zy     Then  ^ 

j  f(z)dz  =  0  (3 

for  any  closed  curve  C  in  8. 

94.  Examples.  To  make  the  reader  feel  perfectly  at  home  with 
integration  in  the  complex  domain,  we  give  now  a  number  of 
examples. 

Example  1.     Let  us  evaluate 

I    z'^dz        m  a  positive  integer. 


Here 


f(z)^z-^    ,     F(z^^ 


w-f  1 


,m+l 


Thus  F(z)  is  one-valued  and  /(«)  continuous  in  any  connex. 
Hence  for  all  a,  I  we  have 


rf(z)dz  =  —1-  {6--^!  -  a-+i} . 

•/a  Wl  -f  1 


(1 


The  reader  will  note  that  the  integral  considered  in  91,  2  is  a 
special  case  of  1). 

Example  ^. 
^dz 


f. 

Here 


—         m  s,  positive  integer  >  1. 

2* 


/(^)=A 


is  continuous  in  any  connex  9  which  does 
not  contain  the  origin,  as  for  example  the 
ring  in  Fig.  1. 


FlQ.  1. 
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Also 


F{z-)  = 


1  —  W» 


>»•— 1 


is  one-valued  and  has/(2;)  as  derivative  in  9j. 

Hence 

r^dz^     1      fill 


Hxample  3. 


Here 


r 


^ 
2 


(2 


(8 


/(2)=i     ,     J^(^)  =  log2. 


Thus  /(2;)  is  continuous  in  any  connex  9  which  does  not  contain 
the  origin  0.  Unless  8  is  acyclic  relative  to  0,  F(t^  is  many- 
valued.  In  fact  if  we  start  from  z  =  a  with  one  of  the  determina- 
tions of  loge  at  this  point  which  we  call 
F^  and  allow  z  to  describe  a  circuit  $ 
about  0  in  the  positive  sense,  F^  will  acquire 
the  value  jP^  =  F^  -f  2  iri  at  the  end  of  St. 

/^  =  27ri.  (4 

Let  now  J"i  be  the  value  of  3)  for  the 
path  Ci  in  Fig.  2,  and  J^  for  the  path  Cj. 

Then  ^       »      ^     .  ,^ 

^j  =  Jj  -  2  Trt.  (5 


Fig.  2. 


For  CjC,    forms  a  circuit  St  about  0.     Hence  by  4) 

JCxCfl      t/C        •7(7,  t/Ci       */Cb 

wnich  proves  5). 

Finally  let®  be  any  connex,  acyclic  relative  to  the  origin.  Then 
any  one  of  the  branches  of  the  logarithmic  function  is  one-valued 
in  8.     Denoting  this  by  log  a,  we  have 


X^dz 
—  =  log  6  -  log  a. 


(6 


and  this  integral  is  independent  of  the  path  of  integration,  pro- 
vided of  course  it  remains  in  9. 
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95.  The  Indefinite  Integral.     1.   Returning  to  the  relation  1)  in 

93,  let  us  write  it      ^, 

\  fiz)dz  =  F(z)-Fi_d).  (1 

Let   Q-{z)  be  any  other  function  of  z  which  has  the  continuous 
derivative /(^2).     Then  similarly 

fy(z)fh^  aU)-  Gia).  (2 

•/a 

Comparing  1)  and  2),  we  have 

G^(2)=i^(2)-f  a 

where  (7  is  a  constant.     The  functions  F^  Q-  are  called  primitive 
functions  of /(«).     They  are  denoted  by 


/• 


fi^)dz. 


no  limits  of   integration    appearing   in  this  symbol.     Primitive 
functions  are  also  called  indefinite  integrah. 

2.  Every  formula  of  differentiation  as 

where  F(^z^  is  one-valued  and/(«)  is  continuous  in  some  connex 
9,  gives  rise  to  a  formula  of  integration, 


/• 


f{z)dz^F(z). 


Thus  any  table  of  indefinite  integrals  given  in  the  calculus  may  be 
extended  to  the  complex  variable  z^  provided  z  is  restricted  to  a 
connex  in  which  F(z)  is  one- valued  and/(«)  is  continuous. 

3.  Let  the  one-valued  continuous  fu7ictionf(z)  be  such  that 

a(z)=^  Tfi^z^fdz  (3 

is  also  one-valued  in  the  connex  9.     Then 
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For  let  2=uhe  some  point  of  9.     Then 

'       fdz  -  /   fdz 

a  Ja 

h 

fdz. 


-f. 


Asf(z)  is  continuous,         f(z)=f(u^+€'y 


and  ]  €'  I  <  €  for  I  A  I  <  some  S.     Thus 


1 


Az 


1      /•u+h 


As  u  is  a  fixed  value  of  z,f(u)  is  constant.     Hence 
Obviously  J=f(u). 

Also  I     r^^S;     I  ,j;| 

Hence  |j5^|^^ 

Thus  jfir=  0  as  A  =  0.     Hence  letting  A  =  Az  =  0  in  5),  we  get 

....    ,.  (?'(«)  =/(u), 

which  IS  4). 

96.  Change  of  Variable.  1.  Every  student  of  the  calculus  knows 
that  a  change  of  variable  is  often  of  great  assistance  in  calculating 
an  integral.  It  is  equally  useful  in  the  function  theory.  To  this 
end  we  establish  the  following  theorem : 

Let  f(z^  he  continuovs  on  the  curve  C  When  z  range%  over  (7,  let 
u  =  <^(2)  range  over  a  curve  D  which  corresponds  to  C  unipunctually. 
Let  the  inverse  function  z  =  '^(ti)  have  a  continuous  derivative  on  Z>. 
Then  ^  ^ 

/  /(Od^=  /  f\^(u^\^Xu^du.  (1 

Jc  Jd 

For  let  us  effect  a  division  of  norm  i  of  2),  by  interpolating 
the  points  u^,  i£,  ••*.     To  these  points  on  D  will  correspond  points 


194  FUNCTIONS  OF  A  COMPLEX  VARIABLE 

Zi^  z^  "•  on  O  which  effect  a  division  of  norm,  say  7,  of  0.     Also 


provided  S  <  some  Sq.     Thus 

Now  the  last  term  on  the  right  is  numerically 

<€^2|Aw«|<€(75,  (3 

where  2)  is  the  length  of  the  D  curve,  and  |/(2)  |  <  G.  But 
3)  states  that  the  last  term  of  2)  has  the  limit  0  as  S  s  0.  Thus 
passing  to  the  limit  in  2),  we  get  1). 


2.  Example.     Let  us  calculate 

*      dz 


'£ 


yf^^^ 


c^O  (4 


along  a  curve  O  lying  in  a  connex  S  which  is  acyclic  relative  to 

the  branch  points  ±  c  of  the  radical.     We  change  the  variable, 

setting  

u  =  ^(2)  =  z  +  V«*  —  A   -  (5 

Then  .       i/  n      ^  +  «**  ^a 

if  u  ^  0.     But  u  cannot  vanish,  for  if  it  did,  5)  gives 

z  +  V«*  — c*  =0    ,     or  «*  =  «*—  c*, 

which  requires  c  =s  0,  and  this  is  contrary  to  hypothesis.  From 
6)  we  see  that  9  is  a  one-valued  function  of  u.  To  the  end  points 
of  (7  correspond  ...  ^      ...^ 

on  the  curve  D'^0. 
From  6)  we  have 

dz  =  '^'(u)du  =      ""     du. 

From  5),  6)  we  have 

^  r^ — i  w^  —  c* 

2u 


INTEGRATION  195 

Thus  4)  becomes,  on  using  1), 

/3 


-r?=-! 


= log  t±^  a 

97.  Integration  by  Parts.  1.  This  is  anotlier  important  method 
for  evaluating  integrals.  Analogous  to  the  calculus  we  have  the 
following  theorem : 

In  the  connex  2,  let  the  one-valued  functions /(a),  ^  (a)  have 
continuous  derivatives.     Then 

ffl/dz  =  [/(O^-CO]]  -  ['sfdz.  (1 

For  let  us  set  i  ^  s      ^ 

Hence  by  93,  1), 

f\f9'  +  <jf'>l'  =  h(h)-  hia)  =  feT 

or  ^i,  ,»f,  r-       -1ft 

J  f^dz+  I  fff'dz=\f!,\, 

which  gives  1). 

2.  The  relation  1)  still  holds  when  /and  g  are  many-valued  in 
the  connex  9,  provided  we  take  the  right  determinations  of  /,  g 
and  their  derivatives  along  the  path  of  integration  as  91,  l  shows. 

JExample.    Let  us  evaluate 

J  =  I  z  log  zdz.  (2 

/(«)  =  log«     ,    g\z)^z. 


We  set 
Then 


/'(0=]-    ,    ^(0=f. 


Thus 


J"  =  ^  z*  log  z  ^  \\  zdz 

=  i2»(l0g2-J).  (3 
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98.  Differentiation  with  Respect  to  a  Parameter.  1.  Let  g(z,  u) 
be  a  one-valued  continuous  function  of  z  on  a  curve  G  for  each 
value  of  u  in  some  connex  U.     Then  the  integral 


♦(«)  =f/f'' 


,-)dz 


defines  a  function  of  u  over  U. 
For  example,  let 


ffi.'^ «)  = 


where  /(z)  is  a  continuous  function  of  z 
alone.  Also  for  purposes  of  illustration 
let  0*  he  a  simple  closed  curve,  as  a  circle 
or  an  ellipse,  and  let  the  connez  U  lie 
within  (7  as  in  the  figure.  Then  z  —  u 
does  not  —  0  as  z  ranges  over  O,  for  any 
point  u  in  U.     Then 


rf(f)dz 


(2 


defines  a  function  of  u  over  U.  We  shall  see  that  the  integrals  of 
the  type  2)  are  very  important.  Returning  to  the  general  inte- 
gral 1),  we  prove  the  following  theorem,  which  will  be  of  great 
service  later. 

If  S-u  a  continiiov*  function  of  u  and  z  for  each  u  »«  U  aixd  z  on 

C,  ve  have  r*;i„ 

A'tu)  =  lim  —2. 

=  Cg(z,u-^K)dz-Cg(z,  «)Jz 

'tj;(»,m-A)-^(z,tt)!<fa.  (4 


For  by  definition 
But 


=^ 
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Now  as  in  86,  2 

^(z,  u  +  A)  -g(z.  u)  =  ]gl(z,  u)  +  e' J  Am, 

where  |  e'  |  <  €  provided  0  <  |  Au  |  <  some  i ;  moreover  this  holds 
for  every  z  on  C. 

Thus  4)  gives     . .       ^  ^ 

But  /»       I 


as  we  have  often  seen.  But  this  states  that  the  last  term  of  5) 
has  the  limit  0  as  5  s  0.  Hence  passing  to  the  limit  S  =  0  in  5), 
we  get  3). 

Functions  Defined  by  Series 
99.   Steady  Convergence.     1.  Let  us  consider  series  of  the  type 

1 

whose  terms  /m(^)  are  one-valued  functions  of  z  in  some  point  set 
9,  which  may  be  unlimited.  The  simplest  case  of  such  series  is 
power  series  ,  %         ^         no  x« 

or  changing  the  variable  by  replacing  z  —  ahy  z^ 

a^  +  a^z-^  a^  -h  •••  (3 

By  means  of  such  series  we  defined  the  functions  ^,  sin  z^  etc. 

If  the  series  1)  converges  in  2,  it  will  define  a  one-valued  func- 
tion of  z  in  Jli  which  we  denote  by  F(jz).  We  wish  to  study  such 
functions  relative  to  continuity,  differentiation,  and  integration. 

To  this  end  we  introduce  the  notion  of  steady  convergencie. 

Suppose  for  all  z  in  S  the  wf^  term  is  such  that 

\f.n(z^\<9m        Tn  =  l,2,  ...  (4 

where  gx<,  g^  •••  are  positive  constants. 

Let  the  series  a  ^ g.+g^  +  g,^. -.  (5 

converge.  Obviously  the  series  1)  converges  absolutely  for  each 
z  in  %t  by  virtue  of  the  relations  4).     In  this  case  we  have  com- 
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pared  a  series  whose  terms  are  functions  of  z  with  a  convergen 
series  whose  terras  are  constant.  This  kind  of  convergence  W( 
call  steady.     We  therefore  define  : 

T^  series  1)  conver(/es  steadily  in  9  when  each  term  of  1)  satisfie 
the  relation  4)  for  all  z  in  9,  and  when  the  corresponding  constan 
term  series  5)  is  convergent. 

2.  An  important  property  of  steadily  convergent  series  is  th 
following: 

If  the  series  1)  converges  Readily  in  2,  the  remainder  after  n  term 
F^  is  numerically  <  c  for  any  n  >  some  m,  for  every  z  in  H. 

For  the  (7  series  being  convergent, 

Q^  <  €    ,     for  some  m. 

Hence  as  the  g^  are  positive 

^i»<€         a  fortiori  for  any  n>m. 
But  from  4),  \~F  \<G 

for  any  z  in  %. 

3.  Power  Series.  Let  the  circle  of  convergence  of  3)  he  C.  L 
D  he  a  circle  lying  within  (7,  and  having  the  origin  as  center.  Th 
3)  converges  steadily  in  D. 

For,  let  2  =  i8>0  be  a  point  lying  between  the 
two  circles  (7,  D  on  the  real  axis.    Tlien  as  3)     /  /  ^\  j. 
converges  absolutely  at  this  point,  the  constant 
term  series  ,       xj  ,      ioa  i  /a 

is  convergent.     But  for  any  zm  D 

|««2'~|<«j8~        m  =  0,  1,  2... 

Thus  the  terms  of  3)  satisfy  the  relations  4)  for  every  z\n  I 
8)  converges  steadily  in  D. 

4.  The  definition  of  steady  convergence  may  be  extent 

once  to  two-way  series  • 

2A(2), 

and  to  double  series  v  ^    r^\ 
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Thus  if  for  every  z  in  some  point  set  9 

and  if  ^ 

is  convergent,  then  9)  converges  steadily  in  9. 
5.  Example.     Let  us  consider  the  series 

^  (z  -  m^^' 
where  p  is  an  integer  >  2  and 

«^^  a  ma  +  ni  (11 

as  in  41,  6.    These  series,  as  we  shall  see,  are  very  important  in 
the  elliptic  functions. 

Let  us  describe  a  circle  ft  about  the  origin  and  consider  the 
series  informed  only  of  terms  of  10)  for  which  the  points  11)  lie 
without  ft.     We  show  that  the  H  series  converges  steadily  in  ft. 

For 


^mn 


<*<1 


for  any  2  in  ft  and  for  any  o,^  in 

Now  H 


1       -1 


0>. 


Hence 


«-«•.!. 


O 


««n 


where  O  is  some  constant  >  0. 

Thus  each  term  of  the  IT  series  is  <  the  corresponding  term  of 
the  positive  constant  term  series 


«m«  r 


which  we  saw  converges  in  41,  5.     Thus  JST  converges  steadily  in 
the  circle  ft. 

6.  Let  us  show  that : 
A  two-way  power  series 

«o  ■*■  ^1^  +  ^a^*  +  •"  0-^ 

z      z^ 
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is  steadily  convergent  in  any  ring  SR  lying  within  its  ring  of  conver- 
gence It, 

For  let  R^C-D,  and  SR  =  C-2).  Then  the  series  in  the 
first  line  of  12),  call  it  P,  converges  steadily  in  C  Let  now 
2;  =s  5  >  0  be  a  point  on  the  x-axis  between  the  two  circles  D  and 
S).  Then  the  series  Q  formed  of  the  second  line  in  12)  converges 
absolutely  for  z  =  5,  that  is,  the  positive  term  series 

§  +  §  +  §+•••    ,     IM  =  /8»  (13 

is  convergent.  Let  now  z  be  any  point  on  the  circle  !D  or  with- 
out it.     Then  | «  |  =  f  >  5 ;  hence  each  term  of 

Q=h  +  h  +  h+... 

is  numerically  <  the  corresponding  term  in  13).  Thus  Q  con- 
verges steadily  for  all  points  on  and  without  X>.  Hence  12) 
converges  steadily  in  the  ring  SR  formed  by  £  and  D. 

100.  Continuity.  1.  It  is  quite  important  at  times  to  know  if  the 
sum  of  a  series  of  continuous  functions  is  itself  continuous.  The 
following  theorem  is  often  useful. 

Let  the  terms  of  the  series 

F=A(iz)+A(z)+Mz)+  -  (1 

be  continuous  and  one-valued  about  z  ==  a.  If  ^)  converges  steadily 
in  some  circle  (£  about  a,  F  is  continuous  at  a. 

To  prove  this  we  have  only  to  show  that 

lim^(a-|-  h)=F(a).  (2 

^*  AF=  F(^a  +  A)  -  ^(a), 

then  2)  is  equivalent  to        jj^^  AF=  0  ^3 

Let  us  write  1)  p_  F  -h  F 
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Since  -F  converges  steadily  in  S, 

i^«(2)i<|, 

for  some  m  and  for  any  z  in  S  by  99,  2.     Thus,  in  particular, 
Hence  subtracting, 


A^^|<6    ,     orlimA^^=0.  (5 

Since  F^  is  the  sum  of  m  continuous  functions,  it  is  itself  continu- 
ous.    Hence  i-     a  i:?       n  ^^ 

lim  A^„  =  0.  (6 

Thus  letting  A  =  Az  =  0  in  4),  we  get  3)  on  using  5),  6). 

2.  The  power  series    F=a,  +  a,z  + a^^  +  .■•  (7 

18  a  continuoics  function  of  z  at  any  point  within  its  circle  of  con- 
vergence C 

For  let  2  =  a  be  a  point  within  C  Let  jl  be  a  circle  about  2  =  0 
which  contains  a  in  its  interior.  Then  we  can  describe  about 
2  =:  a  a  circle  c  which  lies  in  S.  As  7)  converges  steadily  in  St 
by  99,  3,  it  does  in  c  also,  since  this  is  a  part  of  jt.  Hence  F  is 
continuous  at  z  =  a  by  1. 

3.  A  property  of  power  series  often  used  is  this : 
Let  the  aeries  j^  ,  ,        a  . 

converge  about  the  origin.     If  a^^O^  P  does  not  vanish  in  some 
circle  c  about  the  origin. 

This  is  an  immediate  consequence  of  83,  6,  since  P  is  continu- 
ous at  z  =  0. 

4.  Closely  connected  with  the  property  of  continuity  is  the 
following  theorem ;  it  embraces  l,  in  fact,  as  a  special  case. 

-^*  F{z)=f,(iz)+Uz)+  ...  (8 
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converge  ateadilt/  in  some  circle  jt  about  z  =  a.     Let  each 

If  ^ 

^  (7=c?j-|-Cg-|-  ••• 

is  convergent^  we  have 

lira  JP(2)=  2  lim/,(2)=  C.  (9 

For  we  may  take  m  so  large  that 

l-^«(«)l<|     '    t7»<|    ,    zinSt.  (10 

Also  we  may  take  £  >  0  so  small  that 

1^.(2)- C,|<|     ,     0<|a-a|<S,  (11 

since  by  hypothesis,        ^^^^^  =  C«  as  z  =  a. 
Then  the  relation 

gives 


<f  +  |  +  f  =  e        by  10),  11), 


and  this  establishes  9). 
101.  Termwise  Integration.     1.    In  order  to  integrate  a  series 

^(0=/i(0-H/2(^)  +  -  (1 

it  is  usually  most  convenient  to  treat  it  as  we  would  a  finite  sum 
and  integrate  it  term  by  term,  or  as  we  say  termwise.  This 
method,  which  suggests  itself  at  once  to  the  reader,  is  permissible 
as  follows  : 

Let  each  term  of  V)  he  one-valued  and  contintious  in  a  connex  9. 
//I)  converges  steadily  in  3,  we  may  integrate  it  termwise  over  any 
curve  Oinfl;  that  »>, 

rF(z)dz  =  Cf^dz  +  ff^dz  +  ...  (2 

Jo  Jc  Jc 
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For  being  steadily  convergent, 

i'(2)=i;  +  J;  (3 

*"^                                               'K\<e  (4 


for  all  n  >  some  m,  and  for  all  z  in  2. 

By  100,  1  -F  is  continuous.     As  F^  is  the  sum  of  n  continuous 
functions,  it  is  continuous.    Hence  F^  is  continuous.    Thus  3)  gives 


By  92,  2, 


CfcIz  =  CfJz  +  CF^dz.  (5 

Jo  Jc  Jo 

I  Cfjz\<^c, 


where  0  is  the  length  of  C.    Thus  the  last  term  in  5)  has  the  limit 
0  as  n  ==  00.     Thus  letting  n  »  oo  in  5)  we  have 


fFdz  =l\m   Cf^cIz 
Jc  ^=^Jc 


=  lim  (  f/iiz-h  -  +  ffndA'  (6 

»>=«  yJc  Jc        J 


Now  for  the  series  on  the  right  of  2),  that  is, 


f/A  +  Cf^dz  + 

Jc  Jc 


to  converge  it  is  necessary  that  the  sum  of  its  first  n  terms  should 
converge  to  some  limit.  The  relation  6)  shows  that  this  sum  does 
converge  and  has  as  limit  the  member  on  the  left.     Thus  2)  holds. 

2.  From  the  foregoing  we  can  show  that 

l0g(l-2)^ {i+|'_|+...}  (7 


is  valid  within  the  unit  circle,  that  is,  for  |  z  |  <  1. 
For  . 

=  l+2  +  z2+...  if|z|<l. 


1-z 
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Hence        /»,    j  /»,  /^, 

•A)     I  "~  21  *^0  •^O 

which  is  7). 

3.  We  can  show  similarly  that 

arctg2  =  2---hT- 1^1  <!•  (8 

o       o 


For  J 


Hence  x,.    ^^ 


=  1-224.^4-264.  ...         |z|<l. 


X- T  =  arctff  2=1    (/2  —  /   z^dz  +  • 
1  +  2^  ^  Jo  Jo 


which  is  8). 


4.  The  reasoning  in  1  shows  that  2)  holds  provided  each  term  of 
1)  U  continuous  on  the  curve  C  and  the  series  1)  converges  steadily 
on  C. 

6.  Since  a  two-way  power  series 

F  =  la^dz  -  ay  (9 


— ac 


converges  steadily  in  any  ring  3?  lying  within  its  ring  of  conver- 
gence, we  have  for  any  curve  (7  in  SR 

c  Jc  Jc 

^%a^  C(z-aYdz.  (10 

—00  J  C 
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Let  now  (7  be  a  circle  S.     Since 
we  have 


f. 


?l=9fc-l, 


CfcIz  =  2  7na_y 


(11 


102.  Calcnlatlon  of  ir.  Let  us  use  the  relation  8)  in  101  to  calcu- 
late ir;  it  will  serve  as  an  exercise  in  infinite  series.  Putting 
z  =  \  in  that  relation  we  get 


„„.     1111^11      11. 
«  =  arctg-  =  ---. _  +  -.---.-  + 


(1 


The  error  committed  in  breaking  off  the  summation  of  any  term  is 

less  than  the  next  term,  as  we  saw  in  15,  l. 

From  trigonometry  we  have 

2  tan  a 


which  gives  here 
Similarly 
Let 

Then 
Thus  101,  8)  gives 


tan  2  a  = r-Q-^ 

1  —  tan*  a 

tan  2a=  ^. 
tan  4  a  =  {f  f 

^  =  4a--. 

tan  4  a  —  1 


(2 


tan/3  = 


239     3 


1  +  tan  4  a     239 
1 


239*     5 


239« 


(3 


and  the  error  committed  in  breaking  off  the  summation  at  any  term 
is  less  than  the  next  term.     Thus  from  1),  2),  3)  we  get 


i=* 


fii  j_  1  i_ 

5     3  '  5«     5  *  5« 


•  •  •    . 


[      1  1 


289     3     2398 


4- 


We  have  now 
i  =  -2 

i  .i  =  . 000064 
5     6» 

l'iz  =  .000000057 
9     6» 

—  .  —=.0000000001 
18     6" 


1     1^ 

3  '  5« 


=  .002666667 


i .  1  =  .000001829 

7     6^ 


11     5" 


=  .000000002. 
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Thus  „ ^  200064057  - . 0026G8497 

=  .197395560 
is  correct  to  9  places,  and 

4  a  =  .78958224 
is  correct  to  8  places. 
Also  we  have     ^^  ^  .004184100 

I  ~  =  .000000024. 

Thus  /8  =  .004184076 

is  correct  to  8  places. 

'^''"'  !:-. 78539816 

4 

or  7r=  3. 1416926.-. 

is  correct  in  the  last  decimal.     In  fact  a  more  elaborate  calculation 
g*^'®»  7r=  3.14159265358... 

103.  Termwise  Differentiation.  1.  From  the  theorem  on  term- 
wise  integration  of  a  series  given  in  101,  l  we  can  deduce  a  useful 
theorem  on  termwise  differentiation  : 

In  the  connex  9,  let  each  term  of  the  convergent  series 

^=/i(2)+/»(2)+-  (1 

he  one-valued  and  have  a  continuous  derivative.     If 
converges  steadily  in  %, 

a=^  ,  in  a. 

dz 
For  by  101,1 

I  adz=>  I  f'lCz^dz  +  I  f^(z)dz  +  ... 


••• 


=  l/i(0-/i(«)  \  +  }/,C0-/«(«)  \  + 

=  F(z)-F(a).  (3 


Thus  by  95,  3  we  get,  on  differentiating  3), 

dz 
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2.    A  power  aeries  fnay  be  differentiated  termunse  at  any  point 
within  its  circle  of  convergence. 

For  let  •      F^a^^ a^z -^a^+  ...  (4 

have  the  circle  of  cotivergence   6.     Then  by   85,  2  the  series 

obtained  from  F  by  differentiating  it  term  wise  has  the  same  eircle 
of  convergence  C.  Thus  if  c  is  a  little  circle  about  a  point  z^a 
within  (7,  the  series  F  converges  in  c,  and  Q  converges  steadily 
in  c  by  99,  3.  Thus  the  condition  of  the  theorem  1  holding,  we 
may  differentiate  4)  termwise,  or 

^=  (7  =  ai-h2a^  +  3flf^«+... 
dz 

Remark.     We  note  this  theorem  was  proved  in  85,  1,  making 


use  of  double  series. 

00 

2 

-40 


3.   A  two-way  power  series  F  =  2^«*    w«y  be    differentiated 

-40 

termwise  at  any  point  within  its  ring  of  convergence;  that  is^ 


il^  lnaa--\ 


dz 
To  prove  this  we  need  to  consider  only  the  special  case 

J^  =  -1 H-  -|  +  •  •  •         St  circle  of  convergence. 
z      z* 

If  we  set  1 

u 

we  get  ^=JiW4- V*-h  — 

and  ——  =  6j  +  2  h^  +  ••• 

du 

If  now  we  apply  89,  2,  we  get 

dF     dF  du  . du         I^a     -^.u     i.  a 

-7-  =  -r-  •  -^         Since  -—  =  — j^  0  without  St 

dz       du    dz  dz  tt 


without  St. 


-^{6i  +  26jw+...| 


208  FUNCTIONS  OF  A  COMPLEX  VARIABLE 

4.  Differential  Equation  for  FQafiyz).  As  an  exercise  in  dif- 
ferentiating power  series  let  us  find  the  derivatives  of  the  hyper- 
geometric  series 

introduced   in   39,  4  and  show  that  it  satisfies   the  differential 
equation 


On  differentiating  5)  term  wise  we  get 

^  ^1  ^     ^  1  •  2  ...  n.  7  .  7+1  •••  7-l-w  — 1 


_^a.a-fl...a-fn./8./8+l  --  P-\-n 
""  ^      1  •  2  ...  n -h  1  •  7  •  7  + 1  •••  7-f  n 


2* 


__  a/S^a-j- 1  .••  «  + n  • /8+ 1  ... /8  +  M 
""  7*^  l'2...n-fl.7+1...7+n 

^^I'Ca  +  l,  /8  +  1,  7  +  1,  z).  (7 


Hence 


l'"(«/872)=?^^'(a  +  l,  /8  +  1,  7  +  1,  2) 

=  "'t^:!/"'V«  +  2,^+2,7  +  2,0,    (8 
etc. 

To  prove  that  5)  satisfies  6)  let  us  set 

p  _  a  .  «+ 1  ...  a  +  n  — 1  • /8  • /8  + 1  ... /8  +  n— 1 
*  1  .  2  ...  w  .  7  •  7+ 1  •••  7  +  n— 1 

Then  the  coefficient  of  2*  in  z^F'^  is 

n(n-l)P., 
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in  -  zF"  it  is  n(«+«)(/3  +  n) 

in(«  +  ^  +  l>^'iti8       „(„+^+i;)P^, 

in  -  7I"  it  is  _    (a4-«)(i8+«)p 

7  +  w 


in  a/3^  it  is 


a/8P,. 


Adding  all  these  gives  the  coefficient  of  z"^  in  the  left  side  of  6). 
We  find  it  is  0. 


CHAPTER   VII 

AKALYTIC  FUNCTIONS 

104.  Definitioiis.  1.  At  this  point  we  begin  the  study  of  the 
theory  of  functions  of  a  complex  variable.  The  functions  con- 
sidered in  this  theory  are  not  the  general  functions  considered  in 
Chapter  VI,  but  a  subclass  of  these,  viz.  those  functions  which  have 
a  continuous  derivative.  To  be  more  specific,  let  w  have  assigned 
to  it  a  definite  value  for  each  point  z  of  the  connected  region  9  such 
that  w  has  a  continuous  derivative  in  S(.  We  call  w  a  one-valued 
analytic  function  of  z  in  9.  Suppose,  on  the  other  hand,  that  w  has 
in  general  more  than  one  value  assigned  to  it  for  the  points  of  9. 
We  will  call  it  a  many-valued  analytic  function  if  its  values  can 
be  grouped  in  branches,  each  of  which  is  a  one-valued  analytic 
function  about  each  point  of  9. 

2.  From  this  definition  it  follows  that 

e*    ,     cos  2    ,     sin  2     ,     cosh  z    ,     sinh  z 

are  one-valued,  analytic  functions  in  the  entire  plane.     For  they 
each  have  a  continuous  derivative  for  any  z. 
Similarly  j 

for  example,  is  a  one-valued  analytic  function  for  the  region  8 

formed  of  the  whole  z-plane  after  deleting  z^  ±1^  the  zeros  of 

the  denominator,  while  . 

'  tan  z 

is  analytic  for  the  region  9  formed  of  the  whole  plane  after  delet- 
ing the  infinite  point  set 

Sir  qTt  it  it  nff  c^r 

2  2  2  2  2  2 

On  the  other  hand. 


Vl-fz* 
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is  a  two-valued  function  for  the  region  8  formed  of  the  whole 
plane  after  deleting  the  branch  points  ±  t,  while 

logz 


is  an  infinite-valued  analy^^^^^  fnnM-inn  m  ^hp  ^^^fffon  8  formed  of 
t^iewhole  plane  after  deleting  the  origin  2  «=  0. 

3.   A  power  series 

is  an  analytic  function  within  its  circle  of  convergence  d. 

For  by  85,  P  has  a  derivative  within  (S  which  is  a  power  series 
and  therefore  continuous  within  (S. 


4.  The  quotient  of  two  power  series 


h^O, 


h«ixing_acommon  circle  of  convergence  (£,  is  an  analytie-fanction 

z  withiii8omg"CtfcIec  about  the  point  z  = 

Fof^4ha-4enominai;or  does  not  vanisti  at  «  =  a,  since  by  hy- 
pothesis 6q  ^  0.  Thus  by  83,  it  does  not  vanish  in  some  c  lying 
in  (S.  Hence  by  84,  Q  has,  a  continuous  derivative  within  c  and 
is  therefore  analytic  within  c. 

6.  A  two-way  power  series 

-00 

is  an  analytic  function  of  z  within  its  ring  of  convergence. 
This  follows  at  once  from  103,  8. 

6.  We  propose  now  to  study  the  general  properties  of  analytic 
functions  and  shall  rest  our  treatment  on  two  theorems  of  a  grand 
importance  due  to  Cauchy,  and  called  his  first  and  second  integral 
theorems. 

105.  Cauchy^s  First  Integral  Theorem.  1.  Letf(z)  he  one-valued 
and  analytic  in  the  simple  connex  %.     Then 


for  any  limple  closed  curve  C  in  9. 


0 


(1 
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For  let  - .  ^ 

Then  since  /has  a  continuous  derivative  in  9,  the  first  partial  de- 
rivatives of  u,  V  are  continuous  functions  of  z,  y  which  satisfy  the 
Cauchy-Riemann  equations 

dx       dy     '     dy  bx 

by  90.  On  the  other  hand,  let  us  express  1)  as  line  integrals, 
using  91,  5).     Then 

Jfdz  =  /  iudx  —  vdy^  +  t  I  ( udy  +  vdx).  (3 

c  Jc  Jv 

We  now  apply  Stokes*  theorem  80,  1)  and  get 

jr(.,fa-.^,)  =  -^(|  +  |)*^,.0,    by  2). 

jr(«,,  +  wi.).jf(|-«-|)«,.0,    by2). 

These  in  3)  give  1). 

2.  From  this  we  conclude  that : 

ffdz=^Cfdz,  (4 

where  (7p  CJ,  ar«  fti^o  simple  curves  in  9  having  the  same  end  paints 
hU  no  other  points  in  common. 

For  C^Oi^  is  a  closed  curve.     Hence  by  1) 

/J2  =  0 

which  gives  4). 

3.  The  restriction  that  C^,  O^  should  have  only  their  end  points 
in  common  is  obviously  not  necessary.  For  if  Cj,  Cj  have  other 
points  in  common,  we  can  break  them  up  into  arcs  which  have  only 
their  end  points  in  common.  Similarly  0^,  C^  may  have  mul- 
tiple points. 


X 


t'lcr* 


la 


■\ 
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4.  In  the  connex  9  in  which  f(z)  is  one-valiied  and  analytic^  let 
Cp  C^  he  two  simple  closed  curves  forming  the  complete  boundary  of 
a  ring-shaped  connex^  as  in  Fig.  1.     Hien 


ff(iz)dz  =  Cf(iz)dz, 


(6 


the  curves  Oj,   C^  being  passed  over  in  the 
same  sense. 

For  let  us  join  Cj, Cj  by  two  adjacent 
curves  34,  16,  as  in  Fig.  1.     Then 

(7=123.  34.456.  61 

is  a  closed  curve  forming  the  edge  of  a 
simple  connex  in  9.     Thus 


Fio.  1. 


JC  e/l33  c/34  «/4A6         •/61 


(6 


Now  the  value  of  f(z)  at  a  point  z  on  34  does  not  differ  by  an 
amount  greater  than  €  from  a  point  near  by  on  16.     Thus 


i    fdz  and     / 


differ  by  an  amount  as  small  as  we  please  as  the  curve  34  is  made 
to  approach  16. 

As  /  fdz  =  -  /  fdz^ 

we  see  that  under  these  circumstances 


Similarly 


and 


r /(fo  -f  Cfdz = 0. 

Cfdz  =  Cfdz 
Jva  Jci 

Cfdz  =  -  ffdz. 

t/456  c/C, 


Thus  passing  to  the  limit  in  6)  we  get  5). 
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6.  The  little  strip  1648  taken  out  of  Fig. 
1  and  whose  edges  are  then  allowed  to  ap- 
proach indefinitely  near  we  call  a  cro88  cut, 

6.  Let  Cj,  Cq,  •••  C!i,  be  simple  closed 
curves  as  in  Fig.  2,  each  exterior  to  the 
others  and  all  interior  to  a  simple  closed 
curve  (7.  Let  these  curves  form  the  com- 
plete edge  of  a  connex  9  in  which  f{z)  is 
one-valued  and  analytic.  Then  if  all  these 
curves  are  described  in  the  same  sense, 


Fia.  2. 


Cfdz^Cfdz+Cfdz-^ 

Jc  JCx  JCt 


-h  Cfdz. 

JCm 


O 


To  prove  7)  we  need  only  to  put  in  the  cross  cuts  7i,  72^  •••  7«,i 
as  in  the  figure.  This  produces  a  simple  connex  (S  with  edge  (S. 
As/ is  one- valued  and  analytic  in  (S,  we  have 


£■ 


/rfz  =  0. 


We  may  now  reason  as  we  did  in  4. 

106.  Cauchy's  Second  Integral  Theorem.  1.  Let  f{z)  he  one- 
valued  and  analytic  in  a  simple  connex  whose  boundary  is  C.  Thei 
for  any  point  z  within  C 

2  mjc  u  —  z 

For  by  106,  4  we  can  replace  (7  by  a  circle  St  of  radius  r  aj 
center  z.     Then  for  a  point  u  on  A, 

/(te)  =/(«)  + €'         k'l  <€ 
for  all  u  on  A  if  the  radius  r  is  sufficiently  small.    Thus  as/(2 

Jf^  u-z  J$tu-z    Jfst^-z 

But 
while 


*7=  2  7rif(«) 

K\<2  ire. 


Thus 


lim  K^  0. 

r=0 
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On  the  other  hand,  the  left  side  of  2)  does  not  def^end^  on  r. 
Hence  letting  r  a  0  in  2)  we  get  1)  in  the  limit. 

2.  This  theorem  of  Cauchy  brings  to  light  a  tremendous  differ- 
ence between  analytic  functions  of  z  and  the  general  function  of 
z.  For  suppose  we  know  of  a  function  f(z)  that  it  is  one-valued 
in  a  simple  connex  (S  and  has  a  continuous  derivative  in  (S.  Sup- 
pose also  that  we  do  not  know  the  values  of  /  within  (S  but  only 
on  the  edge  (7.  Then  the  relation  1)  says  that  to  learn  the  value 
of  /  at  some  interior  point  z  we  need  only  to  calculate  the  inte- 
gral in  1). 

In  other  words  the  values  of  an  analytic  function /(«)  are  com- 
pletely determined  when  its  values  on  the  boundary  C  are  given. 
This  is  not  at  all  the  case  for  the  non-analytic  functions  of  z. 

3.  At  first  it  seems  strange  to  students  that  the  values  of  an 
analytic  function  f(z)  should  be  fixed  for  all  points  within  0 
when  its  values  are  assigned  on  the  curve  C. 

Here  the  study  of  nature  reveals  many  cases  of  just  this  phe- 
nomenon. For  example,  the  stationary  flow  of  water,  heat,  or 
electricity  in  a  body  are  all  determined  by  the  flow  at  the  surface. 
In  case  the  body  assumes  the  form  of  a  thin  plate,  it  may  be 
treated  as  a  plane  figure  S  bounded  by  a  curve  (7,  provided  the 
flow  is  parallel  to  the  plane. 

107.   DerivatiTeB.     1.    The  integrand  in  106, 1) 

/oo 

u—  z 

is  an  analytic  function  of  z  for  each  value  of  u  on  the  curve  (7, 
provided  z  is  restricted  to  lie  in  a  connex  bounded  by  a  curve  C 
which  lies  within  C.     We  may,  therefore,  apply  98  and  get 

•^^'^"2.rtXcu-z)»  ^' 

rcz^^^.  r^^3  (2. 

'     •2injc(u  —  zy 

f  in)  Cz^-JtL    ri(vt)du^  (Q 
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From  this  we  conclude : 

An  analytic  function  of  z  has  derivatives  of  every  order. 

We  also  have  the  result : 

If  f{z)  %%  a  one-valued  ancUytic  function^  so  is  each  of  its  deriva^ 
tives. 

2.  From  3)  we  get  at  once  an  inequality  called  Cauchy^s  In- 
equality^  which  is  of  great  service  in  theoretical  work,  viz. : 

I  /'"'(O  I  <  ^,  (4 

where  \f\  <^  (^  on  a  circle  ft  of  radius  R  with  center  2,  and  /  is 
one-valued  and  analytic  in  ft. 

For  we  need  only  to  replace  the  curve  C  in  3)  by  the  circle  ft 
and  apply  92,  9). 

106.  Termwise  Differentiation  of  Series.  1.  By  the  aid  of  these 
integrals  of  Cauchy  we  can  establish  a  more  general  theorem 
than  that  given  in  108. 

^^  FCz)=f,(izy+f^(iz:f+...=^Mzy.  (1 

We  saw  that  if  this  series  converges  and  the  series 

(y(«)=/i(2)+/J(2)+...  =  2/U«)  (2 

converges  steadily  in  the  connex  8,  then  O-  represents  the  deriva- 
tive of  F. 

Let  us  now  prove  the  more  general  theorem  : 

Let  the  terms  ofl^be  one-valued  analytic  functions  in  the  connex 
ft.  IfF  converges  steadily  in  ft,  F  is  an  analytic  function  within 
X  and  ,„ 

az 

In  other  words  under  these  conditions  we  may  differentiate  1) 

termwise. 

For  let  c  be  a  circle  of  radius  r  and  center  2,  lying  within  ft. 

From  1)  we  have 

F(u)^y^fju)  .g 

u  —  z      ^  u  —  z 
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and  since  1)  converges  steadily  on  c,  the  series  on  the  right  con- 
verges steadily  on  c  since  |  w  —  2  |  =  r  a  constant  on  c.  Thus  by 
101,  4  we  may  integrate  3)  termwise  : 

Now  by  106,  1)  r*r  /   \ji 

r/.(!^= 2 «/.(.).  (6 

Hence  4"),  5)  give 

1    /-^r^.^ 

But  by  1)  the  series  on  the  right  is  -F(«);  thus  6)  gives 

.         l'(^)  =  -L.P<'")^».  (7 

2  mj^    u  —  z 

Now  by  98,  ^      ^  Pr«^/^-i 

Reasoning  as  before,  we  have 


= 2  ^t2/;,f2)- 

From  this  and  8)  we  have 

i"(z)=2/;(2).  (9 


2.  From  8)  we  get,  using  98, 

^^     2iriX(_u-zy 


Proceeding  as  in  l,  we  get 

J"'(2)=  2/^(2),  (10 

and  so  on  for  higher  derivatives. 


218  FUNCTIONS  OF  A  COMPLEX  VARIABLE 

109.  Taylor^s  Development.  1.  Let  f(z)  be  a  one-valued  ancdytic 
function  in  a  circle  S  of  radivs  R  about  the  point  z  =  a.  Then  at 
any  point  z  within  S 

This  theorem  is  a  direct  extension  of  the  corresponding  theorem 
in  the  calculus.  It  is  of  transcendental  importance  in  the  func- 
tion theory,  as  we  shall  see  at  every  turn.  Its  demonstration  may 
be  conducted  very  simply  by  resting  it  on  the  termwise  integration 
of  steadily  convergent  series. 

Let  c  be  a  circle  about  z  lying  within  S 
as  in  the  figure.     Then  by  106,  1), 


But 


^         lAZOO^.  (2 

2  TTI  Jj      tt  —  2 

Cfjuydu  ^  rf(u)du 

J^U—Z  Jt      U  —  Z 


We  now  develop in  a  power  series  about  the  «  —  a,  getting 

as  in  89,  10),  "  ~  * 

-1 J-{l  +  '-^  +  ('-^)\...\.  (3 

u  —  z     u—  a[        u  —  a\u  —  aj  J 

This  series  converges  for  any  u  on  S  since 

l^  —  a|  =  r        \u  —  a\  =  R    and    r  <  R. 
Hence 

U  —  Z     u  —  a  (u  —  a)*  (m  —  ay 

This  series  converges  steadily  on  E.     For/ being  continuous, 

|/(u)  I  <  some  M  on  C 

Hence  each  term  of  4)  is  numerically  less  than  the  corresponding 
term  of  the  constant  term  convergent  series 


fa)-?©'-fa)'- 
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We  may  thus  integmte  4)  termwise  and  get 


f'f(u)du ^  ffjuyiu  ,  .  rf(u)du 


=  27ri{/(a)  +  (^-a)/(a)+<^^r(a)-h...} 

on  using  106,  1)  and  107,  1),  2),  .... 

Replacing  the  first  member  of  the  last  equation  by  2}  we  get  1). 

2.  If  we  set  2  =  a  +  A  in  1),  it  takes  the  form 

/(a  +  A)  =  /(a)+;if(a)  +  |^/'(a)+...  (5 

This  is  the  form  of  Taylor's  development  usually  given  in  the 
oalculus. 

If  we  set  a  =  0  in  1),  we  get 

/(O  =  /(0)+  2/'(0)  +  |^/"(0)  +  ...  (6 

which  is  often  called  Maclaurins  development. 

The  coefficients  in  1)  and  6)  are  constants.  These  series  are 
thus  power  series.  We  say  that  1)  is  a  development  of /(«)  about 
the  point  2  =  a.  Thus  Maclaurin's  development  6}  is  merely  the 
development  of  f(z)  about  the  origin.  The  two  series  on  the 
right  of  1)  and  6)  are  called  Taylor*8  and  MaclaurirCs  series  re- 
spectively. 

3.  Let  f(z^  be  one- valued  and  analytic  in  the  region  2.  Let  a 
be  any  point  of  9.  About  a  as  a  center  describe  a  circle  ft  which 
contains  no  point  of  the  frontier  of  2.  Then  bj'  the  theorem  1, 
y^z)  can  be  developed  in  a  power  series  valid  in  ft, 

/(«)  =  «o  +  ^i(^  -  «)  +  ^3(2  -  ay  -I-  ...  (7 

whose  coefficients  are  those  in  1). 

We  may  also  proceed  thus  :  With  a  as  a  center  describe  a  circle 
(S  which  passes  through  a  point  of  the  frontier  of  9  but  contains 
no  frontier  point  within  (£.  Then  the  development  7)  holds  for 
all  points  within  (S. 

For  let  z  be  any  given  point  within  6.  We  can  describe  a 
circle  ft  with  a  as  center  which  contains  z  but  no  point  of  the  fron- 
tier of  a.     Thus/(2)  is  analytic  in  ft  and  we  can  apply  1. 
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110.  Examples  of  Taylor's  Development.    1.  Example  1.     Let 

f(z)  =  sin  z. 

This  function  is  analytic  in  any  region.  If  we  develop  about  the 
origin  z  =  0,  we  have,  exactly  as  in  the  calculus, 

/'(2)  =  C08Z  /'(0)=1 

/"(z)  =  -sinz  /"(0)  =  0 

/'"(z)  =  -  cos  z  /"'(O)  =  -  1 

f'\z)  =  sin  z  =fiz)  f\0)  =  0,  etc. 

Thus  109,  6)  gives     .  z       ^       t/* 

sin  z  = 1 ••• 

1!       3!       5: 

which  is  exactly  the  series  we  used  to  define  sin  z. 
Similarly  we  may  develop 

e*     ,     cos  2;     ,     sinhz     ,     etc. 

Example  2.    Let  /(2)  =  logz. 

This  is  an  analytic  function  in  the  region  9  formed  of  the  whole 
plane  after  deleting  the  origin.  The  frontier  of  9  is  thus  a  single 
point  z  =  0.  It  is  one-valued  in  any  connex  which  is  acyclic 
relative  to  this  point.  Thus  by  109, 3  we  may  develop  log  z  about 
2=1  and  the  development  will  be  valid  within  the  circle  having 
2  =  1  as  center  and  passing  through  the  frontier  point  2  ss  0. 
Proceeding  as  in  the  calculus,  we  have :  fr1^  —  0 

fi?) = -  /'(I) = 1 

z 

/"(2)  —  \  f\r)  —  1 

Z 


r'iz)=\  /'"(I)  =2,  etc. 


28 


Thus 


log2  =  e-l-(L=ilV(i:^-...         \z\<\. 
If  we  set  ^    , 

thisgives    i,g(i  +  „)„„_|»^|_...         ,„|<i, 
which  is  the  development  given  in  the  calculus. 


i 
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If  the  reader  asks  why  one  develops  about  the  point  a  =  1  in- 
stead of  about  a  s  2,  the  answer  is  that  the  values  of  the  coefficients 

JK  J     ^       II       '        2! 
are  simpler  for  a  =  1  than  for  any  other  value  of  a. 

Example  S,    The  Binomial  Formula,    Let 

/(z)  =  (l-hz)M.  (2 

From  89  we  know  that  any  branch  of  /  is  a  one- valued  analytic 

function  in  any  connex  acyclic  relative  to  the  point  z  ^  1.     It 

thus  admits  a  development  about  z  =  0  which  is  valid  for  all  points 

within  the  unit  circle. 

Proceeding  as  in  the  calculus,  we  have,  choosing  that  brunch  of 

2)  which  reduces  to  1)  for  z  =  0, 

/CO)  =  1 

/'(«)  =  M(l+z)''-'  /'(0)  =  M 

/"(«)=  m(m  -  1)(1  +  2)"-'  /"(O)  =M(M-  l),etc. 

Thus 

2.   Let  us  make  use  of  1)  to  develop  a  formula  which  we  shall 

need  later.     If  we  set 

tt  =  —  re^^ 

it  gives  for  r  <  1 

-log(l-w)=- log(l-r«<*)=re<*-|-^«2i^-f  ^e«>-|-    -. 

But  ^"**  =  cos  n^  -I-  i  sin  w<^. 

Hence       _  j^^^^  _  r^^)  =  T ^'^ ^'^^" ^^ -h  eV ^" ""^ ^^ .  (4 

Let  us  write  the  left  side  of  4)  in  rectangular  form, 

log  (1  _  re^^  =  ^  -h  iB. 
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To  determine  A  and  B  we  set 

1  —  re^  =  se^. 
Now  1  —  re^  =  1  —  r  (cos  <^  +  i  sin  0) 

=  (1  —  r  cos  <^)—  ir  sin  0. 
Thus 

«*  =  (1  —  r  cos  <l>y+  r^  sin*  ^  =  1  —  2  r  cos  ^  +  r", 

and  .     , 

.        ,        —  r  sm  o 
tan  Y  =  - ^. 

1  —  r  cos  <l> 
Hence  ^  =  J  log  «2=  J  log(l-2r  cos<^ +  f^, 


J9  s  '^  =  —  arctg 


r  sin  ^ 


1  —  r  cos  <l> 
Thus,  equating  the  real  and  imaginary  parts  in  4),  we  get 

S-'"-'-^^^  =  -|log(l-2rco8^  +  »^),       (5 


V^r'*sinn6           .        rsin6  ,^ 

y ^  =  arctg- ^.  C.^ 

Tr       n  1  —  r  cos  d> 


The  relations  6),  6)  hold  for  0  <  r  <  1  as  we  have  just  shown  ; 
a  more  delicate  analysis  shows  that  they  hold  for  r  =  1.  Wi'fcli- 
out  establishing  this  important  fact  we  shall  set  r=s  1  in  th^Mse 
formulae,  getting,  replacing  ^  by  2  irx^ 


^  cos  2  mrx         i  _  /'o   •         x  /'7 

y =  -  log  (2  sin  Tra;),  (J 


2^ =  arctg  (cot  irx)  =  tt  (^  —  a:).        {o 


1  ^ 


111.   Critical  Remarks  on  Taylor's  Development.     We  are  now  in 

a  position  to  point  out  another  great  advantage  which  we  reap 
from  the  theory  of  functions.     Let  us  compare  Taylor's  develop- 
ment as  here  presented  and  as  given  in  the  calculus. 
To  make  use  of  the  development 

f(x  +  A)  =/(x)  +  hf{x)  +  ^^/"(x)  +  ...  (1 
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n  the  calculus  we  must  fii*st  assure  ourselves  that  the  remaiuder 

nl 

>r  one  of  its  equivalent  forms,  converges  to  0  as  n  s  oo.  This  is 
m  easy  matter  for  ^^    ^j^^    ^^^ 

>ut  it  is  far  from  easy  for  most  functions ;  for  example, 

(1  -I-  xy     ,     tan  X. 

hlow  difficult  it  is  to  show  that  the  remainder  for  (1  +  xY  con- 
verges to  0,  the  reader  may  see  by  turning  to  a  good  work  on  the 
calculus.  As  to  the  remainder  for  tanx,  no  one,  as  far  as  we 
enow,  has  ever  shown  that  it  =  0. 

These  considerations  show  that  the  applicability  of  Taylor's 
levelopment  in  the  calculus  is  crippled  by  the  fact  that  we  can- 
lot  show  that  the  series  on  the  right  of  1)  really  has  as  sum  the 
function  of  the  left. 

How  differently  we  are  situated  in  the  function  theory.  Take, 
for  example,  tan  z.  We  know  without  putting  pen  to  paper  that 
this  can  be  developed  about  z^^O,  and  that  the  development  is 

'alid  for  all  l^^l  <  ^9  since  tan  z  is  one-valued  and  analytic  within 
lis  circle.     Thus  if  we  wish  to  restrict  ourselves  to  real  values, 

e  development  holds  for  -"^  <  ^  <'^' 

Let  us  look  similarly  at       .-       ^ 

\\.  -t"  Z)  . 

is  we  know  is  one-valued  and  analytic  for  all  points  within  the 
le  of  unit  radius  about  z^  —  \.     Thus  the  validity  of  the 
)mial  formula  for  real  values  of  x  for  which  —  2  <  a;  <  0  is 
n  established  without  any  calculation  whatever. 

I.  Remainder  in  Taylor's  Development.    Let  us  write  109,  1) 

n! 
«.=  J  ^^"^->"(«).  (2 
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Let  r  be  the  radius  of  a  circle  c  about  2  =  a,  lying  within  the 
circle  S,  for  which  1)  holds.     Let 

\f{^^\<Q'        one. 

Let  z  be  any  point  within  c ;  we  set  1 2  —  a  |  =  /j.    Then  by  Cauchy's 
inequalities,  107,  2,  ,  ^ 


!/"(«)  I  < 


Thus  2)  becomes 


n+l 


»+l 


r     \r> 


+ 


1 


r 


(3 


113.  Analjrtlc  Continuation.  1.  We  have  seen  in  106,  2  that  a 
one-valued  analytic  function  is  completely  determined  in  a  simple 
connex  C  when  its  value  is  known  along  its  edge.  We  now  wish 
to  generalize  this  result.     Suppose 

1°  it  is  known  that  /(z)  is  one-valued  and  analytic  in  a  con- 
nected region  2. 

2°  the  values  oif(^z)  are  given  along  some  curve  (7  in  2,  as,  for 
example,  a  small  segment  of  the  2:-axis. 

We  show  that  under  these  conditions  the 
value  of  /  may  be  found  at  any  point  of  z 
in  9 ;  that  is,  the  value  of  /  at  this  point  is 
determined  by  the  above  data. 

Suppose  in  Fig.  1  that  O  is  the  arc  a,  (. 
Join  a  and  2  by  a  curve  D  lying  in  8.  Since 
/(z)  is  analytic  about  a,  it  can  be  developed 
by  Taylor's  series 

/(2)=/(a)  +  (z -  a:ffXa:)+  ^~'^V'(«)+  -  CI 

The  value  of/  will  be  known  for  all  values  of  z  within  a  circle   St 

whose  center  is  a  and  which  extends  as  near  the  frontier  Q  of   9 

as  we  choose. 

Let  now  u  be  an  arbitrary  but  fixed  point  on  O.     Thenf^C^) 

is  the  limit  of 

"' (2 


f(z)-f(u) 


u 


i 
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as  2  =  ti.  Moreover  f(z)  being  analytic,  this  limit  is  the  same, 
however  z  approaches  u.  Let  us  suppose  that  z  approaches  u  by 
running  along  the  curve  C  as  in  Fig.  2.     Then  for  /a 

each   such  value  of  z  the  difference  quotient  2)    is  Cy 

known  by  hypothesis.     Thus  its  limit  is  known,  that 
is,  /'(«)  is  known  for  each  z  on  (7. 

f"{u)  =  lini  • — ^  -^^-^^  (3 

*=u  z  —  u 

we  may  reason  on/'(z)  as  we  did  on/(2).  Thus/"(2)  is  known 
for  each  z  on  C. 

In  this  way  we  see  that  the  values  of  the  derivatives  of  every 
order /<**^ (2)  are  known  for  all  values  of  z  on  (7. 

In  particular  they  are  known  for  «  =  a.  Hence  all  the  coeffi- 
cients of  1)  are  known.  Thus  1)  gives  us  the  values  oif(z)  for 
all  points  in  $. 

Let  A  cut  i>  in  a, .  About  this  as  a  center  we  can  describe  a 
circle  S^^  which  extends  as  near  the  frontier  (S  as  we  choose. 
Since /(z)  is  now  known  on  the  arc  Cj  =  a^a,  we  can  reason  on  O^ 
as  we  did  on  (7.  If  S^  cuts  i>  in  Oj,  these  considerations  show 
that  /  is  now  known  for  all  2  in  j{^ ,  and  in  particular  on  the  arc 
Cj  ==  a^Oj.  Continuing  in  this  way  we  may  finally  reach  2,  when 
the  value  of/ will  be  known. 

2.  This  process  of  finding  the  value  of  an  analytic  function  /(«) 
at  a  point  z^  when  its  value  is  known  at  the  points  of  some  curve 
Oy  is  called  analytic  continuation.     It  has  little  or  no  practical 

^alue  as  a  means  of  actually  computing  /  at  the  various  points  of 
%;  but  it  has  an  inestimable  value  in  many  theoretic  investi- 
gations. 

3.  In  the  foregoing  we  have  supposed /(«)  to  be  one- valued  in 
%  This  is  not  necessary ;  we  made  this  assumption  merely  for 
cslearness.  The  same  considerations  apply  if  we  suppose  that/(2;) 
xs  many-valued  in  S,  but  such  that  each  branch  is  analytic,  and  one- 
"valued  about  each  point  of  9. 

4.  The  foregoing  reasoning  shows  that : 

If  the  analytic  function  f(^z)  =  a^  a  constant  on  the  curve  (7,  then 
(z)  =  a  even/where  in  the  region  2. 
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For  the  difference  quotient  2)  has  the  value  0  and  hence 

f(z)  =  0         on  (7. 
SimUarly        ^^^^^     ^    ^,„^^^     ^     ,_0        ^^  ^ 

Thus  1)  shows  that  /'/-j\  _-  ^  ^4 

in  the  circle  ft,  and  the  remainder  of  the  reasoning  in  i  shows 
that  4)  holds  for  any  z  in  S. 

114.  Application  of  Analytic  Continuation.  1.  For  the  reader  to 
realize  the  immense  power  of  this  process  let  us  show  how  most 
of  the  analytic  relations  of  plane  trigonometry  and  the  calculus 
are  valid  when  the  variable  is  complex.  For  example,  suppose  we 
wish  to  show  that  gj„, ,  +  co8«  z  =  1  (1 

holds  for  any  complex  z.     This  we  have  already  proved  in  58, 5  by 
the  lengthy  method  of  series.     To  this  end  we  consider 

f{z)  =  sin^z  -f  cos^«. 

As  sin  z^  cos  z  are  one-valued  analytic  functions  in  the  whole  plane, 
so  are  their  squares  and  therefore  fQt)  is  analytic.  For  the  real 
axis/(2)=  1.  Hence /(«)=  1  for  all  values  of  z  by  118,  4.  This 
reasoning  is  so  simple  that  with  a  little  experience  the  reader  may 
do  it  in  an  instant.  The  same  is  true  in  the  following  examples. 
2.  Let  us  show  by  this  method  that 

d '  tan  z  o  ^o 
=  see*  z                                         (2 

dz 

holds  for  all  values  of  z  for  which  tan  2,  sec  z  are  defined,  that  is, 

for  the  region  9  formed  of  the  whole  2;-plane  after  deleting  the 

points 

2  =  ±(2/1  +  1)^. 

is  analytic  in  9,  its  first  derivative,  call  it  g(z)^  is  analytic  by 
107,1.     Thus  k(z)=g(z)-^c^z 

is  an  analytic  function    in   9.      For  real  2:  in  9,  A  =  0.     Thus 
h(z)  =3  0  everywhere  in  9.     Thus  2)  holds  in  9.  '        . 
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3.    In  the  calculus  it  is  shown  that 


/ 


sin^  xdz  =  —  i  cos  x  (sin*  a;  +  2).  (8 


From  this  we  can  show  at  once  that 

/  sin*  zdz  =  —  J  cos  z  (sin*  2  +  2)  (4 

for  every  z.     For  let  us  set 

f(z}=  sin^z, 

F(z)  =  —  J  cos  z  (sin*  2  +  2). 

Then  the  relation  4)  means  that 

^'(^)=/(^).  (5 

Let  us  set  q^^>^  ^  j^i  ^^^  _  ^(^^ , 

As  F(z)  is  analytic,  its  derivative  -S"  is  also.  Hence  Q-  is  ana- 
lytic. As  fl^  =  0  for  real  values  of  z  by  8),  it  is  0  for  all  z.  Thus 
5)  holds  for  all  2,  and  hence  4). 

Of  course  the  relation  5)  is  easy  in  this  case  to  verify  by  direct 
differentiation.  But  for  a  more  complicated  formula  this  labor 
of  differentiation  might  be  considerable.  The  method  of  analytic 
continuation  enables  us  to  avoid  this  operation. 

4.  In  61  we  saw  how  relations  in  circular  trigonometry  go  over 
into  relations  in  hyperbolic  trigonometry  by  using 

sin  iz  =3 1  sinh  z    ,     cos  iz  =  cosh  z    ,     etc.  (6 

Let  us  show  that  relations  between  circular  functions  in  the 
calculus  give  us  corresponding  relations  between  hyperbolic 
functions. 

For  example,  from    ^ 

—  sec  a;  =  tan  x  sec  x  (7 

dx 

we  infer  by  the  method  of  analytic  continuation  that 

-—  sec  z  =  tan  z  sec  z, 
dz 
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Setting  now  z  =  ix^  this  gives 

-  — -  sec  ix  =  tan  ix  sec  ic, 
%  ax 

or,  using  the  relations  6), 

-  — -  sech  a;  =  f  tanh  x  sech  a;, 
%  ax 

— -  sech  a;  =  —  tanh  x  sech  x.  C8 

which  is  the  formula  in  hyperbolic  trigonometry  corresponding 
to  7). 

6.  To  illustrate  integration  let  us  start  with  3).  We  have  seen 
that  the  method  of  analytic  continuation  shows  that  we  may 
replace  x  in  3)  by  ix.     It  becomes  then 

%  I  sin^  ixdx  =  —  J  cos  ix  (sin^  ix  -\-  2). 


/' 


Using  the  relations  6)  this  gives 

sinh*  xdx  =  J  cosh  x  (sinh^  x  —  2),  (9 

which  is  the  formula  corresponding  to  3). 

6.  Let  us  show  by  the  method  of  analytic  continuation  that  the 
addition  theorem 

sin  (m  +  v)  =  sin  u  cos  v  -\-  cos  u  sin  v  (10 

holds  for  any  complex  ti,  v.  This  we  established  in  58,  1  by 
infinite  series.  We  may  now  do  it  without  putting  pen  to  paper 
by  the  following  simple  reasoning. 

Let  us  give  to  t;  a  real  value  as  v  =  a  ;  we  consider 

f(u)  =s  sin  (w  -h  a)  —  sin  u  cos  a  —  cos  u  sin  a.  (11 

This  is  an  analytic  function  of  u  which  s  0  for  real  u.  Hence 
/=  0  for  all  u. 

Let  us  now  give  to  u  an  arbitrary  but  fixed,  real,  or  complex 
value,  and  consider 

g(v')  =  sin  (li  -f  v)  —  sin  u  cos  v  —  cos  u  sin  v.  (12 

As  ^  =5  0  for  any  real  v,  it  =  0  for  all  v  and  hence  10)  holds  for 
any  u  and  v. 
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115.  Undetermined  Coefficients.  1.  A  very  useful  method  to 
develop  a  function  in  a  power  series  is  that  of  undetermined 
coefficients.  Before  explaining  it  let  us  develop  a  theorem  on 
which  it  rests. 

//  P  =  aQ'{-a^z-\- a^-i- '••  (1 

vaniahea  for  a  set  of  points     J    /^    j  ...  (2 

which  are  all  different  and  ^  0  and  which  =  0,  then  all  the  coefficients 
in  1)  are  0 ;  that  i«,  P  =  0  for  every  2,  or  as  we  say^  it  vanishes 
identically. 

For  P  being  a  continuous  function, 

lim  P(ft^)  =  P(0)     ,     since  K  =  0. 

But  each  P(6^)  =  0, 

hence  P(0)  =  0.  (3 

Setting  2  =  0  in  1),  we  see  that  3)  requires 

P  =  2j(aj  ^0^2-1-  a^z^  -h  ...  )=  zPj. 
^^  zP^  =  0  (4 

for  the  same  set  of  points  2)  and  as  z  =^  0  for  these  points  the  rela- 
tion 4)  requires  that  Pj  =  0  for  the  points  2).  Thus  we  can 
reason  on  Pj  just  as  we  did  on  P.     This  shows  that 

ai  =  0. 

Continuing  in  this  manner  we  show  that  each 

a^  =  0     ,     w  =  0,  1,  2,  ••• 

2.  A  special  case  of  l  is  this : 

Iftheseries  P=.  ao+ ^i^-h  a^z^^ - 

vanish  for  the  points  of  any  curve  ending  at  the  origin^  it  vanishes 
identically, 

3.  If  P  =  aQ  +  a^z  ^'a^^^ ,  and  Q  =  60  +  V  +  V^  +  "•  ^^* 

equal  for  a  set  of  different  points  Cj,  Cj,  Cg-**  which  ^  0,  then  the 


'^ 
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eoefficienU  of  like  powers  in  P  and  Q  are  equcd  ;  that  is^  P  and  Q 
are  the  same  series. 

For 


iJ=:P-Q  =  (ao-6o)  +  (^-*i>  +  («a-M«'  + 


••• 


vanishes  at  the  points  c^.     Hence  by  i  all  the  coefficients  are  0. 
^  a»=6^    ,     n  =  0,  1,  2,  ... 

4.  From  8  we  have  the  important  theorem : 
Iff(z)  admits  a  development 

/(«)=  «o  +  ^i(*  "  a)+  aj(2  -  ay  +  ••• 
the  series  on  the  right  must  be  Taylor's  series^  that  is 

n  I 
In  other  words,  Taylor's  development  is  uniqtie. 

5.  The  labor  of  calculating  the  coefficients  of  a  development 
may  be  materially  lessened  when  the  following  theorem  applies  : 

^^  /(2)  =  ao  +  ai2  +  a22*+—  (5 

be  the  development  of f  about  the  origin.  If  f  is  an  odd  function^  the 
coefficients  of  all  the  even  powers  are  0  ;  iff  is  an  even  function^  all 
the  odd  power  coefficients  are  0. 

For  suppose  that/(«)  is  odd.     Then 

f(^^z^ss  ^f{z)         by  definition. 
/(-  2)  =  do  -  a^z  -I-  a^  -  a^  + 


..  • 


Hence  q  ^^^^^  +/(-«)  =  K%  +  a^^  +  a*^  +  •••)• 

As  this  series  s  0  for  all  values  of  z  near  the  origin,  all  its  co- 
efficients are  0,  or         ^ 

U  =  aQ  :s  Oj  ^  ^4  =    •  •  • 

6.  The  method  of  undetermined  coefficients  will  be  best  under- 
stood if  we  illustrate  it  by  two  or  three  examples.     This  we  now  do. 

116.  Example  1.     Let  us  develop  tan  2  in  a  power  series  about 
the  origin.     Such  a  development  we  saw  is  possible  and  the  de- 
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velopment  is  valid  for  1 2  |  <  -  •     Moreover,  tan  z  being  an  odd 

function,  its  development  will  contain  only  odd  powers.     We  set 

therefore  _  _ 

tan  2  =  aj^  +  d^  -h  (^^  +  •••  (1 

where  the  coefficients  a^,  ^3  '**  ^'^  ^  ^  determined.     To  do  this 
we  use  the  fact  that 

z  —  —  -f-  —  —  ••. 

sinz  3!      6!  ,^ 

tan  2  = = s — T (2 

cos  2     ^      ar   ,  2*  ^ 

j|     ^     ^    —     m^        ••• 

21     4! 
Let  us  equate  1),  2)  and  clear  of  fractions.     We  get 

O"?!"^^ )(aiz  +  a8^+  ...)«2-.|L+  ...  (8 

If  we  multiply  out  the  two  series  on  the  left  by  33,  2  we  get 
the  series 

...+(«.-iiy+(«.-i^+iiy 


+ 


I  a, a  a.  _JI *-\v 


... 


Comparing  the  coefficients  of  this  series  with  the  series  on  the 
right  side  of  3)  gives 


a.           1 
«     2!         3! 

.•.«,  =  i 

a.  ,  a,       1 
*     21     4!     5! 

"»"S 

^     21     4!      61 

-1 

I! 

• 

^     816 

•         •         .         • 

""^^  tan«  =  2  +  |««+^z»  +  ^«T+  ...  (4 


Talid  for  I « I  <  -  • 
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Example  2.     Let  us  develop 


cosec  z  = 


8in  z 


about  the  origin.  At  first  sight  it  would  seem  that  our  method 
would  not  apply.  For  the  very  first  thing  to  do  is  to  assure  our- 
selves that  the  development  is  possible.  The  conditions  of  Tay- 
lor's theorem,  109,  are  not  fulfilled  here,  since  cosec  z  is  not  even 
defined  at  2  =s  0,  and  for  the  theorem  to  hold  it  should  be  analytic 
in  some  circle  about  this  point.  However,  a  slight  considera- 
tion enables  us  to  proceed.     We  have 


sin  z  =  z 


i_^4.f!  —  1  =  p  =  2.  a 


Now  since  P  converges  for  all  values  of  2,  so  does 

0=1-  —  -!-  — 

As  P  =s  sin  «  =  0,  for  2  =  ±  tt, 


(6 


2^=0     ,     for2  =  ±7r. 

Hence  ^  =  0  for  «  =  ±  tt.  On  the  other  hand,  C  ¥=  0,  within  the 
circle  £  about  the  origin  of  radius  tt.  For  ^=^0  for  «  =  0  as  6) 
shows.  If  now  ^  =  0  for  some  2^0  within  £,  P  =  z^  would  =  0 
also.     But  P  =  sin  z  does  not  vanish   at  this  point.     Thus  by 

104,  4,  --  is  an  analytic  function  within  E.     It  may  therefore  be 

V  ^developed  in  a  power  series  by  Taylor's  theorem,  about  « =  0. 
^  I  Moreover  Q  being  an  even  function,  this  developmentj^ill  contain 
Vonly  even  powers  of  g/vVe  may  thereiore'ser 


1 


^      z^      z* 

1  —  —  4-.f 

8!^5! 


=  a^  4-  OjZ^  -h  a^  -h 


or  clearing  of  fractions, 


(        7?      ^  \ 
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The  multiplication  of  the  two  series  on  the  right  by  33,  2  gives 


=«.+(».- Ay +(".- 3^ +!!> 


<"-'t,^f\-H)^^-     (' 


Here  the  left  side  is  to  be  regarded  as  a  series  Cq  +  c^z  +  c^^+  ••• 
all  of  whose  coefficients  =0  except  the  first.  Thus  equating 
coefficients  of  like  powers  on  both  sides  of  6)  gives 


^0=1. 


3!      '  '       ''      6 


«2-^=0.  .-.  «2  =  - 


a.  -  ^  +  -?ft  =  0. 


a.  = 


3!"5:~  •      ''"'"seo 


Thus 


315!      7 !  ^     8.71 


^  =-+J^+^^+T^^+-  a 


sin «     2      6        360         3  .  7  ! 
valid  for  0  <  |  z  |  <  tt. 

Example  3.  Divi^ian  by  Power  Series.  In  the  two  foregoing 
examples  we  have  divided  by  a  power  series.  As  this  operation  is 
not  infrequent,  let  us  state  the  following  theorem: 

J/et 

FzrzaQ  +  a^z  +  a^z^-i ,     a^^O 

converge  mthin  a  circle  R  about  the  origin  and  be  ^0  within  St. 
Then  the  reciprocal  of  P  can  be  developed  in  a  power  series 

1 


P 


=  <?o  -f  c^z  +  V  + 


•  •  • 


valid  within  9,  and  the  first  coefficient 


Co  =  l.  (8 


S 
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For  P  being  ^Q  within  St  is  analytic  within  St  and  can  be 
developed  in  a  power  series  valid  within  St.  The  coefficients  a^ 
Oj***  are  found  by  the  method  of  undetermined  coefficients,  and 
this  shows  that  c^  has  the  value  given  in  7). 

Suppose  the  first  coefficient  a^^  0.     In  general  let  us  suppose 

P  =  a«2«  +  a^+i^-^i  +  • . .         a«  =jfc  0.  (9 

We  write  ?>«>-,  .       n       «/i 

Suppose  now  that  P  does  not  =s  0  within  St  except  at  the  origin. 
Then  ^  =^  0  within  St.     Therefore  by  what  we  have  just  seen 

-r  = h  Cj^  +  c^^  +  •••         z  within  St. 

Q        «m 

Hence  h        ^ 

for  any  «=^  0  within  jl. 
This  gives  the  theorem : 

Let  the  series  P  in  8)  converge  within  the  circle  St  about  the  origin, 
ff  P  does  not  vanish  within  9,  except  at  z^^Q^the  reciprocal  of  P 
can  he  developed  in  a  series  of  the  form  given  in  10). 

117.  Laurent's  Development.  1.  When  f(z)  is  one-valued  and 
analytic  within  some  circle  c  about  2  =  a,  Taylor's  theorem  asserts 
that/ can  be  developed  in  a  power  series  about  this  point. 

f(z)  =  ao  +  «i(2  -  a)  +  a^(z  -  a)^  +  • ..  (1 

We  call  the  point  a  a  regular  or  ordinary  point  and  we  say  /(«)  is 
regular  at  a.     If  f(z)  cannot  be  developed  in  a  series  of  the  form 
1)  about  the  point  «  =  a,  we  call  it  a  singular  point. 
Let  us  consider  for  example 

-hr-  +  log  Z.  (2 

z—  1 

Here  2  =  0,  aj  =  l,  aj  =  —  1  are  singular  points.  For  suppose  2) 
could  be  developed  in  a  power  series  P(z)  about  one  of  these 
points.  Now  P  being  a  power  series  is  defined  at  every  point 
within  its  circle  of  convergence  St^  is  one- valued,  and  has  a  contin- 
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U0U8  derivative.  But  the  function  2)  is  two-valued  about  the 
point  2  as  —  1,  and  is  not  defined  at  the  points  z  a  0  and  zsil. 
Thus  2)  certainly  cannot  be  developed  in  a  power  series  about 
these  points ;  they  are  therefore  singular  points. 

When  Taylor's  development  jsnot  appUoable  ^v£jLpoint  jLi^jk  we 
may  often  use  another  development  due  to  Laurent^  as  we  now  show. 

2.  Letf{z)  he  one-valtied  and  analytic  in  the  ring  R  determined 
hy  the  circles  E^  JP,  who%e  centers  are'  z^a.  Then  f  can  he  developed 
in  an  ascending  and  descending  integral  power  series 


+ 


!l 


valid  within  R. 


z—  a      («  —  a) 


-/l^« 


(1 


For  let  z  be  any  point  within  i2  as  in  the 
figure.  Then  by  Cauchy's  integral  theo- 
rem, 106, 

■'^^     2iriJc  u^z 


But  by  105,  4, 


Hence 


We  now  develop 
for 


Je    J  c    J  f 
in  a  power  series  as  in  109,  8).     We  have 


w  —  z 

u  on  F 

u  on  E 


u 

— 

a 

z 

— 

a 

z 

— 

a 

u 

— 

a 

<1, 


<1. 


Thus  by  89,  10)  we  have  for  any  u  on  E 

1  1      f^       z  —  a     ( z  —  a\' 

u  —  z     u  —  a  u  —  a     \u^  aj 


while  for  any  u  on  -F 

1  1 


u  — « 


«  —  a 


2  —  a     \z  —  aj 
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If  we  multiply  these  relations  by  /(w),  the  series  so  obtained  are 
steadily  convergent  with  reference  to  their  respective  circles  E^  F, 
Thus  we  may  integrate  term  wise  and  get 

Putting  these  values  in  2),  we  get  1)  where 

*»  =  T-'  fc^  -  ay-^f(iu)du.  (4 

3.  By  105,  4  we  note  that  the  circles  -B,  F  in  3),  4)  may  be  re- 
placed by  any  circle  9  in  the  ring  R. 

For  the  integrand  of  3)  is  analytic  in  the  ring  E—  Sy  and  that 
of  4)  is  analytic  in  ^  —  J'. 

4.  Let  us  now  prove  the  important  theorem : 

If  f{z)  can  he  developed  in  a  two-way  power  series 

/(^)  =  S^n(«-a)",  (5 

-ao 

this  series  must  be  the  series  of  Laurent. 

For  the  function  defined  by  the  series  5)  satisfies  the  conditions 
of  Laurent's  theorem  in  2.     Thus  /  admits  the  development 

fiz)  =  Xtn(z-ar  (6 


—  OD 


where  the  coefficients  l^  are  the  coefficients  of  Laurent  given  in 
3),  4).     Subtracting  6)  and  6)  we  get 


— 9D 
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Let  us  multiply  7)  by  (z  —  a)"^*""*"^^  and  integrate  around  a  circle 
6  lying  within  the  ring  of  convergence  of  7).     Then  by  101,  11) 

0  =  2  TTtV         .-.  J«  =  0     ,     m  =  0,  ±  1,  ±  2  ... 
Thus  ^        I 

and  the  coefficients  in  5)  are  the  coefficients  of  Laurent. 

118.  Zeros  and  Poles.  1.  Let  /(z)  be  a  one-valued  and  analytic 
function  within  a  circle  ^  about  z  -=  a.  Then  Taylor's  develop- 
ment is  valid  within  ^  and  we  have 

For  2  =  0,  this  gives  /(a)  =  a©.     If  a^  =  0,  /  vanishes  at  2  =  a. 
We  say  z  =  a  is  a  root  or  a  zero  of  /(2).     Suppose 

^0  =  ^1  =  "'•  =  ^w-i  =  ^     '     «m  ^  0. 
Then  1)  becomes 

fCz)  =  (z  -  a)*(a«  +  «m+i(25  -  a)  -I-  a^+jC^  -  a)«  +  — ) 

Here  ^(2)  is  analytic  within  $  and  does  not  vanish  at  2  =  a.     We 
say  2  =  a  is  a  root  or  zero  of  order  m. 

Since  g  does  not  vanish  at  a  it  cannot  =  0  in  some  circle  about 
this  point.     We  have  thus  the  theorem  : 

Let  f(z)  he  one-valued  and  analytic  about  the  point  z  =  a^  and 
vanish  at  this  pointy  but  not  identically.     Then  there  exists  a  positive 

integer  m  such  that  ^^  ^     ^         -^^  ^  ^  ,« 

^  /(z)  =  (2-a)«5r(2)  (2 

where  g(z^  is  analytic  about  z  =  a  and  does  not  vanish  in  some  do- 
main about  a. 

2.  Suppose  now  that  /(2)  is  one-valued  and  analytic  within  a 
circle  A  about  z  ^s  a  except  at  the  center  itself.  Such  functions 
are  -^ 


2^-1 


tan  2;. 


TT 


In  the  first  a  =  ±  1,  in  the  second  a  =  (2w  +  1)^-     If  we  describe 
a  little  circle  (S  of  radius  r  about  a,  we  get  a  ring  A  —  6  and  for 
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all  points  within  this  ring  Laurent's  development  will  hold.     Thus 

/(2)=  a^  +  a^{z  -  a)  4-  a^{z  -  of  +  ... 

z  —  a      («  —  a)' 

We  call  ^     _jj_  ^ 6j 

z  —  a     («  —  a)' 


^=-2i_  +  ^>_+...  (4 


the  eharaeterittie  of  /(z)  at  z  =  a  and  write 

C=Char/(«). 


«ssa 


The  coefficient  i^  is  of  great  importance  in  some  investigations. 
It  is  called  the  vendue  of  f(z)  at  s  =  a  and  we  write 

Jj  =  Res/(2). 

Since  r  may  be  taken  just  as  small  as  we  choose,  the  develop- 
ment 3)  holds  for  all  points  within  St  except  its  center. 

Looking  at  the  characteristic  4)  all  its  coefficients  may  be  zero 
after  the  9iith.     In  this  case,  which  is  very  important,  we  have 


z  —  a  («  —  a)* 

(z  -  a)*  ^ 

(z  —  a)* 

where  ji?  is  a  polynomial  of  degree  <  m  —  1.     Thus  ^  is  a  rational 
fuTMtion  of  z. 

From  8),  we  have 

^^  ^  {z-a)'' 

=  ,-^^-V«     '    5'(«)^0,  (6 

(z  —  a)* 
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where  g^z)  is  an  analytic  function  in  St  which  does  not  vanish  at 

2  =  a.     Since 

lim  (z  —  a)*"  =  0     ,     lim  g(z)  =  J^  :^  0, 

the  expression  6)  shows  that 

lim|/(z)|=  +  oo,  (7 

that  is,  as  z  approaches  a,  /  recedes  indefinitely  from  the  origin. 
This  we  will  indicate  by  the  symbolic  equation 

lim/(z)  =  oo,  (8 


so  that  8)  is  only  another  way  of  writing  7). 
On  the  other  hand,  the  reciprocal  of  /  is 

As  g  does  not  vanish  at  a,  its  reciprocal  is  an  analytic  function, 
call  it  A(2;),  about  this  point,  and  h  does  not  vanish  at  a,  as  shown 
in  Ex.  8,  116.     Thus,  we  may  write  9) 

--1- =  C«  -  a)«A(^)     ,     A(a)=^0.  (10 

• 

This  shows  that  the  reciprocal  of  /  has  a  zero  of  order  m  at 
«  =  a.  The  function  f(z)  and  its  reciprocal  behave  thus  in  oppo- 
site manners  like  the  poles  of  a  magnet.  As  2;  =  a,  /=  00  while 
its  reciprocal  =  0.  For  this  reason  we  say,  that  when  tlie  charac- 
teristic of  a  function  has  the  form  5),  that  2  »  a  is  a  pole  of  fiz)-, 
and  in  fact  a  pole  of  order  m.     We  thus  have  this  result : 

If  f(z)  has  a  pole  of  order  matz  =  a^  it  has  the  form 

where  g  is  analytic  about  z  =  a  and  does  not  vanish  at  this  point. 
The  reciprocal  of  f{z)  has  a  zero  of  order  m.  Conversely^  if  f 
has  the  form  11),  z  =  ais  a  pole  of  order  m. 

3.  Let  fiz)  he  one-valued  about  z=i  a  and  analytic  except  at 
z  ss  a.  If  the  reciprocal  of  f  has  n.  zero  of  order  m  at  a,  this  point 
is  a  pole  of  order  mfor  f(z)> 
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For  by  hypothesis,       j 

-—  =  (2  -  aYg(z), 

and  g(z)  does  not  vanish  about  2  =  a.     Hence, 

=  *o  +  *i(^  —  «)  +  62(2  —  ay+ ... 


and  thus 

(z  —  a)*"  «  —  a 

Thus  the  characteristic  of/  has  the  form  6). 

»    -i.  If  z  =  a  is  a  pole  of  order  m  of  f{z)^  it  is  a  pole  of  order 
m  +  loffdz). 

For  about  2  =  a  we  have 
here  g  is  analytic  about  2  =  a,  and  b^  ^  0. 

/'(^) = -    "'^>    —  — ^-, + ^(.). 

(z  —  a)"»^*  (2  —  ay 

As  J,»  :^  0,  2  =  a  is  a  pole  of  order  i»  +  1  for  /(«). 

Example  1.  J(z)  = 


22-1 


About  any  point  2  =  a  for  which  the  denominator  does  not  8  0, 
/(«)  is  analytic. 
For  2  =  1  we  have 

/=_^ l_  =  il^. 

'^        2+1       2-1        2-1 

Now  g  is  analytic  about  2=1.     Hence  2  =  1  is  a  pole  of  the  first 

order. 

Similarly  -_     2  1 

•'"2-1  '  2  +  1 

and  this  shows  that  2  =  —  1  is  a  pole  of  order  1  also. 


•  •    >  • 
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Hxample  £.  .^^^  ^  tau  z  =  ?iS^. 

COHZ 

This  is  analytic  except  at  the  points 

Let  us  call  one  of  these  a.     We  have  for  z  =  a  +  u 

cos  z  =  cos  a  cos  u  —  sin  a  sin  u 
=  (—  l)""*'^sin  u 

=  (_l)n+i(^_a){l_ll^%...j 

Thus  1  1  (-1)"+^ 

cos  3      z  —  a     ^      (z  —  a)^  , 

3! 

z  —  a 
where  g  is  analytic  about  «  =  a  and  =^  0. 

But  sin  z  does  not  vanish  at  a.     Hence  h(^z^  is  analytic  about 

z  =  a  and  does  not  vanish  at  this  point. 

Hence  _ 

2  =  (2»  +  l)| 

is  a  pole  of  order  1,/or  tan  z. 

5.  Let  us  note  that  no  point  z^a  which  is  a  pole  can  belong 
to  the  domain  of  definition  of  an  analytic  function.  For  by  defi- 
nition/(a)  must  exist,  and  this  requires  that/ (2;)  is  continuous 
at  a,  by  84,  3.     Thus  by  88,  6 

/(2f)|<some  a  (12 


in  Df,(^d)^  h  sufficiently  small.    On  the  otiier  hand,  if  a  is  a  pole  of 
/(^)'  lim  1/(2)1=  + 00, 


z==a 


as  we  saw  in  2.     This  contradicts  12). 
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6.  If  2  =  a  is  a  zero  or  pole  of  order  m  of  /(«),  it  is  of  order 

mn  for  the  function  « ^^^  x ,.  .  .        ^  a 

^s=  )/(«){      ♦    n  an  integer>0. 

For  about  ^  =  a  we  have 

where  w  >  0  for  a  zero  and  <  0  for  a  pole,  and  where  ^(a)  ^  0. 

Thus  (f>\z}ssy^(z)  is  an  analytic  function  which  does  not  vanish 

at  z  a  a.     Hence  ,         ^..  ,  ,  ^ 

g  =  {z-  a)""^(2), 

which  proves  the  theorem. 

7.  ]ff(z)  is  a  one-valued  analytic  function  in  the  connected  region 
8,  the  poles  of  its  derivative  are  also  poles  of  f{z)  and  the  residues 
off\z)  are  all  0  in  «. 

For  at  a  pole 

(2  —  a)^  z  —  a 

where  g  is  regular  at  a.     If  now  we  integrate,  we  get 

""^^'^  h  =fff(z)dz 

is  regular  at  a.     As  /  (2)  is  one-valued  in  9  the  logarithmic  term 

cannot  appear  so  that  p     /f/ \     a 

dj  =s  Ives  J  \jij  ^*  v/« 


8.  As  an  example  let  us  find  the  singular  points  and  the  resi- 
dues of  the  function  ^    . 

A(^)=^^(^)^,  (15 

which  we  shall  employ  later.  Here  g  (2)  is  regular  in  the  connex 
C  and  has  no  zero  in  common  with  /(z),  which  latter  has  certain 
poles  2  =  a,  i,  •••  in  S  but  is  otherwise  regular. 

Let  2;  =  <?  be  a  regular  point  of  /  and  not  one  of  its  zeros.  Ob- 
viously <?  is  a  regular  point  of  A. 

Let  zssche  Q,  zero  or  a  pole  of  order  w  of  /  («).     Then 
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where  m  is  a  positive  integer  if  c  is  a  zero,  and  negative  if  c  is  a 
pole,     ^(z)  is  regular  at  c  and  ^i^  0.     Then 

/  =  m(z  -  O^'V  +  («  -  0*^'- 
Hence  ^  (g>  ^    m     ^  4>' 


z  —  c 
where  -^  is  regular  at  c. 

On  the  other  hand,  by  Taylor's  theorem 

ffC^^  =  ffCO  +  <?i(«  -  0  +  «a(«  -  «)*  +  — 
Hence  i^  x     mg(c)  ,  i^  v  ,1/, 

2  —  c 
where  k  is  regular  B,t  z  =  c. 

From  16)  we  see  that  2  =  c  is  a  pole  of  order  1  and  that 

Res  h(z')  =s  mg(jci).  (17 

At  a  zero  m  is  a  positive  integer,  at  a  pole  it  is  negative. 

9.  Before  leaving  this  topic  let  us  show  that  the  relation  89,  1 

or  dw     dw     dz 

dt      dz      dt 

dz 

holds  even  when  —  =s  0,  provided  z  U  an  analytic  function  of  t. 

dt 
As  we  observed  in  89,  6  we  have  only  to  show  that  A2;  :^  0  as 
A  ss  At  s  0.     But  z  s  ^(0  being  an  analytic  function  of  t, 

A;?  =:  <^(^  +  A)  -  <^(e) 

considered  as  a  function  of  A  is  regular  at  the  point  A  =  0.     It 
therefore  does  not  vanish  for 

0  <  I  A  I  <  some  8 
byi. 

10.  iet  M=saQ  +  aj2-ha22^+ •••,     a^^O.      Then  wsslogu  con- 
sidered as  a  function  ofz  is  regular  at  z=sO  and 

^=1  .  du __a^-\'2a^'{'  »«»  ^^g 

dz      u      dz       aQ  +  a^z+  •" 
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For  we  may  take  S  so  small  that  u  remains  in  -D^Ca^)  if  z  re- 
mains in  -D«(0).  If  now  v  <\^o\^  ^^®  origin  w  =  0  will  not  lie  in 
Dy,.     Thus  w  considered  as  a  function  of  z  is  one-valued  in  2>a  and 

thus  by  9,  J        J        J 

•^  aw_  dw     du 

dz      du      dz^ 
which  gives  18). 

Since  w  is  regular  at  2  =  0,  we  have,  by  Taylor's  theorem, 

tt'  =  w(0)  +  «w'(0)  +••• 
^^^^  KO)  =  logao     ,     t(;'(0)  =  ^l- 

Hence  i  «       ,  «i     ,  •10 

M?  =  loga^-f    ^z-\ (19 

i«  regular  at  z=:0^  and  1 


For  *  lojjM 


«o       ^ 


tt'  =  e" 


As  log  w  is  regular  at  2  =  0  by  10,  so  is  w.      Hence   by  Taylor's 
theorem  ^^.  ,     ,  .^.     , 

t£^(0)  =  <     ,     tt/(2)  =  ^M""'^     ,    M^'(0)  =  lv"V... 

n        dz  n 

etc.,  which  gives  20). 

119.  Essentially  Singular  Points.  1.  Let  2  =  a  be  a  singular 
point  of /(2).  If  /  is  one-valued  about  this  point  which  is  not 
a  pole,  we  say  2;  =  a  is  an  esBentially  angular  point. 

It  is  easy  to  construct  functions  having  such  singular  points. 
For  example,  let  the  infinite  series, 

a^  +  a^z  -f^ij^^-f  •••  (1 

converge  for  all  values  of  z.     Such  series  we  considered  in  39,  4. 
From  1),  we  can  form  the  series 

/(2)  =  «o  +  ^  +  5+-  (2 

z      z^ 
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which  converges  obviously  for  all  z^O,     Thus,  the  function  /(«) 
defined  by  2)  is  an  analytic  function  of  z  for  all  2  ^  0,  by  104,  6. 

If  we  develop  /  about  the  point  ^  =s  0  in  Laurent's  series,  we 
get  the  series  2)  again  by  117, 4.     Thus,  by  118,  2, 

Char /(«)  =  ?!  4-^+  —  (3 

«=o  z       z^ 

As  the  a^  are  not  all  0  after  some  rn,  the  point  2;  =  0  is  not  a  pole. 
It  is,  therefore,  an  essentially  singular  point. 

From  this  function  /  (2)  we  can  form  an  infinity  of  other  func- 
tions having  2  =  0  as  an  essentially  singular  point.  For  let  ^(«) 
be  regular  about  2  =  0.     Then 

*(z)=/(z)+5'(2) 

has  2;  =  0  as  an  essentially  singular  point. 

2.  That  2  =s  a  is  an  essentially  singular  point  may  often  be 
seen  by  the  aid  of  the  following  theorems.  We  exclude,  of 
course,  the  trivial  case  that  the  functions  considered  are  constants. 

If  f{z)  is  regular  at  z  =  a^  f(z)  cannot  have  the  same  value  c  at 
a  Set  of  distinct  points  aj,  a^,  ^^g  •••  which  =  a. 

^^^^^^^  giz^^fiz)--c 

is  regular  at  ^  =  a  and  vanishes  at  each  a^. 
As  ^  is  continuous  at  a, 

lim  5r(a„)  =  5r(a). 


1=00 


As  each  5^(a„)  =  0,  we  see  g(z)  =  0  at  a. 
But  then,  by  118,  i,       ^^^^  ^  ^^  _  ^^^^^^^^ 

where  A  does  not  vanish  in  some  domain  about  z  =  a.  As 
^(a„)=  0,  it  follows  that  A(a^)=  0.  Thus,  h(z)  vanishes  in  any 
circle  about  2;  =  a,  however  small. 

3.  If  f(z^  is  regular  at  each  point  of  a  circle  ^  about  z  =  a^  the 
center  a  excepted^  and  if  f  has  the  value  c  at  a  set  of  distinct  points^ 
a^n  Oj,  •••  which  as  a,  then  z  =  a  is  an  essentially  singular  point. 

For  we  saw  in  2  that  a  is  not  a  regular  point.  If  it  is  not  an 
essentially  singular  point,  it  must  be  a  pole.     Then  its  reciprocal 


-y 
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g(z^  is  regular  at  z  =  a,  and  takes  on  the  value  -  at  the  points 

e 

a^.     This  contradicts  2.     Thus,  is  s  a  is  not  a  pole  of /(z). 

Example.  .    1 

^  w  =  sin  -  • 

z 

This  function  is  regular  at  each  point  except  2  =  0.     Now  tr  =  0 

for 

z  =  —    9     71  =  1,  2,  8  ••• 
nir 

and  these  values  =  0.     Thus  by  3,  the  origin  is  an  essentially 
singular  point. 

4.  Let  f(z^  be  regular  about  z=sa  except  at  a  and  at  a  set  of 
points  Aj,  a,  •••  which  ^  a.  If  each  a^is  a  pole^  the  point  z  =  a%B  an 
essentially  singular  point. 

The  point  2  =  a  cannot  be  regular,  for  f(z)  is  infinite  in  any 
domain  D(a).  It  cannot  be  a  pole,  for  the  reciprocal  of  f  (z) 
would  be  regular  at  2  =  a  and  vanish  at  the  points  a^^  which  is 
impossible  by  2. 

Example.  ,,  .         1 

/(«)  =  —!;• 

sin  - 
z 

Let  us  set  ..•  \       •    1 

g(z)  =  8in  - . 


z 


Then  if  we  set  1 


z 

1 

,        ,        -  cos- 

fl^  __  c^jr     an  ^  z 

dz"  du  '  dz"^        W 


about  the  point  a  = Thus  g^(z)  is  continuous  about  «  =  a 


vnir 


and  hence  g(z)  is  regular  at  a.     Hence  by  Taylor's  theorem 


Here 
Thus 
Hence 
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* 

giz)  =  iz  -  a)  {(-  l)-+VnM+  ...  \. 


where  we  do  not  care  to  know  the  values  of  the  coefficients  c. 
This  shows  that  the  points  —  are  poles  of  order  1.     Hence 

WITT 

2  =  0  is  an  essentially  sing^ar  point. 

120.  Point  at  Infinity.  1.  In  seeking  to  characterize  an  analytic 
function  or  ^  it  nas  been'iFound  extremely  important  to  study  its 
behavior  for  large  values  of  z. 

Let  us  change  the  variable  by  setting 

r 

z=-.  (1 

u 

I 

Then  a  function  as  ^  y  n     1  +  z'  ^a  ' 

goes  over  into  a  function  of  u^  \ 

giu)  =  tt  -h  w8.  (8  j 


To  learn  how  /  behaves  for  large  values  of  z^  we  need  only  to  see 
how  g  behaves  about  the  point  u  =  0.  We  see  it  has^^zfiHM^f 
order  1. 

'^    Let  us  look  at  the  geometrical  side  of  the  transformation  1). 
If  we  set  z  =  re^,  we  have 

r 

This  shows  that  as  z  describes  a  unit  circle  U  in  the  positive  sense, 
u  describes  the  unit  circle  U  in  the  u-plane  in  the  negative  sense. 

To  a  point  a  =  pe*^  within  U  corresponds  the  point  a  =  -  «"^  with- 

P 
out  U.  As  2sO  along  a  radius  as  Oo,  u^co  along  the  corre- 
sponding radius  Oa.  To  each  point  in  the  2-plane  except  z^O 
corresponds  a  single  point  in  the  i«-plane,  and  conversely  to  each 
point  except  u  =  0  in  the  u-plane  corresponds  one  point  in  the 
is-plane. 
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To  complete  the  correspondence,  mathematicians  adjoin  to  the 
plane  an  ideal  point  called  the  point  at  tnfintttf  and  denoted  by 
the  symbol  oo.  They 
say  that  to  z  =  0  shall 
correspond  tt  =  oD,  and 
to  u  =  0  shall  corre- 
spond Z  =  CD. 

Instead  then  of  ask- 
ing how  a  function  ^(2) 
behaves  for  large  values 

of  z,  they  ask  how  it  behaves  about  the  ideal  point  z  = 
such  a  question  one  means  nothing  more  than  this : 

Change  the  variiible  from  2  to  u  as  in  1).  Then  if  /  consid- 
ered as  a  function  of  u  is  regular  at  u  =  0,  we  say  f  is  regular  at 
z  =  'x>.  K  J  considered  as  a  function  of  u  has  a  pole  of  order  m  or 
an  essentially  singular  point  or  a  branch  point  at  u  =■  0,  we  say  f 
has  this  same  property  at  2  =>  00. 

2.  We  must  caution  the  reader  to  note  that  we  do  not  introduce 
the  symbol  oo  as  a  number;  we  do  not  define  any  arithmetical 
operations  on  this  symbol. 

Also  when  we  say  /(«)  has  a  certain  property  for  every  «  we  al- 
ways mean  for  finite  2  unless  the  contrary  is  stated. 

3.  Let  us  note  that  the  theorems  in  119  may  at  once  be  ex- 
tended to  the  point  z  =  «. 

For  all  we  have  to  do  is  to  replace  z  by  -,  and  reason  on  the  be- 

f  considered  as  a  function  of  u>  about  u  =  0.     We  may 


Iff(p)  t»  one-valued  about  z-^-xi  and  analytic  for  large  valuet  of 
z  except  at  a  set  of  points  a^,  a^  ■■■  which  =  cc  ;  or  if  f  is  analytic 
aha  at  the  points  a„  and  has  the  same  value  at  these  points,  then 
ttU^lu  singular  point  offiz). 

4.  It  is  sometimes  convenient  to  speak  of  the  domam'bf  the 
potnt  z  s  !».  By  this  we  mean  all  the  points  in  the  z-plane  with- 
out some  circle  S  about  the  point  z  =  0.     We  may  denote  it  by 
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If  we  apply  the  substitution  1),  this  domain  goes  over  into  the 
points  within  some  circle  about  the  point  t^  =  0  in  the  t^-plane. 

121.  Integral  Rational  Functions.  1.  Let  us  show  how  the  ra- 
tional and  integral  rational  functions  can  be  characterized  from 
the  standpoint  of  the  function  theory.  We  begin  by  proving  a 
theorem  of  great  value. 

Letf(z)  he  regular  for  every  finite  z.     If 

\S(^z)\<Bome  a,  (1 

however  large  z  is  taken^  f  is  a  constant. 

For  let  us  develop  /  (2)  about  the  origin,  we  have 

/(^)  =/(0)  +2/'(0)+  ^  /"(O)  +  •..  (2 

Now  by  Cauchy's  inequalities,  107,  2, 


nl 


This  relation  holds  however  large  R  is  taken.     As  the  right  side 
==  0  as  iJ  =  00  we  see  that  each  coefficient  in  2)  is  0.     Thus 

/  (^)  =  /  (^)     »    *  constant. 

2.  Iff{z)  18  regular  for  every  z  including  a  =  00,  it  i%  a  constant 
For  let  us  describe  a  circle  S  about  a=0.  Then,  /  being  continu- 
ous in  (S,  we  have 

I  /  (z)  I  <  some  ffj  in  6. 

Let  us  now  set  w  =  -;  this  converts  S  into  some  circle  jf  about 

z 

u  =  0.     But  by  hypothesis  /  considered  as  a  function  of  u  is  reg- 
ular at  ti  =3  0.     Thus  /  is  a  continuous  function  of  u  in  jt,  and 

hence  .    ,  ^   .     «. 

|/|<  some  Ctj  in  St. 

Thus  if  6f  is  >  both  (^j,  G^, 

|/(^)|<G^ 
for  every  finite  z.     Hence  /  (z)  is  a  constant  by  1. 


^ 


^ 
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3.  Let  f(z)  he  regular  for  every  z.     If  it  has  a  pole  of  order  m 

""     '    fiz)=^a^'\-a^z  +  a^^+  '-' '\-a^z'^    ,     «m¥=0,  (3 

and  conversely. 

To  see  how  /  behaves  for  a  =  oo  we  set  2  =  -  and  get 

.^  Om  4-  gm-i^  4-  —  +  gp^** 

Thus  /  has  a  pole  of  order  m. 

To  prove  the  other  part  of  the  theorem :  Since  /  has  a  pole  of 
order  m,  /  considered  as  a  function  of  u  has  a  pole  of  order  m  at 
14  =  0.     Hence  by  118, 

where  g  is  regular  at  u  =  0. 

We  show  ^  is  a  constant.  For  /  has  no  singular  points  except 
at  u  =  0.  Hence  g  has  no  singular  point  i«  ^  0.  But  by  hypo- 
thesis u  =  0  is  not  a  singular  point.  Hence  ^(u),  having  no  sin- 
gular point,  is  a  constant  e^  by  2.     Thus  4)  becomes 

/=^o  +  -+  •••  +-^1 

or  going  back  to  z^  f  has  the  form  3). 

4.  We  now  establish  the  fundamental  theorem  of  algebra: 

Every  polynomial  of  degree  m  has  m  roots  e^,  a,  '**  ^^  some  of 
which  may  be  equal. 

In  other  words : 

If  /=ao  +  «i«  +  a2^+  •••  4-a,n2^"'    ,     «m=i^O,  (5 

there  exists  m  numbers  a^,  •••  0,^1  such  that 

j^aj^z  -  tti)  ...  {z  -  O.  (6 

*'or  since  lim/(;5)=ao 


there  exists  a  circle  C  about  2  =  0  such  that 
for  every  z  outside  C. 
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Hence  /^  0  outside  (7.     Thus  if  /  has  any  roots  at  all,  they  lie 
in  (7,  that  is  on  or  within  it.     Suppose  /  were  ^  0  in  (7.     Then 

|/(a)  I  >  some  i;  >  0        in  (7, 

since  /  is  continuous  in  (7,  by  83,  7. 

Let  <7(^)=^. 

^^^^  \ff\<^        for  2  outside  flf, 

<  -  for  2  in  (7. 

^^^^  \ff\<someM 

for  every  z.     Hence  ^  is  a  constant  by  i,  which  is  absurd.     Thus 
/=  0  for  some  z  in  (7,  say  for  z  =  fiy     Then  by  118,  l, 

/(«)  =  (z  -  /9,)«s/,(«). 

By  3,  /i  must  be  a  polynomial.     The  method  of  undetermined 
coefiGcients,  115,  shows  that  it  is  of  degree  m  —  my 

We  may  now  reason  on  /jC^)  as  we  did  on  /(«).     We  thus  get 

f^a^iz-  /9i)"H  (z  -  /8j)~« ...  (2  -  /9.)"*%  (7 

where  wi  =»  wi|  4-  m^  -+-•..  wi,. 

The  factor  a^  on  the  right  of  7)  is  due  to  the  fact  that  the 
coefficients  of  like  powers  on  both  sides  of  7)  mi^t  be  eqtkil. 

122.  Rational  Functions.   1.  These  have  the  form 

^  ajz  —  «,)"'  •••  (z  -  g,)*^  ^2 

U2-/8i)"'-(2-/8,)"''    . 

We  will  suppose  that  numerator  and  denominator  do  not  have  a 
zero  in  common. 

EUich  zero  of  the  denominator  is  a  pole  of  /.     For  example, 

t_        1  a«(z-«i)'^  — 

•'     («-i8i)-.     J,(2-/9a)-.... 

a^^')     ,  (8 


l^ 
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where  g  is  regular  at  ^|  and  does  not  vanish.     Thus  2  =  ^|  is  a 
pole  of  /(«)  of  order  n^. 

Similarly  at  a  zero  of  the  numerator  as  04  we  have 

/=(2-ai)->AC2), 

where  A  =^  0  at  a^     Thus  2  =  04  is  a  zero  of  order  m^ 

At  any  point  z^c  not  a  zero  of  the  denominator, / is  regular. 

2.  Let  us  now  see  how /behaves  at  2 =00.    Setting  2  =s -,  we  have 

u 

As  J„=^  0,  A  is  regular  at  m  =  0  by  1.     From  4)  we  have  : 

The  rational  function  1)  is  regular  at  z  =  (x^  if  n>m.     It  has  a 
zero  of  order  n  —  mifn>m.     It  has  a  pole  of  order  m  —  nifm>n. 

If  we  count  the  zeros  or  poles  at  2  a  00  with  their  proper  order, 
we  have  : 

The  rational  function  1 )  Aa«  p  zeros  and  p  poles^  where  p  is  the 
degree  of  1),  that  is^  p  is  the  greater  of  the  two  integers  w,  n. 

3.  Let  us  now  establish  the  converse  theorem  : 

Jf  a  one-valued  analytic  function  has  anly  a  finite  number  of  poles^ 
taking  into  acc(>^nt  2  ss  00,  it  is  a  rational  function  of  z. 

For  let  2  s:  a,  J,  •••  be  these  poles.     About  2  =  a  we  have 

where  /j  is  regular  at  2  =  a. 

As  /  lias  a  pole  at  2  =  6  and  as  h<^{z)  is  regular  at  this  point,  /| 
must  have  a  pole  at  h.     Thus 

Here  /,  is  regular  at  2  =  a,  and  at  2  =  i.     Thus  we  may  continue 
for  all  the  poles  of  /  in  the  finite  part  of  the  plane,  getting,  say, 

/(z)  =  V«)4- V«)-h  •..  -h*,(2)  +  /.(2),  (5 
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where  the  last  term  has  no  pole  at  2  =  a,  i,  •••  that  is,  has  no  pole 
in  the  finite  part  of  the  plane. 

We  now  consider  the  point  z  =  oo.  Let  us  first  suppose  this  is 
not  a  pole  of  the  original  function  f(z)-  Then  5)  shows  it  is  not 
a  pole  of  /«(2;).  Thus  /^  having  no  pole  even  at  infinity,  is  a  con- 
stant by  121,  2. 

Suppose  now  2  =  00  is  a  pole  of /(«),  then  5)  shows  it  is  a  pole  of 
/,.  Thus/,  is  an  analytic  function  whose  only  pole  is  2  =  oo ;  hence 
by  121,  3  it  is  a  polynomial : 

/.=J^o-bfi2+  -  +p^'  (6 

4.  The  foregoing  section  shows  that  we  can  write  the  fraction 
I')  or  2)  as  follows  :     .  .       , 

4.    Al__4-  ...  ^    ..lin^ 


+ 


where  l^m  —  n.  When  /  is  written  as  in  8),  we  say  it  is  decom- 
posed into  partial  fractions.  Knowing  that /can  hf  written  ^as  in 
8),  the  coefficients  which  enter  in  this  expression  can  be  deter- 
mined by  the  method  of  undetermined  coefficients. 

123.  Transcendental  Functions.  1.  The  foregoing  articles  show 
us  how  the  rational  and  integral  rational  functions  are  completely 
characterized  by  the  nature  of  their  singular  points. 

All  one-valued  analytic  functions  which  are  not  rational  func- 
tions are  called  transcendental.  Every  transcendental  function 
must  have  one  essentially  singular  point  by  definition.  The  sim- 
plest transcendental  functions  are  those  which  have  only  one  singu- 
lar point,  and  that  an  essentially  singular  point  at  00.  Such  one- 
valued  functions  are  called  integral  transcendental  functions. 

2.  It  is  easy  to  show  that 

e'    ,     sin  2     ,     cos  z    •     sinh  z    ,     cosh  z 
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are  integral  transcendental  functions.  For  being  defined  by  power 
series  which  converge  for  every  z^  they  have  no  singular  points  in 
the  finite  part  of  the  plane. 

On  the  other  hand,  if  sin  z  =  c  for  z^a^  it  ^e  for 


a+2ir     ,     a4-47r     ,     a-|-67r 


•  .• 


But  these  values  ==  oo.  Thus  2  a  oo  is  an  essentially  singular  point 
by  120,  8. 

8.  The  same  reasoning  shows  that  any  one-valued  periodic 
analytic  function  which  has  no  poles  in  the  finite  part  of  the  plane 
must  be  an  integral  transcendental  function. 

For  if  such  a  function  has  the  period  o,  it  takes  on  the  same 

value  at  ,  ,  ^  u-  u    • 

z     ,     24-«     y     z  +  2a>     ,     •..         which  =00. 

4.  A  one-valued  transcendeptal  function  which  has  only  poles 
in  the  finite  part  of  the  plane  is  called  a  rational  tramcendental 
function. 

Such  functions  are  ^ 

tan  z    ,     -: —  • 

sm^ 

6.  As  an  example  of  rational  transcendental  functions  let  us 
consider  the  following,  which  occur  in  the  elliptic  functton». 

hef,  Oj,  <o^  be  any  two  numbers  which  are  not  collinear  with  the 
origin  z  =s  0.     With  these  we  form  the  series 

^=2? ^  (1 

where  wij,  wij  =  0,  ±1,  ±  2  ...  and  j9  is  a  fixed  integer  >  2.  We 
show  now  that  the  function  defined  by  1)  is  a  one-valued  analytic 
function  for  every  z  except  at  the  points 

®  =  (o^^m^  =  mi©!  4-  wijWj  (2 

which  are  poles  of  order  p. 

To  show  that  F  is  regular  at  a  point  z  ==  a  not  included  in  2)  we 
describe  a  circle  St  about  the  origin  exterior  to  a.  We  now  break 
the  series  1)  into  two  parts 

F^F^-h  F^  (3 
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where  F^  contains  all  the  terms  of  1)  corresponding  to  values  of 
co^M,  which  lie  exterior  to  jt,  and  F^  contains  the  other  terms. 

In  99,  6  we  saw  that  F^  converges  steadily  in  jj.  Hence  by 
108, 1,  F^  is  an  analytic  function  of  z  in  jt.  On  the  other  hand, 
F^  consists  of  a  finite  number  of  terms  of  the  type 

(4 


(2-  <»y 


But  each  such  term  is  regular  except  at  2  =  o.  Hence  JT^  is  regular 
except  at  points  included  in  2).  Thus  3)  shows  that  ^is  regular 
at  2  =s  a. 

To  show  that  F  has  a  pole  of  order  'p  at  the  point  z^h 
=s  ra>|  +  9KA^  we  take  jt  so  large  that  the  point  h  lies  within  it. 
Then  as  before  F^  is  regular  at  z  =  i,  while 

Now  Q-  is  the  sum  of  a  finite  number  of  terms  of  the  type  4),  each 
of  which  is  regular  at  h.  Thus  Fi  has  a  pole  of  order  f  ?X  z^h^ 
and  hence  F  has  also  by  3).  Thus  the  points  2)  are  poles;  as 
these  points  s  00  the  point  2  =  oo  is  an  essentially  singular  point 
by  120,  8. 

6.  Let  us  show  that  m^  is  a  period  of  the  function  defined  b^  1). 
The  same  reasoning  will  then  show  that  o^  is  also  a  period  and 
hence  the  numbers  2)  are  also  periods.     We  have  from  1) 

i'(«4-w,)= y\- ^ r- 

1  ^' 

=  y - . 

As  my,m^  run  over  all  integral  values  0,  ±1,  ±  2, ...  we  see  that 
wij  —  1,  Tiij  run  over  the  same  values.  Thus  the  terms  in  6)  are 
identical  with  those  in  1).  As  the  series  1)  is  convergent,  its 
sum  is  independent  of  the  order  of  its  terras  and  hence  5)  has  the 
same  sum  as  1).  The  points  2)  are  the  vertices  of  a  set  of 
parallelograms  as  in  the  figure.    Any  one  of  them  as  P  is  called  a 
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parallelogram  of  periods.  In  P,  the 
function  ^(2)  takes  on  every  value 
it  can  take  on  anywhere. 

For  any  point  z  lies  in  one  of  these 
parallelograms  as  Q.  Let  z^  be  the 
point  in  P  which  is  situated  in  P  as 
z  is  in  Q.     Obviously, 


Z^  =  Z  -^  ?WjCi)|  4-  WjCDg. 

But  then     ^      ^        „ 

Fiz^)  =  F(z). 


(^ 


Two  points  2,  «!  which  are  related  as  in  6)  are  said  to  be  con- 

gruent;  we  write 

mod  a)j,  ©2  (7 


z^  =  z 


which  we  read  Zj  is  congruent  to  z  with  respect  to  the  periods 
a>p  a>2*  When  no  ambiguity  can  result,  we  do  not  need  to  mention 
the  periods  and  we  write  simply 


Z|  =  z. 


7.  The  series  1)  define  therefore  an  infinity  of  periodic  functions 
corresponding  to  jp  =  3,  4,  ... 

The  reader  will  note  that  they  differ  from  the  periodic  functions 
heretofore  considered  as  e\  sin  z  in  this  important  particular. 
Their  periods  do  not  all  lie  on  one  line,  but  are  spread  out  over 
the  whole  plane,  as  in  the  figure. 

124.  Residues.  1.  We  saw  in  117  that  if  /  is  one- valued  and 
regular  about  2  =  a,  but  not  regular  at  a,  it  can  be  developed  in 
Laurent's  series  : 


/(z) ^a^-k-  a^(z  —  a) 4-  a^{z  —  a)^ H 


a 


_«a_ 


4-^^4-- 

z—  a      {z—  a) 


-/i\3 


4- 


(1 


The  coefficient  a^  we  said,  in  118,  2,  is  the  residue  of  /  at  the 
point  a.  These  residues  are  of  great  importance  in  certain  inves- 
tigations, for  example  in  the  elliptic  functions.  A  fundamental 
theorem  is  the  following : 
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Let  f(z)  he  regular  in  the  simple  connex  S  except  at  the  points 
z  =  aj,  a^'"  <^m  which  we  suppose  do  not  lie  on  the  edge  ^  of  ^,      Then 

I  Res/(2)  =  -1^  Cfiz')dz.  (2 

For  simplicity  suppose  there  are  only 
two  singular  points  a  and  b  in  6.  Then  by 
105,  7) 

Cfdz  =ffdz  +  Cfdz.  (3 

Let  1)  be  the  development  of /about  2  =  a.    Then 

rfdz=^2  7na^  by  101,  11) 

=  2  7r<Re8/(z). 
Similarly 

2 
These  values  in  3)  give  2). 


l^r/rf25=Res/(z) 


2.  From  1  we  may  deduce  the  following  general  theorem  from 
which  we  shall  draw  important  conclusions,  especially  in  the  elliptic 
functions. 

Let  f^z)  be  regular  in  the  simple  connex  C  except  fy^  certain^ poles. 
On  the  edge  (&  of  (S.  let  f  he  regular  and  =^  0.  Let  g(z)  he  regular  in 
6  and  have  no  zero  in  common  with  /.     Then 

—-,  Cg  (z)d  log  /  (z)  =  ^mrg  (a^  )  -  ^n,g  (a,)  (4 

where  a^  a,  are  the  zeros  and  poles  of  f(z)  of  orders  m^  w,  respe^ 
tively. 

The  integrand  in  4)  is 

A(2)  =  a(2)£^. 

Its  singular  points,  as  we  saw  in  118,  8,  are  the  zeros  and  poles  of 
/(2).     The  formula  118,  17)  shows  that  at  a  zero 

2  =  a^         Res  A  =  m^g  (tfr)i  (5 
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and  at  a  pole    ^^^^        Re8A  =  -  n^(a.).  ^  (6 

If  we  now  put  5),  6)  in  2),  we  get  4). 

8.  If  we  agree  to  count  a  zero  or  pole  of  order  m,  as  m  simple 
zeros  or  poles,  we  can  write  4)  thus : 

— -  /Vrflog/=  2^(aJ-  25r(0.  (7 

4.  From  4)  or  7)  we  have  as  corollary : 

Letf{z)  be  regular  in  the  nmple  cannex  S  except  for  certain  poles. 
On  the  edge  6  o/  C  let  f  be  regular  and  ^  0.      Then 

^f^dlogfiz:,=  M-N,  (8 

where  M^  N  are  the  number  of  zeros  and  poles  of  f  in  S  each  counted 
as  often  as  its  order. 

This  follows  from  7)  on  setting  g(z)^  1. 

5.  As  a  corollary  of  8)  we  may  prove  the  fundamental  theorem 
of  algebra^  viz. : 

/(«)  =  a^^"*  4-  ^i^"*"*  4-  —  -h a«    ,     %^Q 

has  just  m  roots,  a  multiple  root  of  order  s  being  counted  as  s 
simple  roots. 

^^^^     ,^  lim/(2)=ao 


••  • 


we  can  take  a  circle  0  about  the  the  origin  of  radius  R  so  large 
that  no  root  of  /  lies  on  C  or  without  it.  As  /  has  no  poles  in  C, 
N  in  8)  is  0.    Thus        -,      ^ 

But  dlog/ _  ma^z"^-^  -f  (m  -  l^a^z"^'^  4- 

dz  a^j^"*  +  «!«*"*  H — 

_m  z        y 

Z  S5* 

z 
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where  |  ^  |  <  e  on  (7  if  only  M  is  taken  >  some  p.     Thus 

jif^irrn^+mr^^j^^  (9 

Now  by  94,  4)  J=s  m,  while 

\K\<^l2wR    ,     by  92,  2 

<  me. 

But  this  says  that  lim  jr=  0. 

Hence  passing  to  the  limit  i2  =  oo  in  9),  we  get 

that  is,  /  vanishes  m  times. 

125.  Inversion  of  a  Power  Series.     1.    If 

w  =  11^(2)  (1 

is  regular  at  2  =  a,  it  can  be  developed  in  a  power  series : 

t£^  =  aQ  -f-  ^1(2  —  a)  +  a^(z  —  a)^  -f-  •••  (2 

It  is  sometimes  convenient  to  develop  the  inverse  function  2  in  a 

series  whose  terms  depend  on  w.     This  is  called  invernon  of  the 

series  2).  *  * " 

If  we  replace  z  —  a  by  z  and  w—a^  by  w,  the  series  2)  may 

be  written  00  ,0 

w=:a^z  -{-  a^  4-  <i^  4-  •••  (o 

a 

and  without  loss  of  generality  we  may  suppose  this  is  the  develop- 
ment of  1)  instead  of  2). 

In  inverting  the  series  3)  there  are  two  cases  which  must  be 
distinguished. 

Ca%e  1.  o^  ^  0.  This  condition  expresses  the  fact  that  ti/(2)=^0 
forzssO.  Let  2;  range  over  some  circle  S  about  z^^\  then  w 
as  given  by  3)  ranges  over  some  connex  jt  whose  edge  does  not 
pass  through  u^  a  0  if  S  is  sufficiently  small  by  118,  1.  Also, 
if  S  is  sufficiently  small,  w  will  not  take  on  the  same  value  twice 
in  S  by  119,  2. 
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Thus  it  follows  by  88,  2  that  the  inverse  function  z  is  regular 
at  11^  =  0  and  hence  can  be  developed  in  the  power  series 

valid  in  some  S)  about  u;  =  0. 
As  dz  _  I 

dw     Aw 
dz 
we  have  for  iv==0 


»,=i 


a. 


(5 


2.  Case  2.    aj  s  0.     In  the  series  3)  suppose  that  a^  is  the  first 
coefficient  =^  0.     Then 


Let  us  set 
Then 


J 


(« 

(7 


by  118,  11.     We  are  thus  led  back  to  case  1. 
Inverting,  we  get 

Putting  in  the  value  of  u  in  7),  we  get  finally 


z  =  vf^ 


1  ^- 

— r  -f-  d^w'^  + 


^Om 


1 

m 


(8 


8.  Let  us  show  how  to  get  the  coefficients  of  the  inverse  series 
using  the  method  of  undetermined  coefficients.  Let  us  suppose 
that  the  original  series  is 


V  =  6o  +  h^it -  J)-f  JjC^  -  by  -f- 
Let  us  set 


h^^Q. 


(9 


w 


=  t;  — Jq        2  =  6i(^  — J). 


Then  9)  takes  the  form 

w^^z  —  a^  —  a^  — 


(10 
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where  we  have  introduced  the  minus  signs  for  convenience  later. 
Then  the  inverse  series  has  the  form 

Z=z  Uf-k-  c^  -f  c^  +  •  ••  (11 

Raising  11)  to  successive  powers  gives 

^a  =  fi^  +  2  (?2w8  -f  (<?i  -f  2  (jg)  ti^  +  (2  (?4  -f  2  (?j(?3)ti^  +  •  •  • 

z«  =  tt;8-h3<?X  +  C3c2-f  3(?3)w*-h  ...  (12 


All  these  series  may  be  denoted  by 

2"*  =  c^^  -h  c,^  -f  •••  (13 

Putting  these  series  for  z^z^^t^'^-xvl  10)  gives  rise  to  a  double 
series     y.  ,  o  ,  o  , 

—  02^^21^  ~  ^2^22^  ~"  ^^28^  —   •  • .  (14 


If  we  sum  this  series  by  rows,  we  fall  back  on  10).  The  sum  of 
D  by  rows  is  thus  w.  If  the  series  14)  be  summed  by  columns,  we 
get  a  power  series  in  w,  and  this  is  what  we  want.  Now  by  42,  2 
if  14)  is  convergent,  its  sum  is  the  same  whether  summed  by  rows 
or  by  columns.  To  show  that  14)  is  convergent  iwe  shall *^show 
that  its  adjoint  is  convergent.    Let  us  denote  this  adjoint  series  by 

+  «2721^+«2722^^  +  «2728^+  •••  (15 

••4-     .■•  ••.  ... 

Now  11)  is  valid  in  some  circle  I,  it  thus  converges  absolutely 
for  all  IT  <.  some  TTo.     Then 

Z  =  W  +  y^W^ -^  y^W^ -{-  ... 

converges  for  TF'<  TFi. 

The  series  10)  converges  absolutely  for  all  Z  <  some  Zq.     Thus 

the  adjoint  of  10)     z +  a,Z^  +  a,Z'^  +  ...  (16 

converges  for  all  Z  <_Zq. 


\ 
\ 
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Returning  to  the  adjoint  series  15),  we  see  that  if  we  sum  this 
by  rows  we  get  16).  As  this  converges,  D  is  convergent  for  all 
I  tt'  I  ^  Wo  by  42,  8.  We  may  thus  sum  D  by  columns,  getting  a 
power  series.  As  the  sum  of  D  by  rows  is  tr  as  we  saw,  the  sum 
of  this  power  series  is  also  w  by  42,  2. 

Thus  we  get,  replacing  the  c,^  by  their  values  in  12),  the  identity 

tr  =  w  +  (<?2  —  a^ijfi  +  (<?8  —  2  OjCj  —  a^vfi  -h  ••• 

Hence  all  the  coefficients  on  the  right  are  0,  except  the  first.     The 
resulting  equations  give 

(?8  =  2  o^Cj  -h  ag, 

Cg  =  2  aj((?4  -h  V8)+  3  OgC*^  +  ^8)+  •*  ^4^2  +  H^ 

etc. 

4.  Example,     We  saw  that 
^  tr  =  log(l+2)  =  2-|  +  ^-^+  ...      |2|<1.  (18 

"^'^  «2=J      ^       «8--i      .      «4  =  1       - 

These  values  in  17)  give 

f  r^2  =  i    »    ^8=  J    '    ^4  =  2'ir    "• 

Hence,  inverting  the  series  18),  we  get 

Now  from  18)  we  have 

which  agrees  with  19). 

126.  Fourier*8  Development.  1.  When  the  real  function  f(x) 
has  the  period  2  tt,  Fourier  showed  that  in  many  cases  it  can  be 
developed  in  a  trigonometric  series 

/(x)  =  a^  +  flj  cos  x-^-a^  cos  2  x  +  ••• 

+  Jj  sin  X  +  63  sin  2  a:  +  •••  (1 


i 


/ 
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This  development  is  of  extraordinary  importance  in  mathemati- 
cal physics  and  in  some  branches  of  pure  mathematics.     Let  us 
show  how  this  development  appears  in  the  function  theory. 
We  begin  by  proving  the  theorem  : 

Let  f(z)  he  a  ane-valued  function  having  the  period  a>.     ^  it  is 
analytic  in  a  hand  B  whose  sides  are  parallel  to  Om^  we  have 


/(2)=5«^«' 


2wiM 


(2 


—00 


2      /»6+*»  2wtv 

«-  =  -  f       f(^v)e-^-^dv 


(8 


2vts 


where 

and  b  is  any  point  in  B. 

For  let  us  set  — -  ^a 

then  u  has  a>  as  period. 

To  find  the  image  of  the  band  B  in  Fig.  1,  let  us  begin  by  find- 
ing the  image  of  a  line  l^  parallel  to  0<o  and  cutting  the  real  axis 
at  z  =  a.     When  z  lies  on  such  a  line,  we  have 

z  =  a+ra>, 

where  r  ranges  over  all  real  values. 
Let  us  set 

Then  4)  gives 


a> 


2«< 


U  =  ^^^'"""-^  =  g2ir(.'+."«g2Hr 


^2wa'^%U{r^^")^ 


tt  plane 


Fio.  2. 


Thus  when  z  ranges  over  ?.,  u  moves  over  the  circle  C7«  in  Fig.  2 
of  radius  «^'*'.     When  r  increases   from  r  =  0  to  r  =  1,  u  has 
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moved  once  around  this  circle.  Hence  when  z  moves  on  l^  over 
a  segment  of  length  =  |  q>  |,  u  has  moved  once  around  (7..  Sim- 
ilarly when  z  ranges  over  l^  in  Fig.  1,  u  moves  over  the  circle  C^ 
in  Fig.  2.  Thus  the  image  of  a  line  L  going  from  5  to  (  +  <»  is  a 
circle  lying  between  (7.  and  C^. 

The  image  of  the  parallelogram  %  =  (^ABA!Bf)  is  the  ring  iJ. 
To  a  point  within  ^  corresponds  a  single  point  within  iJ,  and 
conversely.  As/(z)  has  the  period  «,  /  takes  on  every  value  in 
^  that  it  can  take  on  anywhere  in  B.  Since  f{z)  is  a  one- 
valued  analytic  function  in  ^,  it  is  considered  as  a  function  of  u, 
a  one-valued  analytic  function  of  u  in  R.  Hence,  by  Laurent's 
theorem,  117 


— oo 


where 


1      Cfdu,  .n. 


and  C  is  any  circle  in  R  whose  center  is  ii  ~  0. 
Now  from  4) 

du  = udz. 

Hence  j         o    •  ^       o ;       2ir<« 

e      ■*  az. 


^  "  U"*"*"^  CO     tc"* 


01 


Thus  5)  goes  over  into  2),  and  6)  into  3).     To  avoid  confusion 
we  have  changed  the  variable  of  integration  from  z  to  v. 

2.    The  development  2),  which  is  known  as  Fourier's  develop- 
ment, may  also  be  written  as  follows : 

/(«)  =  1  (f{y)dv  -h  -  S  (fiy)  cos  ?^(2  -  t;)(it;.  (7 

For  we  may  write  2) 
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Now  from  3)  ^^.^      ^    ^  2»<r  „  2iri7 


2niz 


— m fn 


a_^e'""=~  =  i  /   fCv^e  '"    "  e'    '  dv 


2irr 


Similarly  n^.-H^     1    T  ^.  ^  -m.?^(*-^) 


Their  sum  is       j   /»  f  m?E!(z-.)       -m^l^c*- 


dv 


or  using  Euler's  formula,  65,  11) 


=  rL  Cf^v)  cos  m  .  —  («—  «)  ^it'- 


This  in  8)  gives  7). 


^ 


CHAPTER  VIII 
INFINITS  PRODUCTS 

127.  Introduction.  In  the  theory  of  the  gamma  function  and  espe- 
cially in  the  theory  of  the  elliptic  functions,  both  of  which  will  be 
treated  later,  infinite  products  play  an  important  part.  They  are 
also  useful  in  other  parts  of  analysis.  We  therefore  propose  to 
give  a  brief  account  of  them  here. 

It  is  easy  to  see  how  mathematicians  were  led  to  consider  them. 
Every  polynomial, 

can  be  written  in  the  form 

«n(2  -  «i)(«  -  Oj )  ...  (z  -  a„)  =  a„ri (2  -  a^\  (2 

where  Oj,  a,  ..*  o^  are  the  zeros  of  1). 
Since  a  power  series, 

,  fCz)  =  ao  +  Ojz  +  flj^a  ^.  ...  =  ia^2-,  (3 

is  the  limit  of  a  polynomial  of  the  type  1),  it  is  natural  to  expect 
that  the  function  /(z)  defined  by  the  series  8)  can  be  expressed  as 
the  limit  of  the  product  of  type  2),  that  is,  as  an  infinite  product 

OCz  -  «i)(2  -  oa)  ...  =  (7^(2  -  ««), 

where  the  aj,  a^  ...  are  the  zeros  of /(«). 
As  an  illustration  let  us  take 

whose  zeros  are  0,  ±  tt,  ±  2  tt,  ....     We  shall  show  directly  that 

.■„,.,(l-J)(l-^)...=,y(t-^).  (4 

260 
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We  notice  that  each  factor 

vanishes  at  two  of  the  zeros  of  sin  2,  viz.  at  ±  wir.     If  we  set 
a  =  ^  in  4)  we  get 


ir^2    2    4    4     6    6 
2     l"3*8'6*6"7 


(5 


one  of  the  earliest  infinite  products  considered,  due  to  Wallu. 
As  examples  of  other  infinite  products  we  notice 

G=n(l-h/")»        n=l,  2,  3...  (6 


('  -  0- 


2n(i  + 

1 

0(z)  =  2  9*  C  sin  irzli(\  -  2  y^-  cos  2  irz+  j«»).  (8 

Here  Q  is  an  elliptic  modular  function,  T  is  the  celebrated  gamma 
function,  and  0  one  of  the  theta  functions  which  are  so  fundamental 
in  the  elliptic  functions.  All  these  we  shall  consider  in  the  course 
of  this  book. 

128.  Definitions.  1.  Let  us  now  define  infinity  produ  jb  more 
precisely.  Let  a^  a,,  dg  •••  be  a  sequence  of  complex  numbers. 
The  symbol  «, 

is  called  an  infinite  product.     As  in  infinite  series  we  set 

J..  =  ai  .  Oj  ..•  a.    ,     ^H  =  «n+i  •  «,»+2  •"  (2 

^'  lim  A^  (8 


nssflo 


is  finite  or  definitely  infinite,  we  call  it  the  value  of  the  product  1). 
As  no  ambiguity  need  be  feared,  we  denote  an  infinite  product 
and  its  value,  when  it  has  one,  by  the  same  letter.  When  8)  is 
finite  and  :^  0,  or  when  one  of  its  factors  a^  =  0,  we  say  A  is  con- 
vergent! otherwise  divergent. 
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Let  us  cousider  112     3     4 

12     3     4     6  ^ 

Here  -        1 

n 


and  hence 


Urn  A^  =  0. 


n 


Thus  according  to  our  definition  the  value  of  4)  is  0,  although 
uo  factor  of  this  product  is  0.  For  this  reason  we  do  not  care  in 
this  book  to  consider  infinite  products  which  a  0  although  no 
factor  is  0.  We  have  therefore  put  them  in  the  class  of  divergent 
products. 

The  infinite  product  A^  in  2)  is  called  the  co-product.  Obviously 
if  A^  is  convergent,  so  is  A^  and  conversely,  when  zero  factors 
are  not  present. 

In  a  similar  manner  we  define  infinite  products  whose  factors  are 
functions  of  z.  Thus  if  /i(2J)i  /jC^)  •••  are  functions  of  »  defined 
over  some  point  set  81, 

is  such  a  product.  Giving  z  a  value  in  9(  as  z  a  a  reduces  5)  to  a 
product  of  the  type  1),  the  factors  being  now  constants.  If  t5) 
converges  for  this  value  of  z,  we  say  it  converges  for  »  =  a,  etc. 

2.    ixi'^t  as  we  jjave  double  series 

2a^,  (1 

so  we  can  have  double  products 

Tla^.  (2 

With  2)  we  associate  a  simple  product 

Ua^  (3 

where  each  factor  a^„  of  2)  is  some  factor  a,  of  3),  and  conversely. 
Analogous  to  double  series  we  will  say  2)  is  convergent  when 
3)  converges  absolutely,  otherwise  2)  is  divergent.  When  2)  is 
convergent,  its  value  shall  be  that  of  3).  From  these  definitions 
we  may  build  up  a  theory  of  double  products  in  much  the  same 
way  as  we  have  developed  the  theory  of  double  series  in 
Chapter  III. 
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129.   Fundamental  Theorem.     In  the  infinite  product 

A  =  a^'  a^'  a^'"     ,     «w^0  (1 

let  us  set  ^  .-  .„ 

where  we  will  agree  to  choose  0^  so  that 

-'rr  <d^<7r.  (3 

We  now  introduce  the  real  series 

e  =  ^1  +  ^2  +  ^8+-  (4 

and  the  real  product        j,  ^e 

and  prove  a  theorem  on  which  our  treatment  of  infinite  products 
will  rest : 

For  A  to  converge  it  is  necessary  and  sufficient  that  %  and  R  are 
convergent.      When  A  is  convergent^ 

A  =  R^^.  (6 

For  . 

A^^a^a^  ...  a^ 

""^  A.^Rne'^^.  (7 

If  now  R  and  ©  are  convergent, 

lira  A^  =  lira  R^  .  lira  «•••      ^ 
or  A  =  Re^^. 

Hence  A  is  convergent  and  its  value  is  given  by  6). 
Conversely,  if  A  converges, 

7J„  and  e^* 

must  obviously  converge  to  finite  values  ^  0.     Thus  in  the  first 
place  iS  is  a  convergent  product. 

As  «**•  converges  to  some  number  ^  0,  we  can  denote  it  by  e*^; 
we  have  therefore  jj^  ^<e,  ^  ^ir  (8 

Now  from  this  we  cannot  say  at  once  that 

lim  %n=T 
since  e<(t»+2»r)  _.  ^iu^ 
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The  relation  8)  however  shows  that 

gir^  ^iBn  I  ^  £        for  all  n  >  some  m, 


or  that  tf<^|l-«»te.-r)|  ^^ 


This  requires  that  aside   from   multiples  of   2  tt,  6„  shall  =  T, 

lim  (6^  —  2  A^tt)  =  r        A:,,  an  integer. 

Ti»"»  e,=r+2A.,r+,,„  (9 

and  however  small  17  >  0  is  taken, 

1 17^  I  <  1;        for  all  n  >  some  m.      (10 
From  9)  we  have  ^  ==  ^  —  ^ 

#p  ^p  ^»     ^ 

=  2  7r(t,-A,.i)  +  (i;,-i;^i).  (11 

Now  Jt  — I.  —  it 

is  some  integer  or  0,  while 

is  as  small  as  we  choose.     Thus  11)  shows  that 

Hence  'the  value^^-of  |  ^^  j  is  not  far  from  |  A;  |  •  2  tt.     But  from  8) 


To  reconcile  these  two  facts  we  must  take  A;  =  0,  since  |  A;  |  is  0  or 
a  positive  integer.  From  this  it  follows  that  all  the  k^^  in  9)  after 
some  kg  are  equal.     Hence  denoting  the  constant  k,  by  k  we  have 

As  17,1  a  0  by  10)  we  have,  passing  to  the  limit  n  a  00  in  9), 

lime,=  r+2/c7r. 


'It 

■oo 


This  shows  that  %  is  convergent.    We  have  thus  shown  that  when 
A  is  convergent,  so  are  li  and  B. 
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130.  The  Associate  Logarithmic  Series.  To  study  the  conver- 
gence of  the  infinite  product 

-A  =  ai    Oj.a, ...     ,     a^i^O  (1 

we  introduce  the  series    ^  ^  j^^  ^^  +  log  a,  +  ...  (2 

where  using  the  notation  of  129  we  take 

log  a^  =  log  p,  +  iO^,  (3 

that  is,  the  principal  branch  of  log  a^.     We  call  L  the  oMsociate 
logarithmic  9erie%.     Let  us  prove  the  theorem  : 

Far  A  to  converge  it  is  necessary  and  student  that  L  converges. 
When  A  is  convergent^       A  -^  ^  r± 

In  fact  i,=.logpi4-...  +  logp,  +  f(<?i+...+<?.) 

=  log  R,  -h  le,  (6 

=  log^,+  2«.«-  (6 

where  s^  is  some  undetermined  integer. 
From  6)  we  have  j   _   A» 

Thus,  when  L  is  convergent,  A  is  convergent  and  its  value  is 
given  by  4). 

Conversely,  suppose  that  A  converges.  Then  by  129  we  know 
that  R  and  6  converge.     Hence  passing  to  tl^  limit  ia  5)  we 

''^^^  i  =  log  ii  4-  fe  (7 

and  L  is  convergent. 

131.  At)6olute  and  Steady  Conyergence.  1.  In  analogy  to  series 
one  would  be  tempted  to  say  that  A  is  absolutely  convergent,  if 
the  product  j> 

formed  of  the  absolute  values  of  the  factors  of 

A=:  a^a^a^"'     ,     a»±0  (1 

is  convergent.     This  is  not  admissible,  as  the  following  example 
shows.     Let  00 

^=:n(-i)".  (2 
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The  product  formed  of  the  absolute  values  of  the  factors  is 

As  R^  =  1,  we  see  that  It  converges  and  has  the  value  1.  On  the 
other  hand,  the  product  of  the  first  n  factors  of  2)  is 

A,=(-i)- 

which  has  no  limit  as  n  =  oo.  Thus  2)  is  divergent.  We  could 
thus  have  divergent  products  which  converge  absolutely.  Such  a 
definition  is  therefore  useless. 

We  shall  therefore  say  : 

The  product  1)  converges  absolutely  when  the  associate  loga- 
rithmic series  r      ^  i  .ro 

i  =  2  log  a^  (3 

is  absolutely  convergent.  Hence  if  L  converges  absolutely,  L  is 
a  fortiori  convergent  and  thus  A  converges  by  130. 

From  this  it  follows  that  when  an  infinite  product  converges 
absolutel}%  its  convergence  may  be  determined  by  considering  the 
convergence  of  a  positive  term  series,  viz.  the  adjoint  series 
of  3). 

For  L  to  converge,  it  is  necessary  that 

log  a,  =  0. 
this  requires  that  •  i  /a 

A  i  pn  =  A.  \Jk 

We  have  already  seen  in  129  that 

K  =  0.  (5 

2.  If  the  factors  of  an  infinite  product 

are  functions  of  z  defined  over  a  point  set  SI,  we  shall  say  that  F 
converges  steadily  in  fl  when  the  associate  logarithmic  series 

i==21og/,(2)  (7 

converges  steadily  in  S(. 

Thus  when  L  converges  steadily,  the  factors  /«(«)  all  dififer  from 
1  by  an  amount  <  e  for  n  >  some  m.  Thus  if  each  /nC^)  is  one- 
valued  and  analytic  in  some  circle  ^  about  the  point  2,  L^iz)  will 
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be   one-valued  and   analytic   when  L  converges  steadily  in  jf. 
Hence  * 

l'(2)  =  «,i<')  =  /,(2)/,(a)...  (8 

M  a  one-valued  analt/tic  function  in  St,  whote  logarithmic  derivative  is 


Fiz) 


=  L\z).  (9 


132.  1.  Example  1.     Let  us  consider  the  analytic  character  of 


J'=zn(l- 


nhr^j 


(1 


We  shall  prove  in  186  that  ^=  sin  z. 

Let  jt  be  a  circle  of  radius  R  described  about  z  =s  0.     We  take 
the  integer  m  so  large  that 

?W  TT  >   B. 

Then  for  any  z  in 

<  1        if  n  >  m.  (2 


?n  = 


22 


nV 


We  consider  now  the  co-product 

i\^  n  fl-^^  (8 

where  m  is  now  fixed.     Obviously  if  F^  converges  absolutely  in  jj, 
so  does  F. 

The  associate  logarithmic  series  of  8)  is 


As 


we  have 


^°^V     nVaj     «V  +  2LvV'^ 


M.|<?n  +  ?2  +  92  + 


-1-?. 


•  •• 
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Now  q^  <  q^  since  n.  >  m.     Hence 

or  as  m  is  fixed  ^ 

is  a  constant,  and  thus 

TT^       /r         n^ 

Thus  each  terra  of  the  adjoint  of  4)  is  <  the  corresponding 
term  of  the  convergent  series 

Thus  Xm  is  absolutely  and  steadily  convergent  in  St.  Hence  by 
181,  2  the  prodiLct  1)  defines  a  one-valued  analytic  function  of  z  for 
any  z. 

This  function  vanishes  for 

z  =  0,  ±7r,  ±  27r,  •••  (5 

and  for  no  other  z.  For  being  convergent,  the  product  1)  cannot 
vanish  unless  one  of  its  factors  vanishes. 

Each  of  the  zeros  5)  are  simple.     For  we  have 

where  the  dash  indicates  that  the  index  n  does  not  take  on  the 
value  n  =s  m.  Now  Q-^  being  a  convergent  product,  does  not  vanish 
for  z  =  TTiTT,  since  none  of  its  factors  vanishes  at  this  point. 

2.  Let  us  note  that  the  foregoing  reasoning  establishes  the 
theorem  : 

The  series  r      ^i      /i        z^ 


m  f  2    \ 


converges  absolutely  for  all  values  of  z^  nir.    It  converges  iteadily 
in  any  connex  not  containing  any  of  the  points  nw. 
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133.  Example  2.     The  F  function  is  defined,  as  we  shall  see,  by 


where 


r(^)  =  — 7^— r— ;         n=l,2,...  (1 

(7=  J  H—  log^l  + 1)1  =  .677215  ...      (2 


is  the  Eulerian  constant  considered  in  20,  Ex.  4. 

We  show  that  the  infinite  product  in  the  denominator 

J^=n(l  +  ?Vi  (8 

is  an  analytic  function  of  z  which  has 

2=-l,  -2,  —3,  ...  (4 

as  zeros  of  order  1. 

To  this  end  we  describe  a  circle  jt  of  radius  R  about  z^Q.    We 

take  the  integer  m  so  great  tliat  m  >  R.     Then 


9n  = 


2 

n 


<  1  n>m 


for  any  z  in  St.     We  now  consider 

which  is  the  associated  logarithmic  series  of  the  co-product  F^^  of 
3). 

Now  ==_1^  +  1^_ 

Hence 


Hence 


1?, 

<qi  +  fn  +  ' 

•  • 

1\ 

In 

M 
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This  shows,  as  in  Ex.  1,  that  the  series  5)  converges  steadily  in  ft. 
Hence,  as  before,  F  is  an  analytic  function  which  lyis  4)  as  simple 
zeros.  Thus  the  function  F  defined  by  1)  is  a  one- valued  analytic 
function  having  z=  0,  —  1,  —  2,  •••  as  simple  poles.  By  120,  3 
2  =  00  is  an  essentially  singular  point. 

134.  Normal  Form.    1.  We  have  seen  that  if  the  infinite  product 

-4  =  flj  •  ^2  •  '^S  •  •  • 

is  convergent,  then  .  ^ 

It  is  natural,  therefore,  that  many  infinite  products  present  them- 
selves in  the  form 

^  =  (1  +  J^)(l  +  J^)  -  =  n(l  +  6n).  (1 

We  call  this  the  normal  form  of  an  infinite  product.  Since  we  can 
alwaysset  «,  =  i  +  («,  -  1)  =  1  +  6., 

we  can  always  reduce  an  infinite  product  to  the  normal  form. 
We  prove  now  : 

For  the  product  \)  to  converge  absolutely^  it  is  necessary  and  suffi- 
cient that  the  series  z>      i     .    i     .  m 

x>  =  ^1  +  ^2  "r  ••'  C^ 

is  absolutely  convergent. 

Suppose  that  A  is  absolutely  convergent.     Then  the  associate 
logarittimic  series  of  1)  is  absolutely  convergent,  that  is, 

?=2|log(l  +  6,)l=2\, 

is  convergent.     Thus  Xn  ==  0  and  hence  6„  =  0.     Thus 

I  6„  I  <  1         f or  n  >  some  m. 
Thus 

Hence 


Thus 


log(l  +  *n)  =  Jn  -  ^  +  f  -  -         n>m. 


n=co 


i-K 

\2      3 

n 

lim^  =  lini   "-"^A"  ■^"'-'    =1.  (8 


Hence  by  20, 2  fi,  +  ^,+  ...  (4 

is  convergent,  that  is,  2)  is  absolutely  convergent. 
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Conversely,  suppose  B  converges  absolutely  ;  then  4)  is  con- 
vergent. Then  3)  holds  once  more  and  hence  by  20,  2,  2  is  con- 
vergent. But  then  by  definition  the  product  1)  is  absolutely 
convergent. 

Definition,  The  series  2)  is  called  the  normal  series  of  the 
product  1). 

2.  From  1  we  conclude  that  if  1)  is  ahsolutely  convergent^  the 

'"^'  21og(l  +  /8.)     ,    /3.=  16,I  (5 

is  also  absolutely  convergent^  and  conversely. 

For  when  the  product  A  converges  absolutely,  the  series  2^„ 
converges.     But  this  series  and  5)  converge  simultaneously  as 


3.  In  131,  2  we  have  seen  how  the  analytic  nature  of 

FCz)  =  n/.(2) 

may  be  determined  from  that  of  the  associate  logarithmic  series. 
Let  us  now  show  how  it  may  be  inferred  from  the  analyticity  of 
the  normal  series.     We  prove  in  fact : 

The  product  p  ^  n(H-  /.(z))  (6 

is  a  one-valued  analytic  function  of  z  within  a  circle  St  about  z  =  a^ 
if  the  corresponding  normal  series 

F  =  2A(z)  (7 

is  steadily  convergent  in  St  and  each  /»(«)  is  one-valued  and  analytic 
in  St' 

For  7)  being  steadily  convergent  in  jt,  each  term  f^  is  numeri- 
cally <  some  c^  for  any  z  in  jt,  and  the  series  2t?„  is  convergent. 
Thus  c^  =  0,  or  (?n  <  €  for  n  >  some  m.     Hence 

.     ^  l/n(«)|<€        n>m 

for  any  z  in  St. 

We  show  now  that  the  logarithmic  series 

i  =  i  log  (1  +/.(a))  =  ^K  (8 

m+1 


y. 
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converges  steadily  in  St»     For 


Hence 


*       1        2^8 


|M<|/n|   +   |A|»-h|/«|«-h 
<'/n|    {1+6  +  C3-I-    ...} 


J  —  € 


•  .• 


Thus  each  term  of  8)  is  numerically  <  the  corresponding  term  of 
the  convergent  series  ^ 

Example  1.     The  product 

-4  =  J-|-|.|«f»«-  =  a^a^a^  —  (9 

is  convergent.     For  consider  the  product 

V        n*/        2*  4'«  (i* 

=  (M)(i-i)a-l)- 

The  normal  series  belonging  to  P  is 
As  this  converges,  P  is  convergent. 

■^•^"^  limA.=  i», 


and  A  is  convergent. 

JTzam;,?* «.  ^  («)  =  n  (1  + ««-)  (10 

converges  steadily  in  any  circle  St  about  2  =  0  of  radius  R<.\. 
For  the  normal  series  corresponding  to  10)  is 

2«»".  (11 
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But  each  term  of  11)  is  <  the  corresponding  term  of 

which  converges  since  JS  <  1.     Thus  Q  converges  steadily  in  St. 
The  proof  also  shows  that   10)   converges   absolutely  for  any 

hi<i- 

The  product  10)  is  the  product  6)  in  127,  q  being  replaced  by 
z.  The  function  Q  {z}  is  thus  an  elliptic  modular  function.  It  is 
a  most  extraordinary  function,  since  every  point  on  a  unit  circle  S 
about  2;  =  0  is  an  essentially  singular  point.  It  admits  therefore 
no  analytic  continuation  outside  S.  Here  then  is  an  analytic 
function  whose  domain  of  definition,  instead  of  being  the  whole 
js-plane,  certain  isolated  points  excepted,  as  is  the  case  with  all  the 
elementary  functions,  is  the  interior  of  S. 

135.  Arithmetic  Operations.  1.  Let  us  now  see  whether  the 
usual  transformations  of  finite  products  hold  for  infinite  products. 
We  have  in  the  first  place : 

be  convergent.     Then  the  products 

(7  =  naA    1     i>=nfs         (no6,  =  0in2)) 

On 

are  convergent  and         0=s  A  *  B         D  =s  — . 

Moreover  ifA^  B  converge  absolutely y  so  do  C  and  D. 

Cn  =  A^B^. 

Hence  letting  n  =00  we  have 

lim  C^  =  lim  A^  •  lim  B^  =  AB^  etc. 

To  show  that  C  is  absolutely  convergent  when  A  and  B  are,  we 


Since  A  and  B  converge  absolutely, 

21og(l+«,)    ,     21og(l  +  y8,) 
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converge  absolutely  by  134,  2.     Hence 

2{log(l  +  «n)-f-log(l+^OI=21og(l+«.)(l+y8J 

is  convergent.     Hence  (7  is  absolutely  convergent. 
In  the  same  way  we  may  reason  on  D. 

2.  An  absolutelt/  convergent  product  is  commutative. 


For  let 


A  =  Ha 


n 


be  absolutely  convergent.     Then 

i  =  2  log  a» 

is  absolutely  convergent.     As  by  130, 

A  =  e^ 

and  as  we  may  permute  the  terms  of  L  without  changing  its  value, 
we  may  do  the  same  with  the  factors  of  A. 

3.  A  convergent  infinite  product  is  associative^  that  i«,  we  may 
insert  parentheses  at  pleasure, 

For  let  J      ^  ^  ^ 

jL  ^  a-^a^a^  ••• 

be  convergent.      Let  us  consider 

\     =  Jj .  6j  ... 

Now  Bn  =  *!  •••  ftn  =  ^^l  •  <»2  •••  «m     =  Am' 

As  w  =  00     ,     ^„  =  ^, 


«« 


hence  lim  5„  =  A. 


ii=ao 


Example.  The  following  infinite  products  occur  in  the  elliptic 

functions  ^       _ , .        „  . 

Ci  =  n(l  4-  (/2») 

^3=^(l-92n-l). 

They  are  obviously  absolutely  convergent  for  |  y  |  <  1.  As  an 
exercise,  let  us  prove  an  important  relation  which  we  shall  need 
later,  viz.:  p=^,^,^,  =  l.  (1 
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^^^  p  =  n(i  -h  j^^Xi  +  ?^'*-0(i  -  9^""0 

=  n(l  +  J^'^Xl  -  J*'*-^)     ,     by  8. 

Now  all  integers  of  the  type  2  n  are  of  the  form  4  n  —  2  or  4  n. 
Hence 

n(i  ^  92n)  ^  n(i  -  ^'•xi  -  ^'•-2)  =»  n(i  -  9*")n(i  -  j*"-^), 

^      ^     "^    n(i  -  ^») 

Thus  p  ^  jj(l  +  (/2-)(l-(y2-)^nl-(y^" ^  ^ 

1  _  jf4n  1  — 3*» 

Circular  Functions 

136.  The  Sine  and  Cosine  Products.  1.  Let  us  show  how  sin  z 
may  be  developed  in  an  infinite  product.  This  product  is  useful 
in  various  transformations  and  gives  rise  to  many  useful  relations. 
We  wish  to  show  that 

sin  a  =  211(1 — —  j     ,     n  =  l,  2,  3,  •••  (1 

We  begin  by  showing  that  1)  holds  for  real  x  lying  in  the  interval 

a  =  (a,6)     ,     0<a<6<|;    ^ 

it  will  then  be  easy  to  show  that  it  holds  for  complex  z. 

In  6  we  saw  that  sin  no;  is  a  polynomial  of  degree  n  in  sin  x 
when  n  is  odd^  or 

sin  nx  =  Oq  sin^a:  4-  a^  8in*~^x  -h  •••  -h  <»»-i  sin  x, 

"  ^«  s^^  t  =  sin  X.  (2 

this  gives    gj^  ^  ^  p^^^  ^  ^^^^  _^  ^^^^_i  ^  ...  ^  ^^^^,  (3 

There  is  no  constant  term  here,  since  when  ^  =  0,  F  =  0  also. 
Now  F^  considered  as  a  function  of  t,  has  n  roots.  On  the  other 
hand,  considered  as  a  function  of  x^  it  vanishes  when 

sin  nx  =  0, 


/» , 
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that  is,  when 


ar=0     ,     ±^     ,     ±2.^     , 

n  n 


n-1 


TT 

n 


Putting  these  valaes  in  2),  we  see  that  F^  0  when 

TT  .       .      rt      TT 


taaO     ,     ±  Sin-     ,     ±  Sin  2  •  —     ,     •••  ±sin — - — •  — 

n  n  2        n 


Thus 


F(t)  =  aJt  -  sin  -^  ^«  +  sin  -") 


=  S*(e»-sin«^)...(e»-si„«!L^.0    (4 


Dividing  through  by 


Sin'  —  •  Sin'  2  •  —  •••  sin' •  — 


n 


n 


n        n 


and  denoting  the  new  constant  by  (7,  we  get 


sin  nx=  (7  sin  x 


1- 


sin' a: 
Sin'  — 


1- 


sin^a; 


sin 


2 


n-1 
2 


TT 

n 


(5 


To  find  0  we  hanje  from  5) 


sin  nx 
sin  2; 


=  (7 


1- 


sm'a; 


tinS 


TT 


sin*- 
n  J 


Let  now  a;  =  0,  the  last  relation  gives  n  =  (7  which  in  6)  gives,  on 

replacing  a?  by-, 

sin  a;  =  n  sin  ~  P(a?,  n)  (6 

n 


n 


where 


P(a;,  n)  =  n 


1- 


•    nX 

sin'- 
n_ 

sin'  — 
n 


,     r  ss  1,  2,  ••• 


tt-i 


(7 
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As  n  =  00  we  have 


sin- 

,    X  w  . 

nsm-=  —^~  =  X. 

n        1 


n 


Also 


•      n  X 


•        AX' 

sin^-  o 

n    .     ar 


n 


It  seems  likely,  therefore,  that  on  letting  n  s  oo  in  6)  and  7)  we 
shall  get  1)  for  values  of  x  lying  in  9.     To  prove  this  let  us  set 


flO    / 


^«-j;i'-i6> 


(8 


L(x^  n)  =  log  P(a:,  n)  =  2  log 


1- 


sin*- 
n 

sm*  — 
n 


i(x)  =  log  P(a:)  =  1  log  (l  - 
We  then  have 


rV 


)• 


(10 


provided 


lira  P(x,  n)  =  lim  ei('.«)=  c''<''=  P, 
limi(a:,  n)  =  i(a:). 


(11 


Thus  we  need  only  to  prove  11),  which  we  easily  do  as  follows. 
Let  us  denote  the  sum  of  the  first  m  terms  of  9)  by  X,„(a?,  n)  and 
the  rest  of  the  sum  by  X„C^»  w).     Then  from 

L{x,  n)=L^(x,  n)+L^{x,  n), 

L(x)^L^ix^+L^{x), 
we  have 

|i(x,n)-i(a:)|<|i^(a:,n)-i^(2:)|  +  |Z^(2:,n)|  +  |Z^(a:)|.  (12 


Now  for 
we  have 


0<x<|, 

X 

—  <  sm  x  <  X. 
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Thus  for  all  r  >  some  w,  and  for  any  x  in  JI, 

0<-^<i5<l-  C18 

sin^  — 
n 

Alsofor  0<«<y8<l 

we  have,  by  the  law  of  the  mean, 
0<-log(l-a)<-log(l-/3)<i9-hG^/8»,     fl^ some  constant.   (14 

Thus  13),  14)  give  for  any  value  of  n 

if  m  is  taken  sufficiently  large. 

Also  by  132  on  taking  m  still  larger  if  necessary, 

Finally  if  w  is  >  some  v 

\Lj,x,n)-LJix)\<t. 

Thus  12)  gives 

|i(a:,n)-i(a:)|<|-h|  +  |  =  €     ,     n>v, 

which  establishes!  11). 

Thus  1)  holds  for  z  in  8.  To  extend  it  to  all  values  of  z  we 
need  only  to  observe  that  the  right  side  of  1)  is  an  analytic  func- 
tion of  z^  as  we  saw  in  132.  Thus  by  the  principle  of  analytic 
continuation  1)  holds  for  any  complex  z, 

2.  Let  us  show  that  sin  z  has  the  period  2Tr  by  using  the  prod- 
uct 1).     From  1)  we  have 

sin  2  =  lim  ^n(0  (15 

»=» 

where  ^ 

Qn(z)^z  n  1±^5^     ,     w  =  0  excluded. 
m--H    mir 

Qj  z)  Z"  nir 
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"^°^^  lim  Q^(z  +  TT)  =  -  lim  Q^iz). 

Thus  15)  gives  •    ^    .      \ 

"^  ^  sin  (« -h  it)  =  —  sin  z. 

Thus  27r  is  a  period  of  sin  z. 

3.    From  the  product  expression  1)  we  may  derive 


=  ^{'-H^^-  <»" 


For  from 
we  have 


cos  z      — .  - 

iV        (2n~l)V 

sin  2  2;  =  2  sin  z  cos  z 

1      2«     V       i^-n^J 

nfi-     -^^   Yi i^— ^ 

n/^l ^^      V        (2m-l)V«;' 

which  gives  16)  at  once. 

137.  Infinite  Series  for  tan  z,  cosec  z,  etc.   1.  Prom  136, 1),  16) 
we  have 

log  sin  2  =  log  a  +  S  log  (l  -  ^-^\  (1 

logcos^=|log(l-^2;^i^).  (2 

Differentiating  these,  we  get 
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valid  for  all  z  for  which  tan  z,  cot  z  are  defined,  that  is  for  all  2 
which  do  not  cause  a  denominator  to  vanish. 

The  relations  S),  4)  exhibit  cot  z,  tan  z  as  a  series  of  rational 
functions  whose  poles  are  precisely  the  poles  of  the  given  func- 
tions. They  are  analogous  to  the  representation  of  a  rational 
function  as  the  sum  of  partial  fractions  as  shown  in  122,  4. 

2.  As  an  exercise  let  us  show  the  periodicity  of  cot  z  from  3). 
We  have 


cot  z  =  lim  Fi^{z)  =  lim  V  


,     z  =^  mir, 
nir 


No"^  ^.(2+^)=i;(2)+        1  1 


2  +  (w  -h  l)7r      z  —  nir 
Letting  n  ^  00  we  get 

lim  J;(z-h7r)=lim^,(z), 

^'  cot  (z  +  tt)  =  cot  z, 

and  thus  cot  z  admits  the  period  tt. 

138.  Infinite  Series  for  sec  z,  cosec  z.     1.    From  the  relation 

cosec  z  =  tan  ^  z  +  cot  z 

we  have,  using  3),  4)  of  187 


cosec  z 


-gV  ?^  I  1      oV        g 

=  1  +  T ^ 2T 


(2w-l)V»-za        ^nV^-J? 

1      ^(-l)"+i2z  ^  ,- 

z       i^    ^^  —  2? 

2.  To  get  sec  z  we  use  the  relation 

cosec  f  ^  —  z  j  =  sec  2. 

From  1)  we  have 

cosec  z  =  --hi(-lV^^|—^= ^ — ]• 

Z         1  I  HTT  —  Z        nTT  +  Z  j 
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Hence 
cosed 


-w_ 


2-' 


+  2( 

1 


-  1  ^»+l 


1) 


nir  —  '^  +  z     WW  +  ^ 


—  z 


=  S 


Let  us  regroup  the  terms  of  «S,  forming  the  series 


JL^-L 


As 


2  2 


'^--^•i=-2;rrT 


Stt 


1-+    ' 


—  z 


Stt 


+  2 


+ 


2 


TT  -h  Z 


SB  0  as  n  =  00, 


we  see  that  T  is  convergent  and  =  S.     Thus 


sec  z 


_Vi^     iN«-n       (2n~l)7r 


(2 


valid  for  all  z  for  which  sec  z  is  defined. 


139.  Deyelopment  of   log  slnz,   tanz,   etc.,   In    Power   Series. 
1.  From  137,  1)  we  have 


log 


sinz 


z 
sinz  . 


-|;iog(i- 


nhr^J 


(1 


If  we  agree  to  give its  limiting  value  1  as  z  =  0,  the  rela- 

z 

tion  1)  holds  for  |z|  <  tt.     For  such  z 


(  z*  \       z*        1 

-M^-;iMJ=^+2 


2«*7r« 


Hence 


+ 


+  :t 


1    z«     .  1    2» 


+ 


2»ir»     2  2*w*     8  2«ir« 

'«        1    z*     ,  1    2»    ^ 

+  Tin: — i  + 


(2 


"*" 32 w» "^28*71^  '  33«ir« 
+ 
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provided  we  sum  this  double  series  by  rows.  As  this  series  has 
all  its  terms  positive  for  a  real  positive  value  of  2  <  tt,  say  for  z=r^ 
and  as  this  series  summed  by  rows  is  convergent,  since  the  relation 
2)  holds  for  this  r,  we  may  sum  2)  by  columns  for  all  |  a  |  <  7r,  by 
42,  2,  3 

Doing  this,  we  get  ' 

where  as  usual    rr       1        1       1 

»•         Jn  ^  *M  ^  an  ^  ^ 


2.  In  a  similar  manner  we  find 


1"     3-     5 


n 


We  observe  that 


This  in  5)  gives  * 


Va     a-  '    *7r«     3"  '    -irO 


valid  for  |z|  <^ 


If  we  differentiate  3)  and  6),  we  get 

tanz  =  2(2a-l)J5r,^^  +  2(2*-l)J5r,^+2(26-l)J5r,^+.-.     (7 

ir-  IT  IT 

valid  for  |2|  <  ,^' 

coiz  =  l-2jr,y2If,^-2ff,^-...  (8 

valid  far  0  <  |  z|  <  tt. 
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3.  Comparing  7)  with  the  development  of  tan  z  given  in  116, 
4),  we  get 

^a- 1  +  ^2  +  3-2+ --o-e-^-^i-TT 

*        ^2*^3*^  90     80      41  «      41  ^ 

6        ^2«     36  945     42      61  *      6! 

etc.     Here 

M  =  ff     '     ■^s  —  'n     »     H  —  t^     '     ^7  =  30     »     ^»~T8 


•  •• 


In  general  we  may  set 

22n-l  <^n 


(2  n) ! 
Then  7)  gives 


^2n  =     ^o^xT     ^a»-l-  (1® 


un,.2c^T,,+  ?!£^j.^+?fi^r.,.+  ...  (U 


2!  *  41  "  61 

valid  for  \z\  <^. 

From  8)  and  10)  we  get 

The  numbers  2\,  T',  *"  ^^^  called  the  Bemoullian  numbers, 

140.  Weierstrass'  Factor  Theorem.  1.  We  have  seen  in  136 
how  the  integral  transcendental  functions  sinz,  cosz  may  be 
developed  as  infinite  products  whose  factors  vanish  at  the  zeros  of 
these  functions.  Weierstrass  by  generalizing  these  developments 
arrived  at  the  following  theorem  of  great  theoretical  value : 

Let  the  one-valvsd  integral  transcendental  function  F(z^  have  a^, 
0,,  •••  oa  zeros  which  we  suppose  arranged  so  that  \  a^^i  |  ^  | <>n|  ==  ^ 
as  n  =  00)  an  m-tuple  zero  being  repeated  m  times^  and  the  d's 
being  ^  0.     Then 

F(iz')=e'^'m(i  -  AV^^l^i!;)'^'"^»Q)* ,  (1 

uhere  T  is  an  undetermined  integral  function. 
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Before  proving  this  theorem  we  wish  to  make  a  few  explana- 
tory remarks.     We  note  that  corresponding  to  each  zero  a^  there 

is  a  factor  1 in  1)  which  vanishes  at  this  point.     Since  the 

exponential  function  never  vanishes,  the  right  side  of  1)  will  not 
vanish  except  one  of  the  factors  vanishes,  provided  the  product 
on  the  right  of  1)  is  convergent. 
The  infinite  product 

n(i-i)  (2 

will  not  converge  in  general.     For  example,  the  zeros  of  =— — ,  as 

r(2) 

we  saw  in  138,  are  0,  —  1,  —  2,  •••.     The  product  corresponding 

to  2)  is  here 

m(i+|). 

This  does  not  converge,  since 

is  divergent. 

To  make  the  product  2)  converge,  Weierstrass  has  added  the 
factor 


n^a^' 


This  introduces  no  zero  into  the  product,  but  does  make  it  con- 
verge, as  we  shall  see. 

Finally  the  factor  ng) 

has  to  be  added,  since,  however  the  integral  function  Tis  chosen, 
the  resulting  function  1)  has  the  assigned  zeros  o^. 

2.    To  prove  1)  we  begin  by  showing  that 

(7(0=  nfi--^  )««'/•  *!<'=;)"  (S 

n=l\  a J 

is  an  integral  transcendental  function  which  vanishes  only  at  the  a.. 
For  take  z  large  at  pleasure  and  fix  it.     About  the  origin  we 
describe  a  circle  9  of  radius  R  including  z  .     We  next  take  m  so 
large  that  ,      ,  ^   „ 
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Let  H{z)  denote  the  product  3)  after  deleting  the  first  m  factors, 
that  is,  the  product  3)  when  n  takes  on  the  values 

w  ^  w  +  1,  wi -|- 2,  ••• 
We  now  show  that  the  corresponding  logarithmic  series 

converges  steadily  in  St.     For 


•  >  • 


'-(•-f3=-l^Kf;-J(7;-} 

« 

we  have  ^     ^  y\,+i        ,     ,  ^ 


>n 


Thus  each  term  of  the  adjoint  of  4)  is  <  the  corresponding 
term  of  the  geometric  series 


1      *■ 


for  any  z  in  St.  Thus  iT  converges  steadily  in  9  and  is,  by  131,  2, 
an  analytic  function  of  z  which  vanishes  only  when  one  of  its 
factors  vanishes. 

Returning  now  to  3),  we  see  this  differs  from  H  only  by  m 
factors  which  are  analytic  and  vanish  only  at  a^,  a,  •••  a^^  respec- 
tively. 

3.  The  function  Q-iz)  defined  by  3)  is  an  integral  function 
which  has  the  same  zeros  as  F{z),     Let  us  find  the  most  general 


A. 
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integral  function  <^  (z)  which  has  these  zeros ;  we  shall  see  that  it 
will  have  the  form  given  in  1).     For  the  quotient 

has  no  singular  points  in  the  finite  part  of  the  plane  and  does  not 
vanish  for  any  z.  Thus  by  118,  10,  log  Q  is  one-valued  and  has  no 
singular  points  in  the  finite  part  of  the  plane.     Hence 

y(2)  =  log^ 

is  an  integral  function  of  z.     This  with  5)  gives 

<^(z)  =  6''<'>(7(z), 

* 

which  is  therefore  the  most  general  expression  of  a  one-valaed  in- 
tegral function  having  the  assigned  zeros  a«. 

4.  The  exponent  in  the  nth  factor  in  1)  is  a  polynomial  of  degree 
n,  and  this  n  increases  indefinitely.    Weierstrass  has  shown  that : 

When  the  zeros  a^  are  such  that 

converges^  we  may  replace  the  exponential  factor  in  1)  hy 

where  the  polynomial  is  of  fixed  degree  jt?  —  1. 

To  establish  this  we  need  only  to  show  that  the  corresponding 
logarithmic  series 

converges  steadily  in  St. 
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This  is  indeed  so,  for  here 

p\aj       p-^WaJ 


^^ 


(>-£K£)"-) 


Hence 


Each  term  of  the  adjoint  of  7)  is  thus  <  the  corresponding  term 
of  the  convergent  series  _.  , 


< 


for  any  z  in  ft.     Thus  7)  converges  steadily  in  ft. 

5.  Let  us  apply  Weierstrass'  theorem  to  the  sine  function.    Here 

we  set  o  o 

aj  =  7r     ,     a2=  —  7r     ,     ag=Z7r     ,     a^s=  — Jstt     ••• 

The  series  6)  becomes  here     o    «    i 

which  converges  for  jt?  >  1.     Thus 

sin  z  =  ze^^'mfl  -  --\^^         n  =  ±  1,  ±  2, ...  (8 

\  WTT/  V 


=  2e''<'> 


"{'  -  £)■  (' 


Thus  Weierstrass'  theorem  enables  us  to  write  down  the  product 
expression  at  once  aside  from  the  unknown  exponential  T.  The 
determination  of  T  is  attended  with  grave  difiBculties.  To  avoid 
this,  we  have  developed  sin  z  in  136  by  another  method. 

6.  From  Weierstrass'  theorem  l  we  may  write  down  the  most 
general  rational  transcendental  function  with  assigned  zeros 

and  assigned  poles  J^    ,    6,    ,     ...  (11 

where  a  zero  (pole)  of  order  m  is  repeated  m  times. 
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Let  us  suppose  that  the  points  10),  11)  are  arranged  as  the  a^ 
in  1.     Then 

Jf'(z)  =  n^l  -  -V  ^  -  ^K^^  (12 


and 


a(iz)=nfi-^\l^"^n^€>^  (13 


will  vanish  at  the  points  10),  11),  respectively,  and  nowhere  else. 
Their  quotient 

acz) 

will  thus  have  the  assigned  zeros  and  poles.     Let  K(z^  be  the 

most  general  one-valued  analytic  function  having  these  zeros  and 

poles.     Then 

o_-^(g) 

behaves  as  the  quotient  in  5).     We  have  therefore  as  before 

Hence  the  most  general  function  of  the  kind  sought  is 

e'^''^  (14 

where  Z'is  an  integral  function. 

7.  Let  us  note  that  the  zeros  10)  and  the  poles  11)  of  a  rational 
transcendental  function  considered  in  6  must  both  =00,  on  being 
properly  arranged. 

For  if  in  10),  for  example,  we  could  pick  out  a  sequence 

^i     9     ^2    9     ^     ***     which  s  some  point  a', 

this  point  would  be  an  essentially  singular  point  of  our  function  K. 
Thus  K  having  an  essentially  singular  point  in  the  finite  part  of 
the  plane  is  not  a  rational  transcendental  function  by  the  defini- 
tion in  123,  4. 


CHAPTER   IX 

TH£  B  AND  T  FUKCTIOHS.    ASYMPTOTIC  EXPANSIONS 

141.  Introduction.  1.  In  advanced  integral  calculus  one  treats 
of  two  functions  called  the  Beta  and  Qamma  functions  which  are 
defined  by  the  definite  integrals 

B(x,  y)  =-£^'-'0  -u)y-^du  ^£  (jf^,     .     a;,  y  >  0    (1 
T(z)  =  Ce-^'u^^du     ,     X  >  0.  (2 

These  functions  enter  many  parts  of  mathematics  and  on  account 
of  their  great  importance  we  shall  devote  a  short  chapter  to  their 
more  important  properties.  The  B  and  F  functions  are  not 
independent  functions ;  in  fact,  as  is  shown  in  the  calculus,  and 
as  we  shall  see  in  the  next  §, 

T{x  -f  y)  V 

Thus  of  the  two  functions  we  shall  devote  most  of  our  attention 
to  the  F  function,  which  is  a  function  of  a  single  variable,  whereas 
B  is  a  function  of  two  variables. 

Instead  of  employing  the  definition  of  the  B  and  F  function  as 
a  definite  integral,  we  can  define  the  F  function  as  an  infinite 
product 

rw-;    ,'~°'.    .    »-I,2,-  (1 

where  (7=  .6772167  •••  isEuler's  constant.  We  shall  see  directly 
that  the  integral  2)  and  the  product  4)  have  the  same  values  for 
a;  >  0.     For  the  function  theory,  however,  the  product  definition 
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4)  is  vastly  to  be  preferred.  In  fact,  if  we  allow  the  variable  x  to 
take  on  complex  values,  the  right  side  of  4)  defines,  as  we  saw  in 
133,  an  analytic  function  of  z  for  the  whole  2-plane  except  at  the 
points  2  =  0,  —1,  —  2  •••  where  it  has  poles  of  the  fir^t  order. 
We  may  thus  regard  this  function  as  giving  the  analytic  continu- 
ation of  an  analytic  function  which  for  real  x  >  0  has  values  given 
by  the  integral  2). 

Instead  of  the  integral  definition  1)  of  the  B  function  we  may 
now  take  3)  as  a  definition  where  F  is  now  defined  by  4),  the 
variables  x^  y  being  now  of  course  complex. 

From  these  product  definitions  of  the  B  and  F  functions  many 
of  their  properties  follow  very  simply,  as  we  shall  show.  If  we 
prefer,  however,  to  start  with  the  definitions  1),  2)  it  is  merely  to 
preserve  the  continuity  of  the  reader's  knowledge.  The  justifica- 
tion of  the  steps  we  shall  take  in  dealing  with  the  integrals  1),  2) 
in  the  next  two  articles  we  must  leave  to  the  reader  for  lack  of 
space. 

2.  The  integrals  1),  2)  may  be  given  other  forms  on  changing 
the  variable.     Thus  in  1)  let  us  set 


V 


l-v 


We  get 


If  we  set  here 


B(aj,  y)  =  rW^(l  -  v)y-Hv.  (5 


v  =  1  —  u^, 


we  get  ^^^  y^  ^  rwy-\\  -  w^'^Hw.  (6 

In  5)  let  us  set  .  «  >) 

^  v  =  sin''  a, 

n 

B(x,  y)  =  2  P  sin2^i  0  cos^'-i  0d0.  (7 


we  get 


Finally,  if  we  set  ,      1 

u  =  log  - 


in  2),  we  get 


r(a:)  =  f\og--^(^yv.  (8 
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142.  B(x,  y)  expressed  in  F  Functions.  We  wish  to  establish  the 
relation  3)  of  the  last  §,  the  variables  being  reaL  If  in  141,  2  we 
replace  u  by  au^  we  get 

From  this  follows  that 


(1 

Hence  by  141,  i 


4-  vy^'y     rCx  +  y)./o 


^    ^^     Jo   (1 4-  vy^y    r{x  -h  y Vo       Jo 


u 


—s 


or  inverting  the  order  of  integration, 

r(:c4-y)Jo  Jo 

In  the  V  integral  let  us  set  uv^w\  it  becomes 

'  I     w*-h~^dw=u-'r(^r). 

t/o 

Thus  2)  becomes 

r(ar  +  y) 
which  establishes  141,  3. 

143.  r(x)  expressed  as  a  Product.    From  the  calculus  we  know 
that 

u-«=lim(l--)  . 


Putting  this  in  141,  2)  gives 

r(a:)  =  lim  Pu'-ifl  - -Yrfw. 
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Setting  u  =  nv,  this  gives 

r(aj)  =  lim  n'  ^(1  -  vyv^^dv.  (1 

Integrating  by  parts,  we  get 

r\l  -  vyv^^dv  =  -^  r\l  -  vy-hf-^dv 

Jo  ^  -f  ^t/O 

= ^  •  -^^  r'(i  -  «)-'^^<''' 

n  n  —  1  1       /*^ 

x-hn     x  +  n— 1      a:  +  1  Jo 
n  11 


x-hn      X  -h  1     a: 

We  may  thus  write  1) 

r(x)  =  lim  1 l>2...(n~l) ^.  ^2 

^  ••««>x     (a;-f  l)(ic-h2)  ...  (a;  +  n- 1)  ^ 

Now 

»-(f■i•^••,-^0■=(•-0•(•-l)'•••^-,4:)•• 

Also 

(x  +  l)...(x  +  n-l)  =  (n-l)!(l+g(l  +  |)...^l  +  -^). 

Putting  these  in  2)  gives 

r(;a=)  =  lnv — ^  (3 


=  ^n! 


n 

X  10,(1+1) 


^    1+^ 

n 


=  -n 


('-f 


X 

n 


>■ 


1     II«    *        ^      n^    n^ 


"0*l> 
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Thus  ^  _(.^ 


where 

is  Euler's  constant. 


144.  Properties  of  r(z).  In  the  foregoing  articles  we  have 
seen  that  the  B  and  F  functions  may  be  expressed  as  infinite 
products,  the  variables  being  real  and  positive.  We  propose  now 
to  start  afresh  and  define  these  functions  for  complex  values  by 
these  same  products.     Thus  we  say 


«-'•• 


r(z)  = —J         n  =  l,  2,  ...  (1 


where  C  is  Euler's  constant 


and 


(7=  fj  j  1  -  log^l  ^  IM  =  .5772157  ...  (2 

B(.,,)^r(u)r(.), 


Then  the  foregoing  shows  that  these  functions^  reduce  to  the  B 
and  r  functions  of  the  calculus  when  the  variables  are  real 
and  >  0. 

From  the  definition  1)  we  may  obtain  two  other  expressions  on 
using  the  transformations  employed  in  143,  viz. : 

r(2)  =  lim  6?,(2)=liml  .  1  -2...  (n-1) ^  ^,    ^^ 

^  ^^     «=«2;      (z-hl)(z-f  2;  ...  (2  +  n-l)  ^ 


due  to  Gauss,  and 


,  ('4T 


r(2)  =  -n^ n=l,  2,  ...  (5 

1  +  - 

n 

where  in  4),  5)  we  take  that  determination  of  n*  and  f  1  -f  -  J 
which  is  real  and  positive  for  2  =  1. 
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The  expression  1)  shows,  as  already  seen  in  133,  that : 

1°  r(2)  is  a  one-valtied  analytic  function  of  z  whose  domain  of 
definition  is  the  whole  z-plane  except  the  points  2  =  0,  —  1,  —  2,  ••• 
which  are  poles  of  the  first  order.  The  point  2  =  oo  is  an  essentially 
singular  point. 

Since  the  factors  in  4)  are  positive  for  z  real  and  positive,  we 
have : 

2*^  T(z)  is  real  and  positive  for  z  real  and  positive. 

A  very  characteristic  property  of  F  is  : 

3^  r(2;  +  l)=2r(2;).  (6 

For  using  the  product  G-Jz)  in  4)  we  have 

(y^(2  +  l)=5^^^^.  (7 

z-fn 

As  y.       nz 

lim =3, 

»=•  n  •\-  z 

we  get  6)  on  letting  n  =  00. 
By  repeated  applications  of  6)  we  get 

r(2  +  n)=  2(3  +  1)  ...  (2  4-»-l)r(z).  (8 

From  5)  we  have  m'is  1  (^ 

Let  us  set  2  =  1  in  8),  we  get 

r(n-f  1)=1.2.3  ...  n  =  nl  (10 

This  relation  gave  rise  to  the  F  function.     In  fact  Euler  proposed 
to  himself  the  problem  : 

Determine  a  continuous  function  which  when  z  is  an  integer 
X  =  n  shall  have  the  value  1.2*3  ...  n=in\  The  relation  141,  2) 
shows  that  such  a  function  is 

n(a:)  =  r*  e-'M'rfu  =  T(z  +  1).  (11 

The  relation  between  F  and  11  may  be  extended  to  complex  values 
by  deening  U(z)  by         jj^^^  ^  p^^  ^  ^^  ^^2 
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The  functions  11  and  F  are  of  course  essentially  the  same  function. 
The  n  notation  was  used  by  Gauss,  the  F  notation  by  Legendre. 
Both  notations  are  currently  used  to-day.  The  fact  that 
n(n)=3n!  instead  of  F(l  +  n)  will  often  make  it  convenient  to 
use  n  instead  of  F. 

Another  important  relation  is  : 

^'^  r(2)F(l-2)  =  ^-!!^.  (13 

SinTTZ 

For 
a^iz)  a^l  -  2)  =  1  ^  ^ 


'(•-SX'-S-O-oT^)  "-" 


^^  Uin-«-  =  l, 

n  —  z 


we  have,  letting  n=  oo , 

1  IT 


r(2)r(l  -  8)  = 


2n(i--^'    «"»'^^ 


by  136, 1). 

In  the  calculus  the  relation  13)  is  established  by  using  the 
formula 

0     1-hu       sin  wo;' 

whose  proof  is  not  simple. 
If  we  set  z  s  J^  in  13),  we  get 

r»a)=7r 

or  rQ)=+V^.  (15 

The  +  sign  of  the  radical  must  be  taken  by  2°. 
From  8)  and  15)  we  get 

5°  r(n  +  ^)^-«-^-"<^"-^^v^. 


2' 


(16 


Since  the  exponential  function  vanishes  for  no  value  of  s,  the 
expression  1)  enables  us  to  state : 

6^  The  r  function  vanishes  for  no  value  qfz. 
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145.  Expression  for  log  r(z)  and  its  Derivatives.   From  144, 1) 
we  have 

L(z)  =  log  r(z)  =-  Ci  -  log2-h  5  (^-^^^(l  -»-^)}-        (^ 
Differentiating,  we  get 

^^       r(«)  z      'f\n     z  +  ni  ^ 


(3 


(4 


^  (n     z  +w  —  IJ 
In  general  we  find 

i<->(z)=(-lr(m-l):5— — !— -      ,     m>l. 

X<"'(l)  =  (-l)-(«.-l)  !vl  =  (-l)-(»ii-l)1 5.         (6 

146.  Development  of  log  r(z)  in  a  Power  Series.  We  saw  in 
144,  6°  that  T(z)  has  no  zeros,  thus  log  r(«)  is  a  one-valued 
analytic  function  about  sal,  whose  nearest  singular  point  is  2aO. 
Thus  Taylor's  development  is  valid,  and  we  have 

log  r(0  =  i(«)  =  L(i)  +  '-f^L'a) + ^^->'i"(i)  +  .•• 

Replacing  2—1  by  z  and  using  145,  this  gives 

« 

logr(H-z)  =  -(7z  +  5jC:^l^J?>-    ,    \z\<l.       (1 

••=2        ^ 

Legendre  has  shown  how  we  can  make  the  series  1)  converge 
more  rapidly.     We  have 


.«' 


iog(i+2)=aj-y(-i)"-  ,  iH<i- 

This  when  added  to  and  subtracted  from  1)  gives 
logr(l+2)=-log(l^-2)  +  (l-(7>+X(-l)"(^'»-l)'^*' 

2 
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Changing  here  z  into  —  z  gives 

log  r(l  -  2)  =  -  log  (1  -  2)  -  (1  -  (7)2  +  T  (fl,  -  1)?-". 

a  n 

Subtracting  this  from  the  foregoing  gives 

log  r(l  +  2)  -  log  r(l  -  z)=  -  Iogi±^  +  2(1  -  Q-)z 


22n+l 


-^SitTT*^-'-''- 


From  144,  13)  we  have 


log  r(l  +  2)  -h  log  r(l  -  z)  =  log  - 


irz 


8in  7r2 

This  in  the  preceding  relation  gives 

irz 


log  r(i  +  2) = (1  -  c^z  - 1  log  1±-^-  +  J  log  ^ 

»d  J.     ^    Z  *d  SI 


sin  TTZ 


valid  for  I  z  I  <  1. 

This  series  converges  rapidly  for  0<ic  <  \  and  thus  enables  us 
to  compute  log  V{x)  in  the  interval  \  <x  <\, 

147.  Graph  of  (r)x  for  Real  x.  By  virtue  of  144, 8)  the  value  of 
T{x)  for  any  positive  x  is  known  when  its  value  is  known  for 
values  of  x  in  the  interval  (0,  1).  By  virtue  of  144,  13)  the  value 
of  r  is  known  for  a;  <  0  when  it  is  known  for  a;  >  0.  This  rela- 
tion also  shows  that  the  value  of  F  is  known  in  (0,  1)  if  it  is 
known  either  in  (0,  ^)  or  indeed  in  any  interval  of  length  \. 
Gauss  has  given  a  table  of  log  n(ic)  for  0  <  x  <  1  calculated  to 
20  decimals.  This  gives  us  the  value  of  log  T{x)  for  1  <a;<  2. 
A  four-place  table  is  given  in  the  Tables  of  B.  O.  Peirce  *  for 
1  <  a;  <  2. 

Since  r(l)  =  r(2),  the  curve  has  a  minimum  between  a;  =  1  and 
X  a  2.     This  point  is  found  to  be 

x  =  1.46163... 
•  See  reference,  p.  91. 
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From  145,  4)  we  see  that 

L^'ix)  >  0     ,     for  a;  >  0. 

Hence  the  graph  of  T(x)  is  concave  for  a:  >  0. 


-8         -2 


The  adjoining  figure  will  give  the  reader  an  idea  of  the  graph 
for  real  x.  The  vertical  lines  a;  =s  n,  n  =  0,  —  1,  —  2  •••  are  asymp- 
totes to  the  curve,  and  the  maxima  and  minima  of  the  curve  lie 
on  opposite  sides  of  the  x-axis.  The  distance  of  the  elbows  from 
the  2;-axis  increases  as  we  go  to  the  left. 


148.  The  r  Integral  for  Complex  z.   1.  For  real  2:>  0,  we  have 


t/O 


(1 


as  stated  in  141,  2).     Let  us  consider  the  integral 


where 
We  have 


(7(2)  =  C  e-'^u'-^du, 
2  =  x  +  ty    ,     x  >  0. 

=  m'~i  { cos  (y  log  ii)  -h  i  sin  (y  log  u)  \ . 


(2 
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X  11118  -^»  ^ae 

(y  =s  I     ^~'*m'~^ cos (y  log u)du  -hi/     ^""m-^^ sin  (y  log  u^du 

Jo  Jo 

Now  H  and  JT  are  convergent  since  x  >  0,  hence  the  integral  2)  is 
convergent  for  all  z  for  which  a:  >  0. 

2.  Let  us  show  that  G(z)  is  an  analytic  function  of  z.  To  this 
end  we  use  86,  1 ).     Now 

—  =  /   e~^ur^u'  log  u  cos  (y  log  ii)du  =  -— - 
dx      Jo  oy 

—  =  —  /     e~'*u^^  sin  (y  log  u)  •  log  wrfw  = • 

^y  Jo  ^a: 

As  these  derivatives  are  also  continuous  functions  of  rr,  y  for 
X  >  0,  we  see  that  G  is  an  analytic  function  of  z  for  all  z  lying  to 
the  right  of  the  imaginary  axis. 

Since  (7(z)  as  defined  by  the  integral  2)  and  r(z)  as  defined 
by  an  infinite  product  144,  1),  are  analytic  functions  which  have 
the  same  values  along  the  positive  half  of  the  real  axis,  they  also 
have  the  same  values  for  any  z  =  ar  -f-  iy  for  which  a:  >  0. 

149.  r(z)  expressed  as  a  Loop  Integral.  1.  In  the  foregoing 
article  we  have  expressed  the  T  function  as  an  integral  which 
converges  for  all  z^z-\-iy  for  which  x >  0.  Let  us  now  show 
that  it  may  be  defined  as  a  loop  integral  which  is  valid  for  all 
values  of  z  for  which  r(z)  is  defined,  that  is,  for  all  z  ^  0,  —  1, 
—  ^,  •••. 

To  this  end  let  us  consider  the  integral 

a(z)  =  Ce-^u^Hu,  (1 

the  path  of  integration  being  the 
loop  L  extending  to  oo  as  in  Fig.  1. 

As  value  of  u'~\  we  take 


>>ao 
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The  integral  1)  is  thus  defined  for  all  values  of  z  and  is  a  one- 
valued  analytic  function  of  z  by  104,  since  its  derivative 

da 


=  /  e~^u'~^  log  udu 


dz 
is  a  continuous  function  of  z. 

2.  We  now  show  that 

(y(2)  =  (^'H--l)r(2).  (2 

To    this    end    we    need    only        /^^^^^ 

prove  2)  for  z  =  x>  0,  by  vir-      ^f         ^  =-»>oo 

tue  of  the  principle  of  analytic        V.^^^^ 

continuation,  113.    Let  us  re-  *'°*  ^* 

place  the  loop  L  by  the  loop  S  as  in  Fig.  2.     The  radius  r  of  the 

circle  a/Sy  converges  to  0.     Thus 

Now  on  the  segment  (oo,  a),  ^  ^  0,  hence 

r\-''u'-^du=  -  r(a:)         as  r  =  0. 

On  the  segment  (7,  00),  ^=  2  7r.  For  "when  u  passes  over  the 
circle  0^7,  <f>  increases  from  0  to  2  tt.  Thus  u'~^  has  on  the  seg- 
ment (7,  00)  the  talue 

A  nus  y^oo  •»» 

as  r  =  0. 

Finally  ^  ^ 

Hence  '   /•   1         1   /»2» 

«/ a^y  I  l«/0 


<  2  Trr'  I  g-« 
=  0,  as  r  =  0. 
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Thus  passing  to  the  limit  r  =  0  in  3)  we  get  2)  for  real  x>0. 
But  as  the  two  sides  of  2)  are  analytic  functions  of  z  and  as  the 
relation  2)  holds  for  real  z  >  0,  it  holds  for  every  z. 


3.  Let  us  show  that 


(•I 


For  2)  may  be  written 


a  =  '- 


g»i« e~^** 


2  ie'"  •  r(2!) 


But  by  144,  13) 


=  2  ie-^'  sin  irz  -  r(z),  by  58,  8). 


(5 


^fy 


sin  vz  -  T (z)  =  -      —■      • 
^  ^      r(l  -  z) 

This  in  5)  gives  4). 

Since  e'*'  is  an  integral  transcendental  function  having  no  zeros, 
and  since  r(l  —z^  has  poles  of  the  first  order  at  z  =  1,  2,  3,  ••• 
and  no  other  singular  points,  we  see  that  the  function  G(z)  defined 
by  2)  is  an  integral  transcendental  function  whose  zeros  are  z  =  1, 
2,  3,  •••  each  of  order  1.  From  the  standpoint  of  the  function 
theory,  the  (7  function  is  simpler  than  the  T  function. 

150.  The  B  Function  as  a  Double  Loop  Integral.  1.  In  a  similar 
manner  we  can  show  that 


£ 


2-1(1  -  zy-^dz  =  -  (1  -  ^"''"Xl  -  e*"OB(«.  »).         (1 


where 


B(m,  V)  =  -^ — - — —^, 


(2 


ti,  V  being  any  complex  numbers  for  which  the  quotient  on  the 
right  of  2)  is  defined.  The  path  of  integration  L  is  so  chosen 
that  the  many- valued  integrand  in  1) 
returns  at  the  end  of  the  circuit  to  its 
original  value.    Such  a  path  is 

>vhere  Iq^  l^  are  loops  about  z  =  0,  2  =  1 
in  the  positive  direction  as  in  Fig.  1. 
It  is  easy  to  see  that  L  may  be  replaced 
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by  the  loop  8  in  Fig.  2,  without 
changing  the  value  of  the  inte- 
gral 1).  The  loop  8  is  a  double 
loop. 

Finally  we  must  specify  which 
of  the  many  values  of  **'"•  "'• 

we  start  with  at  the  point  2  =  (?.     We  take 

log  {?  =  log  r  -h  ia     ,     log(l  —  c?)  =  log  «  -f  f/S, 

as  indicated  in  Fig.  1.     The  values  of 

log  2  =  log f)  -h  id     ,     log(l  -  2)  =  log  o-  -h  i4>, 

at  any  point  of  L  depend  only  on  0  and  ^,  since  log  p,  log  a  are 
the  arithmetical  logarithms  of  the  positive  real  numbers  p,  a. 

To  prove  1)  we  shall  first  show  that  1)  is  true  when  m  =  x, 
V  ^  y  are  real  and  positive.  Then  resisoning  as  in  114,  6  we  see 
that  1)  holds  for  complex  values  of  u  and  v, 

2.  Let  now  z  run  over  the  loop  l^.  When  z  first  reaches  a, 
0  ^  a\  on  reaching  a  after  the  circuit  about  2  =  0,  the  value  of  0 
is  a  -h  2  TT.  Thus  when  z  returns  to  2  =  c,  the  value  of  0  is 
a  +  2  TT.     On  the  other  hand,  the  value  of  <f>  is  unchanged. 

Similarly  when  S[  passes  over  the  loop  ij,  the  value  of  0  is  un- 
changed, while  ^  goes  over  into  ^  -f  2  tt,  etc. 

We  may  thus  write 

r=  /*(«,  P)  -h  i\a  +  27r,  ^)  -f  /"(«+  27r,  ^8  +  27r) 


J/,-' 


+  /  («, /9  +  29r) 


(S 


where  the  numbers  in  the  parentheses  indicate  the  values  of  0^  4> 
at  the  beginning  of  the  corresponding  circuit. 

-^^  e(x-l){logp-ffa-f2>rt}  =s  g(x-l){logp+ia}^2»ix^ 

we  see  that  /,  /-• 

/  (a-h2  7r, /3)=e2'-  /  (a,  ^). 


Now 
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Similarly     ^ 

/    («  +  t2  TT,   /9  +  2  Tt)  =   ^2.r,>^2./|/     C ^^^  y^N 

/*(«,  /3)=  r+  e^^^  TL  (6^'-  -  1)  C\ 

since  the  integral  over  the  little  circle  about  2  =  0  is  0. 
Similarly, 

Art.  ;8)=(l-^2'«0r! 

r(«./3)=(.-^''^-i)r, 

Putting  these  values  in  8)  we  get  1)  for  real  positive  m,  ». 


Asymptotic  Expansions 

151.  Introduction.  In  various  parts  of  mathematics  it  is  impor- 
tant to  have  the  approximate  value  of  a  function  for  large  values 
of  the  argument.  For  example,  when  a:  is  a  large  positive  integer 
w,  we  shall  see  in  157,  9  that  r(l  +  a;)  or  w!  is  nearly  equal  to 


V2  n7rg~"/r,  (1 

a   result  of  great  value  in  the  theory  of  probabilities  and  the 
kinetic  theory  of  gases. 

Another  approximate  expression  of  this  type  is  the  following. 
Letting  «/„(a;)  denote  the  Bessel  function  of  order  n,  its  value 
for  large  positive  values  of  x  is  approximately,  as  we  shall  see  in 
263,  2, 

\-  • r  cos  (  X  —  ^ 1 ^—  )•  (2 


X 
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This  asymptotic  expression  shows  at  once  that  Jj(x)  has  an  infinity 
of  real  roots,  a  result  of  utmost  importance  in  the  mathematical 
theory  of  heat,  etc. 

Connected  with  these  approximate  values  of  a  function  for 
large  values  of  the  argument  is  a  class  of  divergent  series 

which  have  this  remarkable  property:  — 

The  sum  of  the  first  n  terms  U^  gives  the  value  of  f(a>)  with 
great  accuracy  for  values  of  n  not  too  large,  although  the  series  U 
itself  is  divergent. 

For  example,  we  shall  see  in  156,  6)  that  Euler's  constant 

(7=lim(l+l-f  1  + •••+-- log nl  =  . 57721666... 
%=m  12     3  n  J 


is  given  rapidly  and  with  great  accuracy  by  using  the  divergent 
series  l  1  i  l 

where  j,^^^     j,^^^     T.^i,- 

are  the  BemouUian  numbers  introduced  in  139,  3. 

Divergent  expansions  of  this  type  have  long  been  used  with 
utmost  advantage  in  astronomy.  On  account  of  their  growing 
importance  even  in  pure  mathematics  we  shall  give  a  brief  sketch 
of  them  as  far  as  they  relate  to  the  T  and  Bessel  functions. 

We  begin  by  developing  a  few  properties  of  the  BemouUian 
numbers  and  a  class  of  polynomials  also  named  after  Bernoulli. 

152.  BernottUian  Numbers.    1.  In  139, 12)  we  saw  that 

are  the  BemouUian  numbers.     Now 

.        cos  z      .e*'  -h  e"** 
cot  2  =s  -: —  =  t 

sin  z      e^*  —  e~** 
coth  z  =  »  cot  tz. 
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Anus  1       •  oi» 

«•-«-*  «*•  - 1  ^ 

If  we  set  2z  s  tt,  this  gives  for  |tt|  <  2  ir 

,-^=l+At^  +  A^'+*8^  +  -  (2 

^*^«'«  jB,  =  -.J     ,     53  =  5,  =  jB,  =  ...  =  0  (3 

*^^  ^,n  =  (-ir^^?;.-i        n>0.  (4 

where  as  usual  111 

ir,.=  l+— +  — +  — 4-—  C6 

*•        ^  2*"     3*»     4*» 

Instead  of  T^  we  may  with  Imeag  regard  the  B^  as  BernouUian 
numbers.  They  may  be  defined  therefore  as  the  successive  deriv- 
atives of 

u 


at  u  =s  0. 

2.   Let  us   introduce   with   de  la  Vall6e-Poussin   the  symbol 
\e\^hy  the  relation 

We  observe  that  the  series  in  the  middle  is  obtained  from 

i2  «.8 


^1!  2!^       3! 


by  replacing  in  it,  B^  by  B^. 

This  new  symbol  has  an  addition  theorem  analogous  to  the 
exponential  function.     It  is  expressed  by  the  relation 


=  l+(5-hOfr  +  (^  +  0^|;  +  -  (8 


U     .    ^  »»    .    .NO  M* 
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From  7)  we  have 

or  using  8)         ^  ^  j  ^  ^  (b^du  _  { ^  {  bu.  (9 

Expanding  and  equating  coefficients  of  the  different  powers  of  u 
on  both  sides,  we  get  the  symbolic  relations : 

(5+  1)2-^  =  0  (10 

(5^.1)8_^=0,  etc., 

where  (jB+1)*  stands  for  the  expression  obtained  by  replacing 
jB"*  by  B^  in  the  development  of  (5  -f  1)*  by  the  Binomial  for- 
mula.    Thus: 

1  =  1 

2  ^1  +  1  =  0  (11 

SjBj  +  S^i-I-  1  =  0,  etc. 

From  these  recursion  relations  we  find  readily  the  values  of  the 
^u-i  given  in  139. 

The  relations  11)  show  that :     The  Bemotdlian  numbers  are  all 
rational, 

153.  Polynomials  of  Bernoulli.     1.  Instead  of  the  function  on 
the  left  of  152,  2)  let  us  develop 

F=  ?^^^  =  !(«--  l)}e}^-  (1 

in  a  power  series  about  u  =  0.     Since 


e-' 


1!        2! 
we  have 


^-uP"*"^^n"^^»2: -^  'i  111+  2T+-8r"*'  -J 


ASYMPTOTIC  EXPANSIONS  313 

On  the  other  hand  1)  gives 


u 


Comparing  this  with  2)  gives  the  st/mboKc  equation 

n  +  l 

These  y9»  which  enter  as  coefficients  in  power  series  2)  are  the 
polynomial*  of  Bemouilli. 
From  3)  we  find 

/3,(2)=i  2(2-1), 

/8a(2)  =  i2(2-J)(2-l), 

/S8(2)=i2'(2-l)^ 

y8/2)=^2(2-i)(2-lXz«-2-i), 

/36(2)=i2»(2-l)«(2'»-2-J), 

etc. 

2.  Let  us  set  2  =  971  a  positive  integer  in  1).     We  get  on  per- 
forming the  division  indicated  in  the  middle  member 


+ 


+  fl+(TO-l)M+i —l—^\ — _ +  ...j. 

Comparing  the  coefficients  of  u*  in  this  expansion  and  2)  gives 

1  +  2«  +  3»  +  ...  +  (TO  -  1)«  =  /8„(to),  (4 
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which  connects  ^„  with  the  sum  of  the  nth  powers  of  the  integers 

If     Zy     Of      •*•• 

3.  The  polynomiah  )3„(2)  have  z  =  0  and  z  =:  1  a«  roots. 

That  )8»(0)  =  0  follows  at  once  from  3) .    To  show  that  /8^(1)  =  0 
we  set  z  =:  1  in  3)  and  get 

(n  +  1)  i8,(l)  =  (5 -M)"^»  -  jB,^i 

=  0  by  152,  10). 

4.  If  we  differentiate  3),  we  get  the  derivative  of  fi^i 

ff,  (z)  =  (5  +  zy  =  nP^.,(z)  +  jB,.  (5 

We  recall  that  -B2i»+i  =  0  when  n  >  0. 
6.  We  now  show  that : 

For  (m  ^\  * 

z  Ib* 

=  1 =2{^p    . 


e*-l 

Now  the  coefficient  of  z^^^  in  the  development  of  the  first  member 
is  in  symbolic  notation 

f 

using  3),  while  that  in  the  development  of  the  last  member  is 

Equating  7),  8)  gives  6). 

Since  5/,„+i  =  0  for  m  >0,  we  have  from  6)  that 

fi2nQ)^0.  (9 

6.   The  polynomial  )32^i,  does  not  take  on  the  same  value  at  more 
than  two  different  points  in  %  =  (0,  1). 

For  then  its  derivative  would  vanish  at  least  at  two  different 
points  within  8.     But  by  5) 
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Thus  fiuipi^^  vanishes  at  least  at  two  points  within  9 ;  hence  by  3, 
fi2»  vanishes  at  least  at  three  points  within  St.     But  by  5) 

fi^(x)  =  2  B^^^ix)  +  B^.  (10 

Hence  )32»-i  takes  on  the  same  value  at  kast  three  times  in  9 ; 

nence  a  o  o  a 

P2»-\     »     P»2t-j     »     •••  Pz    »     P\ 

each  take  on  some  value  at  least  three  times  in  St.     But 

is  of  the  second  degree,  and  can  take  on  the  same  value  but  twice. 

7.  No  Bemoullian  number  with  even  index  B29  can  equal  0. 

For  by  6)  fi2»-\(j'0  would  vanish  at  x^  \,  This  is  impossible 
by  6. 

8.  The  polynomial  fi2»^\(x)  does  not  change  its  sign  in  81  =  (0, 1). 

For  then  it  would  =  0,  at  three  different  points  in  8,  which 
contradicts  6. 

9.  77ie  polynomial  P2»(j'^^  vanishes  a^  z=sO,  ^,  1  and  at  no 
other  paint  in  8  =  (0,  1). 

For  suppose  ySj,  =s  0  at  two  points  within  81.  Then  PuC^^  =  0 
at  least  at  three  points  within  St.  Then  10)  shows  that  /Sjt-i  takes 
on  the  same  value  at  least  three  times  in  9  and  this  is  impossible 
bye. 

154.  Development  of  finix)  in  Fourier  Series.  1.  Let  us  develop 
the  polynomials  /S^C^x)  in  a  Fourier  series,  valid  in  the  interval 
2i  ss  (0,  1).     We  begin  by  showing  that 

^i(^)  =  |(^  -  1)  =  -  2^3 1  ^,(1  -  cos  2  nwx) 

1    f  TT      "^  COS  2  nTTx  ]  ^< 

where  JST,  =  1  +  ^j  +  gi  ■♦-  -• 

as  usual. 
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Let  us  denote  the  right  side  of  1)  by  F(x).  Since  )8i(0) =^(0), 
we  need  only  show  that  ^^  and  F  have  the  same  derivative  in  9. 
The  left  side  of  1)  gives  at  once 

On  the  other  hand,  from  110,  8)  we  have 

,  1  v^  sin  2  nirx  x.-* 

^~^""";^ — :^ —  ^^ 

But  differentiating  the  series  jP,  that  is  the  last  member  of  1),  we 
get  precisely  the  series  on  the  right  of  2).     This  establishes  1). 

2.  From  1)  we  can  express  all  the  other  /3*s  as  Fourier  series 
by  using  the  relations  153,  5).     Thus  for  n=  2,  we  have 

)8i(a:)=2^i(a;)+JBj. 
Integrating,  we  get,  using  1), 

The  constant  of  integration  is  0  as  fi^CO^^  0.     Using  152,  5),  the 
last  relation  becomes 

a  f^\-    1    v' sin  2 mrx  ,„ 


1 


3.  Let  us  now  set 

cos  n  2  Tra; 


n  /  ^      "^  cos  n  2  Tra;  .   , 

Cf,(x)  =  X ^ ,        9  an  even  integer. 


n=I  W 


^  sin  n  2  irx  j  j  •  i.  •  j 

_.  >  ^        9  an  odd  mteger.  (4 


.=1       « 


Also  as  before  let 


^•=^-^^■^3^ 


•  •  • 


(5 
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Then,  by  using  153,  5)  and  reasoning  from  n  to  n  +  li  we  have  for 
any  integer  »  >  0 

valid  for  0  <  x  <  1. 

We  notice  that  for  m  an  integer  or  0, 

(?^(»n)=ir^  =  (-!)•-' ^^5^        »  =  1,2,  ...         (6 
£  a.(x)  =  (-  !)•+> .  2  ira..,(ix)  (7 


and 


J^'a.{x)dx  =  ^-zr^  fl^.+iW  +  const. 
0  27r 


4.  From  5)  we  see  that  in  the  interval  9  =  (0,  1)  the  signs  of 

are  , 

—  -^  —     ... 

respectively. 

5.  Also  we  see  from  5)  that  at  any  point  a;  in  9,  the  sign  of  S2» 
is  the  opposite  of  that  of  fi^t^^* 

6.  In  passing  let  us  prove  a  formula  we  shall  need  later.  Let 
m  <  n  be  positive  integers.  Then  by  partial  integration  we  have, 
using  7), 

by  6)  and  139,  9).     Thus 


l«/m 


'Ojdx 


1+x 
As  tliis  =  0  as  m  —  00  we  see  that 


<— .-.  (8 

12    «i  ^ 


18  convergent. 
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155.  Euler's  Summation  Formula.  1.  To  derive  this  important 
formula  we  employ  an  elegant  method  due  to  Wirtinger.*  Let 
f(x)  be  a  real  or  a  complex  function  of  the  real  variable  x^  having 
a  continuous  derivative  in  the  interval  fi^^a^a-i-  nJ),  where  i  >  0 
and  n  is  a  positive  integer.  Let  m  be  a  positive  integer  <n. 
Then  as  in  93,  i  we  have 

/(a  -f  w6)  -  /(a)  =  b  pf'da  -f  bx^dx 

Jo 

/•n 

J(^a'^nb)—J{a-\'b^    =h  I    f\a-\-bx')dx 
J  {a  'hnl}'-f(a-\'2b^=b  f'^fCa  +  bx)dx 


f(a  -h  nb)  -  /(a  -\-nb)=b  jf  (a  -h  bx^dx 

where  the  last  equation  is  added  for  symmetry.    Adding  thesen+1 
equations  gives 

(n  +  l)/(a  -h  n6)  -  2  / (a  -h  «6)  =  6  2)  T V'(«  +  *^)*»^-    (^ 

Now  /»„  /»,+!  /»,^2  /»n 

If  this  is  put  in  1),  we  see  that  every  integral  of  the  type 

r 

occurs  just  »  + 1  times.     Thus  the  sum  on  the  right  of  1)  may  be 
written  ,   ^  ^i 

X 

Now  within  the  interval  («,  « -h  1) 


2;/       («+l)/'(a  +  ix)da:  (2 


«-hl  =  i:(a:)+l 


*ilcra  Matematica,  vol.  26,  p.  256. 
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where  E(x)  is  the  greatest  integer  contained  in  x.    Thus  the  sum 
2}  equals 

V   C'^^  \  E(x)  + 1  i  /'(a  4-  Jx)rfa;  =  T"  |  l?(a:) + 1  j  /'  (a + bxydx.  (3 

«=1 


(7|  being  given  in  154,  4).     Thus  the  right  side  of  3)  equals 

r  \  a{x)  +  2:  -h  J }  /'(a  -h  bx)dx 

* 
But  by  partial  integration 

h  I    xf  (a  +  bx^dx  =  nf(a  -h  w6)  —  /    /(«  +  bx^dx^ 

Jo  Jq 

^b  r^ia^bxyx^l  \j(^a  +  lm)^j(ia)\. 
•/o 

Thus  1)  and  4)  give 

(w  +  1) /(a  +  w6) -  2 /(a  +  »6)  =  6  T*  (7(ar) /'(a  +  6x)rfa; 

*=o  Jo 


Hence 


i/(a-h«6)=il/(a-h6n)  +  /(a)}+   C^fQa-^-bx^dx^B    (5 

*=o  t/o 

where  /^n 

iJ  =  6  /     G'Ca;)/'  (a  +  bx^dx.  (6 
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2.  The  remainder  R  may  be  transformed  by  partial  integration. 
Thus 

f^GfCa  +  bz)dx^  -  rOi(x^f{a  -h  bx)dx 

Jo  '"'Jo 

-^  L  Jo       '^^•/O 


Now 

(y,(0)=(7,(n)  =  i: 


(y,(0)  =  (7,(n)  =  J  1  =  5,  =  Tra^,. 


m=l 

Thus  A 


where 


3.  Thus  by  repeated  partial  integration  we  get  Eulers  formula 
of  Summation : 

/(«)+/(«  +  *)-»-/(«  +  2  6)+  ...  +/(a  +  nb) 

•/o 

+4»^{/"'(a+i»)-/"'(«)l+  - 
41 


where 


^.+1  =  (-  I)-"'  ^Jt^^,  p(}u^.(.x-)r^-\a  +  6a:)da:.        (10 

If  we  integrate  partially  in  10)  we  get,  since 

^2f+3(^)  =  0,  for  a;  =  0,  X  =  n, 

4.  In  10)  and  11)  we  have  expressed  the  remainder  R^  in 
terms  of  the  functions  02»^2  and  Q-^,^^ ;  let  us  now  express  it  in 
terms  of  the  fi  polynomials. 
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From  11)  we  have,  setting  for  simplicity  6  =  1, 

Now 

-      ■"■     «/o 
But  by  154,  5) 

(-ir'q  .^>>-  /^^.c^)     (-iry 


Thus 


(2«-l) 
^  =  ^iii^^^i /'*•""(«  +  »» +  !)-/*'•""(«  + "»)i' 

Here  the  last  integral  is  A„.     Thus  12),  18)  give 

4./t2.)(a4-a;-|.l)^.  ...  -f./(2.)(a+a:+n-l)}rfa;.     (14 

6.  Let  us  return  to  Euler's   formula  9).     We   may  write   it, 
netting  6=1, 

^  =  /(«)+ /(a +  1)  + /(a -h  2)+  -  +/(a  +  w) 
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where  2)«  is  the  sum  of  the  first  8  terms  of  the  series 

-0  =  f" }/'(«  +  «)-/'(«)!  +  ^ }/"'(«  +  «)-/'"(«)!+  - 

=5  dj  -h  dj  +  dj  +  ••• 

As  the  Bernoullian  numbers  ^jw  increase  very  rapidly  as  n  =  oo, 
the  series  16)  is  in  general  divergent.  Suppose,  however,  that 
/^*'"*"**(a?),  f^^'*'^\x')  have  the  same  sign  in  (a,  a  -h  n).  As 
/82,+i(iP)»  /Sji+aCa?)  have  opposite  signs  in  (0,  1),  the  relation  14) 
shows  that  B,  and  i2«^i  have  opposite  signs.     Thus 

We  have  therefore  in  this  case  the  remarkable  result : 

Although  the  series  16)  is  divergent^  the  sum  of  its  first  s  terms^  Dg^ 
enables  us  to  calcuiate  the  sum  F  in  15)  with  an  error  numerically 
less  than  the  (js  +  V)st  term  in  16). 

156.   Asymptotic  Expansion  of  1  +  ^  +  ^  +    •  +  -•    In  155, 15) 

let  us  set 

i(x)  =  -    ,     a»l     ,     n  =  w»  —  1. 

X 

Then  i       i  111 

Now  the  Eulerian  constant 

C  =  lira  I  1  +  o  +  •••  ■• ^^8  ^  [  • 

Let  us  therefore  keep  s  fixed  and  let  m  =  oo  in  1) ;  we  get 

2       12        4  2«  J         •*  '^ 
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Returning  to  1)  we  have,  using  4), 

Since  the  derivatives  f^^'^'^^x)^  f^'*^^\x^  have  the  same  sign,  we 
are  in  the  case  considered  in  155,  5.     The  formula  6)  is  thus  an 

asymptotic  development  of  1  +-  +  ...  H — . 

2  m    . 

From  7)  we  see  that  U,  has  the  form 

cr.  =  !g>.  (8 


where  €,  =  0  as  m  =  oo  .     For  in  the  interval  (0,  1) 

(•^  •  +  2)  ^^f^  <  ^        <}  some  constant. 
Hence  js.      - 


( 

^«  V 

< 

Jm     * 

< 

2»  +  : 

1 
2  Tn*-** 

8) 

holds 

since 

c/m)  < 

a 

2«  + 

1 

2    m** 

by  22, 1) 


(9 
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157.  Stirling's  Formula  for  nl.   In  155,  5),  6)  let  us  set 

asiasl     ,    y(a  +  a?)=:  log  (1+x)     ,     n  =  ?n  —  1. 
Then 

'2\og  (1 + 0  =  i  log  m  +  P'^logCl + x)dx^  p"^ fl^(ar)  ^  •  (1 

«=^  Jo  Jo  ^"tX 

By  partial  integration 

/        log  (1  +  x^dx  =  m  log  m  —  m  +  1. 

Thus  1)  gives 

log  (1 .  2  .  8    .  w)=:  J(2?n+l)logm-m  +  l-  (^"^Q^x)-^.  (2 

Jo  1  +2? 


We  now  transform  2)  by  using  Wallis'  formula,  127,  5) 

TT     2    2    4    4    6    6 
2     13    3    5    6    7 


(3 


From  2)  we  have 

21og(2.4...2?n)  =log(2a.4a.62...  (2m)») 

=  (2wi+l)log?n+2mlog2-2m  +  2-2r"*"^fl^(a:)-^-.    (4 

Jo  1  +a: 

Also  if  we  replace  m  by  2  m  -h  1  in  2)  we  get 

log  (1 .  2  .  3  ...  2  w»  +  1)  =  (2  w  +  1  +  J)  log  (2  m  +  1) 

From  4),  5)  we  get,  on  subtracting, 

1  2  .  4  ■  6  ...  2m     __  li^p.  2.2-4-4...2m-2m 


1.3-5...  2W  +  1     2    ''1.8.3.5.5...  2?n+1.2m  +  l 
=  -(2m+l)log^^5dLl«liog(2m  +  l) 

+  2mlog2+2-2/        +1 

Jo  Jo 

=-(2»n  +  l)log(l  +  ^)-|log(2m+l)  +  2-log2-r""'+r^ 
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Thus 

1,  2.2.4.4... 2wi.2w»  ,0       .  1M      A  .    1  ^ 


+  /       -(6 

t/ll»-l 


Now 


lim(2m  +  l)log(l+A^\=l, 

f        =  /        ,    lim  /      =  0. 
Thus  letting  w»  =  00  in  6)  and  using  3)  we  get 

This  in  2)  gives 

, /»*  G('x)dx 

log  m  !  =  i(2  m  -h  1)  log  w»  —  m  +  log  v  2  tt  -h  /        1   , — • 

t/m-l    -"-  4-  a? 

If  we  use  this  relation  in  154,  8)  we  get  Stirling's  Formula : 

log w» !  =s  J  (2 m  +  1) log m—m  +  \og^/27^  +  To~"'  ^^ 

'^^'^''^  o<#<^. 

This  may  also  be  written 


!  =  V2 


T 


m :  =  v^TTw 


p^"giJ^.  (9 


158.  Asymptotic  Development  of  r(x).    1.  In  Euler's  summa- 
tion formula,  155,  5),  6)  let  us  set 

6  =  1     ,     a  =  x    ,    /(a  +  a:)  =5  log  (u  -h  a:), 

then  we  get,  as  in  156,  1),  taking  the  principal  branch  of  the 
logarithm, 

m 

21og(2;  +  «)  =  (a:-hm-h  J)log(a;+?n)-(a;-  J)loga: 

-^_r«^£!o*f  (1 

Jo       x  +  u 
valid  for  any  complex  x=^0^  —  1,  —  2  .... 
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From  157,  2),  we  have 
log  1 .  2  .  8  ...  w  4- 1  =  (m  +  |)log(w  +  1)-  m  -  C'^l^i^i^.    (2 

Subtracting  1)  from  2)  and  then  adding 

(a;-l)log(m  +  l) 
to  both  sides,  we  get 

1^^  1.2.8...w»4-l     .      ,^ . -_,         /      ,       ,  1\|     wi  4- 1 


m-h  X 


+ 


Now 


lim  {m4-ic  +  7:)loc: — ^I— =  1  —  a;. 


Thus  letting  ?n  =  oo  in  3)  and  using  144,  4)  and  157,  7),  we  get 


log  r(a;)  =  —  a;+(a;— I) log x  +  log  V2 ir  +  7(ar),  (4 

where  /%*>  nr  \^ 

In  this  relation  let  us  set 

z  =  y  +  71        w=v  —  n. 

Then  since  fl^(tt)  admits  the  period  1, 

7(y  +  n)=  r^^(i!Mj!  =  Oasn  =  oo.  (6 

We  may  thus  write 

Jo        J\       Ji  #=iJ*-i    iC  +  W 

In  these  integrals  let  us  change  the  variable  setting 

w  =  v4-(«  — 1)     ,     «  =  1,  2,  ... 

Then  the  limits  of  integration  become  0,  1.     But  in  this  interval 
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Thus 

4+.-l)log(l  +  _^)-,.  (8 

This  in  7)  gives  a  development  of  y(^x)  due  to  Ghudermann. 

2.    In  5)  let  us  integrate  by  parts.    We  get,  using  the  functions 
<?ii  Gr2  •••  of  154,  4)  and  the  relations  6),  7)  of  that  article, 

^  ^Jo       x-^^  27r«La:  +  uJ^      27rVo    ix+u^ 


we  have 


Integrating  again  by  parts,  we  have 


u 

8 


=  +  i  C'Gj(_u)du 

as  0^8(0)  =0.  ^ 

Integrating  again  by  parts. 


9)  and  10)  become 


^^^      1.2  a;^3.4  a:«^4Wo     (x^-u)^  ^ 


3.    If    we   continue    integrating    by    parts   we   get    Stirling's 

Series: —  — 

log  r(2;)  =  log V2  TT  —  ic  4-  (a;  —  ^)  log  x 

1.2a;      3.4a*      S.ba:^ 
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Since  here  f^(x  +  w),  f^^'^^^(z  -h  w)  have  the  same  sign,  we  are 
under  the  case  considered  in  155,  6,  and  the  series  12)  is  in  fact 
an  asymptotic  development  of  r(2;). 

From  18)  we  see  722^  has  the  form 

^  =  *#^  04 

where  €^  =  0  as  a;  =  oo  ,     For  if  we  integrate  by  parts  we  have 


^ 


v'in^l 


IT 


<  -r-,  where  C?  is  a  constant. 

e^(x)  <  —     ,     M2L  constant.  (15 

X 

159.  Asymptotic  Series.     1.   In  the  foregoing  articles  we  have 
been  led  to  divergent  series 

2)(z)  =  ao  +  ^  +  ^+ •••  0 

such  that  the  sum  of  the  first  n  terms  D^(z)  gives  a  very  good 
approximation  of  some  function  f(z)  for  large  values  of  z,  pro- 
vided n  is  not  taken  too  large.  More  specifically  we  may  say  that 
the  series  1)  is  so  related  to  the  function /(«)  that 

/(2)  =  A+,(z)  +  ^     ,     e.  =  0,  (2 

as  2  a  00  along  the  positive  real  axis. 

Such  a  series  is  called  an  asymptotic  series,  and  we  write 


ASYMPTOTIC  EXPANSIONS  329 

Hereby  we  will  not  restrict  z  to  move  along  the  z  real  axis,  but 
permit  it  to  =  oo  along  any  radius  vector  so  that 

2  =  r«**    ,     r  ==  00     ,     ^  =  constant.  (4 

This  we  call  the  asymptotic  vector. 

Asymptotic  series  figure  quite  prominently  in  astronomy  and 
also  in  some  parts  of  the  theory  of  linear  differential  equations. 
We  shall  meet  them  in  this  latter  connection  when  we  come  to 
study  the  Bessel  functions. 

We  wish  now  to  see  how  the  ordinary  operations  on  conver- 
gent series  may  be  extended  to  these  divergent  series.  We  shall 
suppose  that  2=00  along  the  same  asymptotic  vector  unless  the 
contrary  is  stated. 

Let  us  first  show  that : 

/(«)  does  not  admit  two  different  asymptotic  developments  along 
the  sam£  vector. 

For  from      -,  >,  ,  «i  ,         ,  «n  .  ^i»  -a 

/(2)=ao-h-^+...-h^  +  ^     ,     6^  =  0 

=  60  +  ^+-+^  +  ^     ,     i;n=0, 

2  2"       2** 

we  have  .      ,         _^      a^  —b^  a  —b      c— ti 

2  2*  2** 

Letting  2  =  00  we  get  a^  =  b^.     Thus 

2  2"~* 

From  this  we  get  as  before  aj  =  6j,  etc. 
2.  Addition  and  Subtraction.    Suppose 


5r(2)'-6o  +  -^  + 

2 


(5 


Then 


f±g~(a,±b,)  +  '^i^^+  .:  (6 
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For  6)  stand  for 


r.           A     _L    *1  _L                 J_  *•  J_  ''"_/,     J.  ''• 

where 

c«    1     '?.  =  0        a8Z=oo. 

Thus 

/±^  =  a„±ft„  +  ''>t*'+-+\t'"4-^:. 

where 

•*n  =  €,±17n=0            a82  =  Q0. 

Hence 

6) 

holds. 

C7 


3.  MtUtiplication.     The    functions  /(z),  5^(2)    admitting   the 
asymptotic  developments  7),  let  us  show  that 

where 

as  in  the  multiplication  of  series. 

For  7)  gives  j  ^ 

where  ^^  is  a  polynomial  of  order  <  n  —  1.     Thus  8)  is  valid. 

4.  Division.    Since  -  I 

9  9 

the  problem  of  dividing  one  asymptotic  development  by  another 
may  be  reduced  to  finding  the  reciprocal  of  an  asymptotic  devel- 
opment. 

Let  us  suppose  in  5)  that  a^  ^  0.     We  will  write 


/=/.4--=»,(i+^;.!+...+f;l>5 


«» 


=  a„(l  +  A„)  +  ^, 


ASYMPTOTIC  EXPANSIONS 


331 


Thus 


1           1           1      e. 

1 

^  _  1       1    _  1 1 

Hence          1          >  «,  ,  c„    .         ,  c.  ,»,                 1 

-  =  Co  +  -i  +  -a  +  —  +  -2  +  -2      ,      Co  =  — , 
f         "        Z        Z*                    Z'       Z'                        Oq 

where                             „    . 

*!•  = 

=  0          as  2  ==  00, 

(10 


6.  Integration,     We  show  that : 

An  asymptotic  development  of  f(z)  may  be  integrated  termwise 
along  the  asymptotic  vector  when  the  function  f(ji)  is  integrable  along 
this  vector  as  indicated  in  12). 


For  from  7)  we  have 


f(z)dz=j^    f,^idz  +  J^    ^,dz. 


(11 


Now  along  the  asymptotic  vector 


If 


e.+i 


-ri  dz 


<—  •9n=0      1       aS2=00. 


Thus  11)  may  be  written 


-r^'-r^^-p^^''^ 


^»(2) 


where 

^^  =  0             JIS   2  =  00. 

Thus  from 

/(2)^flo-H7'  +  3-+-- 

we  can  infer  that 

.r(«'>-''»-T')*~r3'^+i"?*+ 


(12 
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6.  Differentiation,     Suppose  that  we  know  thatf(z)  has  an  asymp- 
totic  development 

/(2)~5  +  J,+  -;  (13 

also  thatf\z)  has  an  asymptotic  development  of  the  form 

/'(^)~|  +  ^+-  04) 

Then  the  asymptotic  development  of  f(z)  may  he  obtained  from  that 
offiz)  by  termwise  differentiation. 

For  from  14)  we  have,  using  6, 

f{z)dz^J^    ^dz+J^    °^dz+:-  (15 

^'°*'®  /  («)  =  Hm  /(z)  =  0,        by  13> 


«=<» 


we  have,  from  15), 

Since  by  1,  a  function  admits  but  one  asymptotic  development 
along  the  same  vector,  the  comparison  of  13),  16)  gives 

6j=  — aj     ,     63  =  — 2  02..- 

These  in  14)  establish  the  theorem. 


CHAPTER  X 
THE  FUKCTIONS  OF  WEIERSTRASS 

160.  Limiting  Points.  1.  At  this  point  it  is  convenient  to  in- 
troduce a  notion  which  is  fundamental  in  many  parts  of  mathe- 
matics, that  of  a  limiting  point. 

Let  S  be  a  point  set.  If  in  any  domain  D(J>)  of  the  point  i, 
there  lie  an  infinite  number  of  points  of  8(,  we  say  6  is  a  limiting 
point  of  8.     The  point  b  may  or  may  not  lie  in  8. 

Mcample  1.  Let  9  =  1,^,  ^i  ••••  Then  the  origin  0  is  a  limit- 
ing point  of  9.     It  does  not  lie  in  S.  / 

Example  2.  Let  %  denote  all  the  points  within  a  circle  A.  Then 
any  point  of  S  is  a  limiting  point  of  S.  Also  any  point  h  of  the 
circumference  A  is  a  limiting  point  of  S,  although  k  does  not  lie 
in  a. 

2.  A  set  of  points  S  which  lie  in  some  square  @  is  called  limited^ 
otherwise  unlimited. 

A  set  of  points  which  embraces  an  infinity  of  points  is  called  an 
infinite  point  set,  otherwise  a  finite  set. 

Thus  the  point  set  formed  of  the  points  corresponding  to  the 
positive  integers  a  =  1,  2,  3,  ... 

is  an  infinite  unlimited  set.     For  obviously  no  square   contains 
them  all. 

The  set  of  points  on  an  ellipse  form  a  limited  point  set. 

We  now  prove  the  fundamental  theorem : 

Every  infinite  limited  paint  set  S  has  at  least  one  limiting  point. 

For  S  being  limited  lies  in  some  square  @.  Let  us  divide  @ 
into  4  equal  squares.  Since  9  contains  an  infinite  number  of 
points,  at  least  one  of  these  squares  contains  an  infinite  number 
of  points  belonging  to  S.     Call  this  square  ©j.     This  we  divide 


ooo 
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into  4  equal  squares.  At  least  one  of  these  must  contain  an  infinite 
number  of  points  of  9.  Call  this  ©j*  Continuing  in  this  way  we 
get  a  sequence  of  squares 

each  contained  in  the  foregoing.  As  the  sides  of  these  squares 
=  Oy  the  squares  1)  shut  down  to  a  point  a  which  lies  in  all  of 
them.  Since  each  square  contains  an  infinite  number  of  points 
of  SL  any  circle  about  a,  however  small,  will  contain  an  infinity 
of  points  of  9.     Thus  a  is  a  limiting  point  of  9. 

3.  Suppose  the  point  set  9  is  not  limited.  Then  there  are  an 
infinite  number  of  points  of  31  without  any  circle  ^  about  z  s  0 ; 
that  is,  there  are  an  infinity  of  points  of  %  in  any  domain  of  the 
point  z  =8  00.  It  is  convenient  to  say  that  z  =  oo  is  a  limiting 
point  of  9. 

We  may  thus  say  that : 

Every  unlimited  point  set  admits  z  =s  oo  a«  a  limiting  point. 

Putting  this  in  connection  with  the  theorem  in  2  gives : 

Every  infinite  point  set  has  at  least  one  limiting  point.  This  may 
be  the  ideal  point  z  =s  go. 

4.  Let  the  one-valued  analytic  function  f(jz)  take  on  the  value  cfor 
the  points  of  some  set  %.  Any  limiting  point  of  %  is  any  essentially 
singular  point  off(z)^  provided  f  is  not  a  constant, 

161.  Periodicity.  1.  Let  the  one- valued  analytic  function /(z) 
satisfy  the  relation 

/(z  -f  «)  =/(z)     1     «  constant  ^^  0,  ( :l 

for  every  z  for  which  /  is  defined.     We  call  ©  a  period  of /an* 
say/  admits  on  as  a  period.     We  shall  of  course  exclude  the  ca^*^ 
that/(z)  is  a  constant.     Thus 

6«    ,     sinz    ,     tanz 

admit  respectively  2iri    ,     27r    ,    w 

as  periods. 

Obviously  if  ©  is  a  period  of /(z)  so  are 

•••,   —3  a),   —2©,   —  0),  o),  2  CD,  3  a»,  ••• 
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Thus  if  /  admits  one  period,  it  admits  an  infinite  number  of 
periods.  Sometimes  these  lie  on  a  right  line  as  in  the  case  of  the 
functions  2) ;  sometimes  they  are  spread  over  the  plane  as  we  saw 
in  the  case  of  the  functions 

V 1 »  =  8,4,  ...  (5 

considered  in  123,  6. 

It  will  be  convenient  to  say  that  two  points  a,  b  are  congruent 
when  their  difference  a  —  6  is  any  period  of  /(z).     This  we  write 

and  read  a  is  congruent  b.     If  we  write  more  specifically, 

a  =  b     ,     mod  o), 
read  a  is  congruent  b  with  respect  to  the  modvltis  o),  we  mean  that 

a—  b=i  ma)    ,     m  some  integer  or  0. 

If  we  write  i  i 

a  =  6     ,     mod  cop  ci>2, 

we  mean 

a  —  i  =  mi©!  +  WjWj    ,     m^  m^  integers  or  0. 

If  ©J,  ©3  are  any  two  periods  of  /(z),  so  are  obviously  ©j  +  ©j, 
and  ©^  —  ©2  periods  and  still  more  generally  m|©j  +  m^m^  are 
periods,  tti^,  m^  being  integers  or  0. 

If  a,  b  are  not  congruent  we  say  a  is  incongruent  b  and  write 

a^b, 

2.  Let  ^  denote  the  totality  of  all  the  periods  of  /(z).  The 
point  set  $  must  have  z  =  oo  as  a  limiting  point  as  it  always  con- 
tains a  set  of  points  as  4),  and  n©  =  oo  as  n  s  oo.  On  the  other 
hand,  we  now  prove  the  important  theorem : 

The  point  set  $  has  no  limiting  point  in  the  finite  part  of  tlie  plane. 

For  suppose  i;  were  a  limiting  point.  Then  within  I)^(rf)  there 
are  an  infinity  of  points  of  ^,  however  small  8  is  taken.  If  a,  /8 
are  two  of  these,  7  s  a  —  /8  is  a  period  and  1 7 1  <  2  &  As  8  is  small 
at  pleasure,  this  shows  that/(z)  has  periods  which  are  numerically 
<  any  given  €  >  0.  But/(z)  is  an  analytic  function  and  cannot 
have  such  periods.     For  if  zs=  a  is  a  regular  point  and  /(a)  ssc, 
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we  know  that/(z)  cannot  =  c  in  some  2)^*(a).  But /(a;)  having 
periods  i;  numerically  <  o-,  we  have 

and  a  + 17  lies  in  2>^*(a),  which  is  a  contradiction.  This  shows  that 
every  point  2  is  a  singular  point  of  /(z),  and  /(z)  is  not  analytic. 
3.  Let  0)  be  any  period  of  /(z).  On  the  line  I  passing  through 
the  origin  and  o)  will  lie  an  infinity  of  periods,  for  at  least  the 
periods  4)  will  lie  on  l.  Since  the  origin  is  not  a  limiting  point, 
there  are  two  periods  ±  \  on  Z  nearer  z  =*  0  than  the  others. 

All  periods  on  I  can  be  expressed  as  multiples  of  \. 

For  let  0)  be  any  period  of /(z)  lying  on  l.     We  can  write 

0)  =  n\  +  17 

and  take  the  integer  n  so  large  that  1 1;  |  <  |  \  |.  If  now  17  =^  0,  it  is 
a  period  on  I  which  is  nearer  0  than  \,  wliich  is  contrary  to  hy- 
pothesis.    We  call  \  a  primitive  period. 

Thus  the  periods  3)  are  primitive  periods  of  their  respective 
functions  2). 

162.  Jacobi's  Theorem.  1.  If  the  one-valued  analytic  function 
f(z)  has  more  than  one  primitive  period  o)^,  there  exists  a  primitive 
period  ©j  such  that  every  period  off  has  the  form 

mj©!  -h  m^fo^^  (1 

where  tWj,  m^  are  integers  or  0. 

For  let  0)  be  any  primitive  period  other  than  a»j.  In  the 
parallelogram  Q  whose  sides  are  Oo)}  and  Oo)  there  are  but  a 
finite  number  of  periods.  None  of  these  can  fall  on  the  edge 
of  Q.    For  if  17  were  such  a  period  171  =  17  would  fall  in  (  0,  ©i )  and 

as  17^  is  a  period,  ©^  cannot  be  a  5. 

primitive  period. 

Let  now  ©2  ^  ^^^  period  in  Q 
for  which  the  angle  ©^O©!  is 
least.  Then  every  period  of  / 
has  the  form  1). 

For  let  P  be  the  parallelogram 
whose   sides    are    0©^,    Oto^'     If 
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there  is  a  period  fi>  of  /  not  included  in  1),  let  q»'  be  that  point  of 
P  which  is  s  Q».     Then  q»'  is  a  period  and 

Angle  o>'  Oa>^  <  Angle  co^  Oa>x « 

which  is  contrary  to  hypothesis. 

2.  An  analytic  function  /(z)  which  has  more  than  one  primi- 
tive period  is  called  a  dovile  periodic  function. 

Two  primitive  periods  fi>|,  a)^  such  that  all  other  periods  of  the 
double  periodic  function  /(z)  can  be  expressed  linearly  in  terms 
of  them,  as  in  1),  form  a  primitive  pair  of  periods. 

The  functions  e',  sin  z,  etc.,  are  simply  periodic.  All  their 
periods  are  multiples  of  a  primitive  period. 

As  examples  of  double  periodic  functions  we  may  take  the 
functions  ^ 

p  an  integer  >  2  considered  in  123,  6. 
These  functions  have 

wctfj  +  mjOiQ  (3 

as  poles  of  order  p.  All  other  points  in  the  finite  part  of  the 
plane  are  regular.  The  point  z  =  oo  is  of  course  an  essentially 
singular  point. 

3.  Let  /(z)  be  a  double  periodic  function  having  Q»p  ao,  as  a 
pair  of  primitive  periods.  Let  a  be  another  point.  The  parallelo- 
gram P  whose  four  vertices  are 

a    ,     a  +  ctfj     ,     a  +  o>2     »     a  +  Wj  +  Wj 

is  called  a  primitive  parallelogram  of  periods.  By  drawing  par- 
allels to  the  sides  of  P  through  the  points 

a  +  m^o)^  -h  m^to^ 

we  may  divide  the  whole  plane  into  a  set  of  parallelograms 
similar  to  P. 

Any  parallelogram  Q  built  up  on  two  periods  i;^,  i;,  not  neces- 
sarily a  pair  of  primitive  periods  will  be  called  a  parallelogram  of 
periods.  We  shall  often  have  occasion  to  integrate  over  the 
edge  of  such  parallelograms,  and  in  such  cases  we  shall  suppose 
the  point  a  chosen  so  that  the  edge  of  the  parallelogram  does  not 
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pass  through  a  singular  point  of  the  integrand.      To  indicate 
what  periods  17^,  172  are  used  we  may  denote  Q  by  QCvv  Vr)- 

The  fact  that  /(z)  admits  co^  o),  ^  ^  primitive  pair  of  periods 
we  may  indicate  by  the  notation 

4.  From  one  primitive  pair  of  periods  q»|,  co^  it  is  possible  to 
form  an  infinity  of  other  pairs. 

For  let 

where  the  m,  n  are  integers.  Obviously  17^  rf^  are  also  periods. 
For  them  to  form  a  primitive  pair  it  is  necessary  that  the  deter- 
minant 7^  _ 

is  ±  1.     In  fact,  solving,  we  get 

a>i ^ , 

^  D 

Hence  when  2>=±1,  0)^,  co,  are  linear  functions  of  i;^,  i/,  with 
integral  coefiicients. 

Let  us  call  the  set  of  points 

Zi»i  -f-  ^2^2        ^'  ^a  =  0»  ^  1»  ^2  ...  (5 

a  network.     We  may  denote  it  by  (<»j,  w^). 

We  now  see  that  the  (i7|,  172)  network  is  the  same  as  (i0|,  aX|) 
when  and  only  when  2>  =  ±  1.  • 

5.  Let  P  be  a  parallelogram  formed  by  the  points 

If 

<»i  =  flj  -h  lij         ©2  =  a2  +  *^2' 

we  know  from  analytic  geometry  that 

Area  P(<Oy  <o^  = 


^2       ^2 


(6 
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Thus  the  area  of  -P(i7i,  rj2)  ^^ 


^^^^"^  Area  PCiy^,  t/j)  =  A  •  Area  P(a)i,  coj),  (7 

where  A=s  I  2>|. 


163.  Various  Periodic  Functions.  1.  From  a  periodic  function 
f(z)  admitting  q»  as  period  we  can  form  an  infinity  of  others  ad- 
mitting this  period.     For  example 

g(z)  =  cf^(z)        m  an  integer,  (1 

admits  the  period  to.     For 

If  o)  is  a  primitive  period  of/,  it  does  not  need  to  be  a  primitive 
period  of  1).  For  example  2  tt  is  a  primitive  period  of  sin  2,  but 
it  is  not  a  primitive  period  of  sin^z,  whose  primitive  period  is  tt. 

2.  Iff(z)^  g{z)  admit  the  period  o),  their  Bum^  difference^  prodvLct 
and  quotient  mil  also  admit  this  period. 

For  example  let 

A(2)=/(zM2). 

'^'^^^  A(z  -h  a>)  =/(z  -h  a>)(7(z  +  «)  =  /(2)(7(z)  =  A(z). 

We  must,  however,  'guard  against  the  case  that  h  reduces  to  a 
constant.     Thus  /=  sin^z,  g  =  cos'z  admit  the  period  tt.     Their 

^^^  A  =  sin2z  +  co82z=l 

is  not  properly  periodic  at  all. 

From  the  above  it  follows  that  any  rational  function  h  of  the 
periodic  function /(z)  is  also  periodic,  guarding  against  the  case 
of  course  that  A  is  a  constant. 

3.  Let /i(z),/2(2)  •••/^(z)  be  one  valued  analytic  functions  ad- 

mitting  (o  as  a  period.     Then  the  analytic  function  w  satisfying  the 

equation 

w--^f^(z)w-  '  -hA(2)«'"-'-h  -  -h/n(z)=  0  (2 

unit  admit  (o  as  period. 
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For  let  w(z)  be  a  value  of  w  corresponding  to  a  value  of  w  at  z. 
The  value  of  tv  at  the  point  z  +  <o  will  he  w(z  +  <o).  As  the  co- 
efficients of  2)  have  the  same  value  at  2  +  o>  as  at  z,  we  see 

w(2-|-o))  =  w(z). 

4.  If  the  one- valued  analytic  function  f(z)  admits  »  as  a  period^ 
80  does  its  derivative  f  (z^. 

For/ (2)  is  the  limit  of 

h 

But  y(z  +  a>)^A^  +  "  +  ^^-/('  +  «")=^(z).  (3 

h 

Passing  to  the  limit  A  =  0  in  3)  gives 

/(z +  «)=/(»). 

5.  If  /(z)  admits  the  period  q»,  we  cannot  say  that  the  primitive 
function  J^(z)  admits  this  period,  as  the  following  example  shows. 

^^^  /(z)  =  cosz  +  2. 

Then  F(iz)=^  r(co8Z  +  2)dz  =  8inz  +  2z+(7 

is  not  periodic  although /(z)  admits  the  period  2  tt. 

There  is,  however,  an  important  case  when  the  primitive  func- 
tion F(z)  does  admit  the  period  ci>,  viz. : 

Let  the  derivative  f(jz)  of  the  one-valued  function  F{z)  admit  the 
period  (o.     If  F  is  an  even  function^  F  admits  the  period  ». 

For  from  ^<<    ,     \     ^/  n 

/(Z+0))=:/(z) 

we  have,  on  integrating, 

F(z  +  ©)  =  F(z)  +  O. 

In  this  relation  set  z  s  —  -,  then 

As  -^(1)=  fl- 1).  this  gives  (7=0;  thus 
and  F  admits  the  period  «». 
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6.  From  a  one- valued  periodic  function /(z)  having  no  essen- 
tially singular  points  in  the  finite  part  of  the  plane  let  us  show 
how  to  construct  a  periodic  function  having  2  s  a  as  an  essentially 
singular  point. 

To  fix  the  ideas  let  us  take 

/(2)saCOta. 

This  has  the  period  ir  and  the  poles 

p^stmir        9»=sO,  ±1,  ±2,  ••• 

LfCt  us  set  ^ 

/,(z)  =  —  cot  (z  -  a  -  aj, 
n\ 

where  a^  a, --is  a  properly  chosen  sequence  which  aO.  For 
example  we  may  take  here 

n 

Consider  now  ^         ^  .v 

i,(z)  =  2/.(2)=5icot(a-a-ij.  (4 

The  poles  of /^(z)  are 

n 

No  two  terms /^/«  have  a  pole  in  common.  Let  $  be  the  set  of 
points  formed  of  the  sets  5)  and  their  limiting  points 

If  z  =  (  is  not  in  $,  we  can  describe  about  it  a  circle  A  which 
contains  no  point  of  ^.  Then  each  and  every  f^  in  4)  is  nu- 
merically <  some  fixed  Q-  for  any  z  in  St*  Thus  each  term  of  4) 
is  numerically  <  the  corresponding  term  in  the  convergent  series 


tfn  =  - 


Hence  the  series  4)  converges  steadily  in  A  and  as  each  term  of 
4)  is  analytic  in  A,  the  function  g(z)  is  regular  at  z  a  ft. 

On  the  other  hand,  each  pole  q  of  any  term/,  of  4)  is  a  pole  of  g. 
For  we  have  ^^^      /•/-\,  ii^-\ 


342  FUNCTIONS  OF  A  COMPLEX  VARIABLE 

where  h  is  the  series  obtained  from  4)  by  omitting  the  term  f^ 
From  the  foregoing  reasoning  h  is  regular  at  q.  Thus  g  has  a 
pole  at  q  and  of  the  same  order  as/«. 

The  point  z  =  a  is  an  essentially  singular  point,  since  it  is  the 
limiting  point  of  the  set  of  poles 

n 

Finally  g(z)  admits  the  period  ir  since  each  term  of  4)  does. 
This  shows  that  not  only  a  but  also  /^  =  a  +  mir  are  essentially 
singular  points.  This  is  as  it  should  be,  since  the  l^  are  limiting 
points  of  the  poles  5),  and  g(z)  has  the  period  tt. 

7.  Instead  of  the  function  cot  z  we  can  take  a  double  periodic 
function  as  ^ 

With  this  we  can  construct  a  series  of  the  type  4)  which  will  de- 
fine a  double  periodic  function  having  a  given  point  z  =  a  as  an 
essentially  singular  point.  Of  course  all  points  =  a  will  also  be 
essentially  singular  points. 

164.  Elliptic  Functions.  1.  Having  now  an  idea  of  some  of  the 
singularities  a  double  periodic  function  may  possess,  let  us  pick 
out  a  class  of  great  importance  called  the  elliptic  functions.  These 
are  defined  as  one-valued  analytic  double  periodic  functions  which 
have  no  easentiallg  singular  point  in  the  finite  part  of  the  plane. 
The  reader  will  recall  that,  as  we  saw  in  123,  every  periodic 
function  must  have  z  =  cx>  as  an  essentially  singular  point.  Thus 
the  elliptic  functions  are  the  simplest  double  periodic  functions, 
in  that  they  are  one-valued  and  the  number  of  their  essentially 
singular  points  is  the  least  possible. 

Such  functions  are 


^  Qz  —  !i  7njQ)|  —  J  tyijcaQ  ) 

where  2  a)|,  2  od^  are  any  two  complex  numbers  not  coUinear  with 
the  origin  and  m^^  m^  range  over  all  positive  and  negative  integers 
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and  0.  We  notice  that  p^  is  the  derivative  oi  p^^  p^  the  derivative 
of  JP21  etc.  These  functidns  are  essentially  the  functions  con- 
sidered in  123,  6 ;  we  have  replaced  q»^,  o),  '^7  ^  ^i*  ^  ^a  ^^  avoid 
writing  the  fraction  |,  as  we  shall  see. 

2.  From  />i(z)   we   can  get   by  integration   another    elliptic 
function  of  fundamental  importance.     In  fact  let  us  write 

;>i(2)=-|+^(2),  (3 

where  the  first  term  on  the  right  corresponds  to  the  values  m|  =  0, 
ywj  =  0  in  1). 

The  function  gQz)  is  regular  in  any  part  of  the  plane  which 
does  not  contain  one  of  the  points 

2  m|Q»j  -h  2  m^fo^    9    mj  =  tti^  =  0  excluded. 

In  particular  it  is  regular  about  z  =  0.     Thus 

rg(z)dZ  =  -  2  5J'    r  j^      On,r.\B 

Jo  ^  Jo    (z  —  I  WjCtfj  —  1  m^to^y 

^  ^   I  (z  -  2  rwi®!  -  2  m^io^y  "  (2  m^o)^  +  2  n^o>^)^}  "^    ^^^'    ^ 

where  the  dash  indicates  that  in  effecting  the  summation  the 
combination  m^  =  tti^  =  0  is  excluded.  This  dash  we  shall  often 
employ  in  this  sense.     Let  us  now  set 

z' 

Then  o 

/>'(2)=-J  +  K2)  =  />i(z).  (6 

Thus  5)  is  the  primitive  of  6).  Let  us  now  show  that  A(2)  is 
even.  For  to  the  term  indicated  in  4)  there  corresponds  another 
term  in  which  m^,  m^  have  the  same  values  but  with  opposite  signs. 
Thus  A(—  z^ssh(^z^  and  h  is  an  even  function.  Hence  by  163,  6 
the  function  5)  is  double  periodic  admitting  the  same  periods  2  00^, 
2a>3  as  j9|(z). 


844 
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Thus  the  function 

K2)  =  ^+^  1  (z  -  2  mjCDi  -  2  w^fl>2)2 ""  (2  miO)i  +  2  m^w^)V      ^^ 

is  an  elliptic  function  admitting  2(0^  2a>2  ^  periods.  It  is  the 
fundamental  elliptic  function  in  Weierstrass'  theory.  To  denote 
it,  he  has  invented  a  modified  />,  viz.  the  symbol  p,  and  this 
has  been  generally  adopted.  We  shall,  however,  retain  the 
ordinary  p. 

By  virtue  of  6)  we  see  that  the  functions  defined  in  1),  2)  are 
the  derivatives  of /?(tt). 

165.  General  Properties  of  Elliptic  Functions. 

1.  Every  elliptic  function  has  at  least  one  pole  in  any  parallelogram 
of  periods  P. 

For  having  no  singular  point  in  P,  it  has  no  singular  point  any- 
where in  the  infinite  plane.     It  is  thus  a  constant  by  121,  2. 

2.  Letf(z)  he  an  elliptic  function  admitting  a>^  and  to^  as  periods. 

Then  ^ 

/  fdz  =  0,  (1 

P  being  a  parallelogram  of  periods  not  passing  through  a  pole  off 

dp        J\1        •/a        •/34        •/4I 

Now  X,  ^ 

ifdz^     fdz 

since  /  has  the  same  value  at  2'  =  z-f  <»2  *^  ^^  '^^  ^^  ^'  ^Y  virtue 
of  its  periodicity.     Hence  ^t 

Similarly  /»  /» 

•/41         «/» 
Thus  the  right  side  of  2)  vanishes. 


af«#i 
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3.  The  9um  of  the  residues  off(z)  in  any  parallelogram  of  periods 
-P,  not  passing  through  a  pole  off  is  0. 

For  this  sum  is  by  124,  l 

which  =  0  by  2. 

4.  The  sum  of  the  orders  of  the  poles  of  an  elliptic  function  in  any 
parallelogram  of  periods  not  passing  through  a  pole  is  at  least  2. 

For  if  the  sum  is  1,/  can  have  but  a  single  pole  z  =s  a  in  P  and 
its  development  must  have  the  form 

/  =  -^  -h  ^0  -h  (?i  (2  -  a)  +  . . .  (3 

Here  o     ^^^v 

e  =  Res/(z). 

As  the  sum  of  all  the  residues  in  P  is  0  by  3  and  as  there  is  but  a 
single  pole,  we  must  have  <?  =  0.  But  then  3)  shows  that  /  has 
no  pole  at  a,  which  is  contrary  to  hypothesis. 

5.  Definition,  The  sum  of  the  orders  of  the  poles  in  a  primitive 
parallelogram  of  periods  not  passing  through  a  pole  is  called  the 
order  of  an  elliptic  function. 

From  4  we  have  : 

There  is  no  elliptic  function  of  order  less  than  2. 

By  means  of  this  theorem  we  can  often  show  that  a  pair  of 
periods  of  an  elliptic  function  form  a  primitive  pair,  as  the  follow- 
ing theorem  shows : 

f>.  Let  ci)j,  ©2  he  a  pair  of  periods  of  the  elliptic  function  /(z). 
This  is  a  primitive  pair  if  the  sum  of  the  orders  of  the  poles  off  in  a 
parallelogram  P(<»i^  a>2)  not  passing  through  a  pole  is  2. 

For  if  not,  let  17^  173  be  a  primitive  pair.     Then 

and  .       I  I 

zi  =:  I  m^nj  —  9712^1 1, 

is  >  1  by  162,  4.  Now  by  162,  6  the  area  of  P(»i,  ©q)  is  A  times 
that  of  P(jiy  v^)'     From  this  it  follows  geometrically  that  there 
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are  i;  parallelograms  which  either  contain  no  pole  or  a  pole  of 
order  1.  As/(z)  behaves  in  all  parallelograms  of  periods  just  as 
it  does  in  any  one  parallelogram,  we  see  that  /  violates  the 
theorem  4.     Hence  a>|,  a}^  must  form  a  primitive  pair  of  periods. 

7.  From  this  we  see  that  2  (u^  2  oi,  form  a  primitive  pair  of 
periods  of  the  function  />(u)  defined  in  164,  7. 

For  as  we  have  seen,  its  poles  are  the  points  of  the  network 
(2  o>^,  2  (0^)  and  each  is  of  order  2. 

From  118,  4  and  163,  4  we  also  see  that  2  oo^,  2  oo,  form  a  primi- 
tive pair  for  the  derivatives  />'(m),  />"(m)  ••• 

8.  On  account  of  periodicity  an  elliptic  function  takes  on  the 
same  values  at  a  and  (  =  a-|-ci>  where  q»  is  a  period.  Thus  in 
counting  up  the  points  where  an  elliptic  function  takes  on  the 
same  value  in  a  primitive  parallelogram  of  periods  we  agree  to 
consider  only  one  of  the  two  opposite  sides.  Also  if  /(«)  =  c  at 
2  =  a  the  function  5^(2)=/(2)  — c  will  have  a  zero  at  a.  If  this 
zero  is  of  order  «,  we  will  say  tliat/(z)  takes  on  the  value  c  at  a, 
8  times. 

This  being  agreed  upon  we  now  prove : 

An  elliptic  function  f(^z)  of  order  n  takes  on  any  given  value  cjust 
n  times  in  a  primitive  parallelogram  P. 

For  choosing  P  so  that  no  zero  or  pole  of  /(z)  lies  on  its  edge, 
we  have,  by  124,  4, 

^.t(lldz=mo-'m^,  (4 


where  m^  is  the  sum  of  the  orders  of  the  zeros  and  man  the  sum  of 
the  orders  of  the  poles  of /(z)  in  P. 

Now  P  being  a  parallelogram  of  periods  of  /(z),  it  is  also  for 

the  function  '^J^  '  •    Thus  the  integral  in  4)  vanishes  by  2.     Hence 

m-Q  =  moo* 

But  9noo=  n  by  definition.     Thus/  vanishes  n  times  in  P. 
Consider  now  ^.^     ^^^x     ^ 

This  vanishes  when/ss  c.     On  the  other  hand,  P  is  a  primitive 
parallelogram  for  g  as  it  is  for/.    Finally,  g  having  the  same  poles 


THE  FUNCTIONS  OF  WEIERSTRASS  347 

as/,  and  to  the  same  orders,  the  order  of  g  is  n..    Hence  g  vanishes 
n  times  in  P. 

9.  A  theorem  of  great  use  in  the  elliptic  functions  is  the  follow- 
ing : 

Two  elliptic  functions  having  the  same  periods,  the  same  zeros^  and 
poles  to  the  same  orders^  can  differ  only  by  a  constant  factor. 

For  let  /(«),  ^(2)  be  two  such  functions.  In  the  vicinity  of  a 
zero  or  a  pole  2  =  a  we  have 

/==  (z  -  a^^^il^iz)        g^(z-  «)"^(2) 

where  ^,  -^  are  regular  at  a  and  do  not  vanish.     Hence  in  the 
vicinity  of  a  zero  or  pole 

is  an  analytic  function.     If  we  give  to  9  at  a  the  value 

q  is  regular  at  a.     Thus  q  has  no  singular  points  in  the  finite  part 
of  the  plane.     It  is  therefore  a  constant.     Thus 

f(z)  =  Cg(zy 

10.  A  similar  theorem  but  not  so  often  used  is  the  following : 

If  the  elliptic  functions  f(z)  g(z)  have  the  same  periods  and  at 
each  pole  the  same  characteristic^  they  differ  only  by  an  additive  con- 
stant. 

For  at  a  pole  2  =  a,  let 

/(2)=0(2)-hjP(2), 
/7(2)=0(2)+(?(z), 

where  ^  is  the  common  characteristic  at  a.     The  functions  JP,  O 
are  regular  at  a  by  118,  2. 

Thus/(2)  —  ^(2)  =  A  is  regular  at  a  as  it  is  the  diflFerence  of  two 
regular  functions.  Thus  the  function  is  regular  everywhere,  and 
is  therefore  a  constant.     Hence 

/(2)  =  ^r2)+(7. 
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11.  AbeV%  Relation,  Letf(z)be  an  elliptic  function  of  ordern. 
Let  P  he  a  primitive  parallelogram  of  periods  not  passing  through  a 
zero  or  pole  of  f  If  a^,  a,  •••  a^  are  the  zeros  and p^^  p^  •••/>»  the 
poles  which  fall  in  P,  then 

(«!  +  ^2  +  —  +  «n)  -  (i>i  +  />2  +  —  +-P»)  =  ^  period.         (5 

Before  proving  this  theorem  let  us  see  its  significance  in  the 

function  theory.      It  is  often  convenient  to  construct  functions 

having  assigned  properties,  and  it  is  therefore  necessary  for  us  to 

know  which  such  functions  are  possible. 

For  example  we  know  it  is  possible  to  construct  a  one-valued 
analytic  function  which  vanishes  at  a^,  a,  •••  a^^  which  has  poles  at 
Pv  P2"'Pn  ^^d  which  has  no  essential  singularity  even  at  oo. 
Such  a  function  is 

(z-a^)'*'  (z-O 
(2-/?,)...  (z-^J* 

Now  if  we  were  asked  to  construct  an  elliptic  function  having 
these  zeros  and  poles  in  a  primitive  parallelogram  of  periods  P  we 
would  say  at  once  that  this  is  impossible  unless  in  the  first  place 
77t  =  n  by  8.  This  is  the  first  restriction.  Abel's  relation  5)  is 
another  restriction.  It  says  that  having  chosen  2  n  —  1  of  the 
zeros  and  poles  in  P,  the  last  one  is  no  longer  free  to  choose  ;  it  is, 
in  fact,  completely  determined  by  6).  Are  there  any  other  con- 
ditions to  inpose?     We  shall  see  in  166,  4  that  there  are  not. 

Let  us  note  that  we  may  write  5) 

2a^  =  2/?^    ,     mod  ©i,  «,.  (6 

We  turn  now  to  the  proof  of  this  relation. 
From  124,  2  we  have 


Now 


Also 


— ^  Czd  log/(2)  =  2a«  -  2;>«.  (7 

2  TTlJp 

JP       t/12       •/23       JZA      t/41 

34       t/c+»n+«,  ,/48  \  P  \ 


Let  us  change  the  variable  setting 


THE  FUNCTIONS  OF  WEIERSTRASS  349 

'^*'®°  Czd  log/(z)  =  r^'^Ctt  +  a>,)«i  log/CM) 

^fud  log/(tc)  +  ^aflog/Cw)!'^*^ .      (9 

Now  if  the  reader  will  remember  that  au  integral  is  the  limit  of  a 
sum,  he  will  see  that  the  letter  chosen  for  the  variable  has  no 
influence  on  its  value.     Thus 

f  ud\ogf{u)  =  fzd\ogf(z)  =  r. 
€/ia  »/i2  •/12 

Also  if  log/(M)  has  the  value  log  /(<?)  at  u  =  e,  its  value  at  ^  -f  ci>i 
is  one  of  the  many  values  log  f(c  +  ©j)  has  at  this  point.     But 
y(<?  -h  ft)j)  —fie)  ;  thus  the  value  log/  has  at  (?  4-  »i  is 

log /(e)  —  2  wijTri,         TWg  an  integer. 
Thus  9)  gives  ^       ^ 

Similarly  ,       ^ 

1+1=2  7»j7rio)j. 

•/23       t/41 

Thus  7)  gives 

Zmjp 
ss  a  period. 

12.  From  Abel's  relation  we  have  : 

Let  the  elliptic  function  f(z)  ^c  at  the  points  z^^  z^  -"  Zn  in  P. 

^^^'^  2.^-2;,..  (10 

ffCz^  =/(«)  -  <? 

has  the  same  poles  as  /(z),  and  its  zeros  are  s^  •••  z,^.  We  thus 
need  only  to  apply  6)  to  the  function  g. 

Remark.     In  Abel's  relation  5)  the  a's  and  i^'s  lie  in  one  and 

the  same  primitive  parallelogram.     We  can  give  this  relation  a 

slightly  more  general  form  as  follows.     Let  us  say  that  any  set  of 

points  form  an  incongruent  set  when  no  two  of  them  are  congruent. 

Let  then  /     ;  ;  ^^  ^ 

a;  aj  ...  <  (11 
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be  any  incongruent  set  of  zeros,  and 

P\   P2    -   Pn  (12 

any  inoongruent  set  of  poles  of /(z).     Then  5)  may  be  written 

ai+  ...  +ai=/?;+  ...  +;?;.  (13 

For  eaeh  aj.  must  be  congruent  to  some  o^,  and  no  two  of  the 
points  11)  are  congruent  to  the  same  a«»,  since  then  they  would  be 
congruent  to  each  other,  in  which  case  11)  would  not  be  an  incon- 
gruent set.     Thus 

«I  +  •••  +  aj,  =  «!  +  .••  +  a„  +  a  period. 

^  Pi+  •••  -^Pn^PiA-  •••  +  ;?a  +  a  period. 

Thus  13)  is  a  consequence  of  5). 

A  similar  remark  holds  for  the  relation  10).  Here  it  is  not  nec- 
essary that  the  z^  •••  z„  all  lie  in  the  same  primitive  parallelogram  ; 
they  can  be  any  set  of  incongruent  points  for  which /(z)=s  c. 

13.  In  case  of  an  elliptic  function /(z)  of  order  2  Abel's  relation 
enables  us  to  solve  the  problem  of  finding  all  the  values  of  z  for 
which /(z)  takes  on  a  given  value  as  follows  : 

Let  jE?i,jE?2  be  incongruent  poles  of  an  elliptic  function /(z,  a>j,  oij) 
of  order  2.     If/  takes  on  the  value  <?  at  z  =  2;^,  then  all  the  roots  of 

f{z)  =  c  (14 

Zq  -h  rwjWj  +  wijO),  (15 

TWj,  7W2  =  0,    ±  1,    ±  2  ... 


are  given  by 


where 


For  if  Zj  is  the  other  value  of  z  for  which /=  e  in  the  primitive 
parallelogram  P(a)j,  cd^)  in  which  z^  lies,  we  have,  by  Abel's  relation, 

2^0  +  ^1  -  (  />!  -h  jDj)  =  a  period. 

Thus 

^i^Px-^P^-^Q 
as  stated  in  15). 

Remark.     In  case/(z)  has  a  double  pole  p  we  replace  p^  -f-pj 
in  15)  by  2  p. 
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14.  Between  the  poles  of  an  elliptic  function  of  order  2  and  the 
zeros  of  its  derivative  there  exists  a  remarkable  relation  which  is 
expressed  in  the  following  theorem  : 

If  the  elliptic  function  f(z^  o^  Wj)  of  order  2  has  p^^  p^  a»  incon- 
gruent  simple  poles^  its  derivative  f\z)  is  of  order  4  <md  admits  the 
incongruent  points 

^  _2rtPa  ^-^.®i  ^_»^®a  ,       ,.®i  +  ®2 

£t  ^  ^  it 

(16 
OA  zeros. 

That  /'(z)  is  of  order  4  follows  from  118,  4.  That  the  points 
16)  are  incongruent  is  easily  seen.     For  suppose 

^2  =  23  —  Zx  -H  ^  • 

Then  _  o)j      ©^ 

^  ■"  ^8  -  "2  "■  Y 

is  a  period,  which  is  not  so,  since  oi^,  o),  ^^^ "^  &  primitive  pair. 
From  13  we  have 

Hence  /'(2  z^  -  2)  =  -/'(z).  (17 

As  Zj  is  incongruent  to  p^  or  z?,,  it  is  not  a  pole  of  /'(z).     Let  us 
therefore  set  z  =  Zj  in  17).     We  get 

or,  2/'(z,)  =  0. 

This  shows  that  z^  is  a  zero  of /'(z). 
Again,  set  z  =  z,  in  17) ;  we  get 

/'(2z,-Z2)  =  -/'(Z2).  (18 

Now  ^  _         ®i—      ,  ®i_ 

Z  Zj  —  Zj  —  Zj 2"  =  2j  +   g-  —  Zj. 

Thus  18)  shows  that/'(22)  =  -fi?^  or 

2/'(z2)  -  0. 

Hence  z,  is  a  zero  of /'(z).     Similarly  we  show  the  other  points 
of  16)  are  zeros. 
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15.  Similar  reasoning  applied  to  17)  gives : 

If  the  elliptic  function  f(z^  Wj,  Wg)  of  order  2  ha9  the  double  pole 
JO,  its  derivative  is  of  order  3,  and  it  admits  the  incongruent  points 

as  zeros. 

Remark.  The  reader  may  ask :  Why  does  not  the  same  reasoning 
prove  that  JO  is  also  a  zero  of/'(2)  ?  As  we  know  that  a  pole  of/ 
is  also  a  pole  of /'(z),  our  reasoning  would  then  be  quite  fallacious, 
since  p  cannot  be  at  once  a  zero  and  a  pole  of  an  analytic  function. 

The  fault  in  such  reasoning  on  p  would  lie  in  setting  z=sp  in 
17).  Since  we  know  that  z=:jd  is  a  pole  of /'(z),  this  latter  is 
not  defined  at  this  point.  The  relation  17)  holds  for  values  of  z 
near  p  but  not  at  p. 

16.  An  elliptic  function  of  the  second  order  having  simple  poles 
satisfies  a  very  simple  differential  equation,  as  the  following  theo- 
rem shows : 

Iff(z)  is  as  in  14,  it  satisfies 

(f T = ^^~  'i><^-^-  ''><-^"  '»^<^-  '*>'     ^^^ 

where  f(Zj^}  =  ^^,  ?7i  =  1,  2,  3,  4,  and  2,„  are  the  numbers  16). 

Let  us  fii-st  show  that  the  e'a  are  all  different.  For  if  e^  =  e^ 
for  example,  then 

and  either  z^  =  z^, 

or,  2i  +  22  =  joi  -f-  P2,        by  18. 

Neither  is  true.     Let  us  now  set 

^-.(z)  =/(2)  -  6«    ,     m  =  l,  2,  3,4, 
and  ^(2)  =  9x9^9^9^. 

We  show  that  9  admits  a)^,  to^  as  periods  and  has  the  same  zeros 
and  poles,  and  to  the  same  order  as  (/'(2))*  =  A.  Thus  h  and  g 
differ  only  by  a  constant  factor  by  0. 
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For  in  the  first  place/  and  g  obviously  have  the  same  periods. 
Next  g  being  the  product  of  four  factors  of  order  2,  is  of  order  8. 

As  ^>,  =  0  for  z  =  z^,  we  see  that  g  vanishes  at  the  four  points  z^. 
Each  of  these  points  is  a  zero  of  order  2  for  ^(z).     In  fact 

^'(z)  =  9\  •  ^25^8^4  +  ^2  '  9i9z9a  +  ^8  •  9x9^9 A  +  5^4  •  9\9%9v 

Let  us  set  z==Zj  in  this  relation.  The  first  term  on  the  right 
vanishes,  since  the  factor 

The  other  three  terms  =  0,  since  each  contains  the  factor  g^. 
Thus  ^'(Zj)=  0  and  hence  Zj  is  a  zero  of  g(z)  of  order  2  at  least. 
Hence  g(z)  and  A(z)  have  the  same  zeros  to  the  same  order. 

The  poles  of  g(z)  are  pj,  p^  each  of  order  4.  The  same  is  true 
of  h(z).     Hence  by  P,  A  =  (7«^. 

17.  When  the  elliptic  function  of  order  2  has  double  poles,  we 
have: 

If  f(z)  is  as  in  15,  it  satisfies  the  differential  equation 

where  f(z^^=:  e^^  7»  =  1,  2,  3,  and  z^  are  the  points  19). 
The  proof  is  entirely  analogous  to  that  in  16. 

18.  Application  to  the  p  function.    This  function  is  defined  by 

where  -►      o  ■  o 

Here  p^Q  is  a  double  pole,  and  the  periods  are  2a»j,  2a»2. 
Thus  19)  becomes 

Zj  =  a>j     ,     Zj  ==  ^2     »     ^s  =*  ^1  +  ®2  (28 

Hence  21)  shows  that  p(z)  satisfies  the  differential  equation 

( jy = dp  -  «i)(p  -  ^2)(p  -  «8)-         (26 
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From  this  follows  that 

z=  f  ^P  (26 

Remark.  The  reader  can  now  see  why  we  iiave  denoted  the 
periods  of  p(z)  by  2a>j,  2a>2  instead  of  a>j,  cv,.  It  is  the  half 
periods  which  enter  in  the  definition  of  the  e^^  e^^  e^^  and  these 
quantities  are  of  fundamental  importance.  Also  in  many  other 
relations  the  half  period  figures.  If  we  call  the  periods  2a>j,  2ca29 
We  avoid  the  fraction  ^  when  using  the  half  periods. 

The  reader  will  also  note  that  the  period  of  sinz  is  denoted 
by  2w-. 

19.  It  will  greatly  simplify  our  equations,  as  the  reader  will 
see  later,  if  we  introduce  a  half  period  ev,  by  means  of  the  relation 

»i  -h  ©2  +  ®8  =^  0.  (27 

Then  p  being  an  even  function  we  see  that 

K®i  +  «*2)  =  K«8)  =  «8- 
Thus  the  three  equations  24)  can  be  written 

X«,)=<?,         8=1,2,3.  (28 

Also  the  zeros  ot  p'(z)  are 

«3-  (29 


=  a)t      •     0). 


1       '       "^2      » 


166.  Elliptic  Fttnctions  expressed  by  o'(z).  1.  Let  the  elliptic 
function  f(z)  of  order  n  have  P(2  Wj,  2  w^)  as  a  primitive  paral- 
lelogram of  periods.     Let  its  zeros  be 

arranged  so  that  |  a,+i  |  >  |  a»  |  =^  0  ;  let  its  poles  be 

*i     1     *2     »     ^3     •••  (- 

arranged  so  that  1 6^+i  |  >  |  A*  I  =^  0.     Then  by  140,  4,  and  6, 

n  f  1  -  AV^,-ka;y 

/(2)  =  e^<')  _^ ^^Vttt'  (3 
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since  ■.  I 


i«-r 

converge. 

To  determine  T  let  us  observe  that 


8 


also  admits  2(0^,  2a>2  as  periods.     Thus 

K,).r.(.)-2{^,-i)^2{(^.-i) 

is  double  periodic. 

Now  each  S  here  admits  2  a>|,  2  c^j  as  periods.     Hence 

a  b 

admits  2  a>p  2  o),  as  periods.     As  ^T  is  an  integral  function,  so  is 

2"'.    But  then  ^,,  ^      ^ 

I^'Qz)  =  2  (?,     a  constant. 

The   infinite   products  entering   3)  can   be  expressed  as  the 
product  of  m  simpler  products  as  follows  :     Let 

be  the  zeros  and  poles  which  fall  in  the  parallelogram  P.     Let 

be  all  points  1)  which  are  =  Cy     Let 

Pn     '    Pi2    ^    Piz     '"  (7 

be  all  the  points  2)  which  are  =Py     If  we  treat  the  other  points 
in  5)  in  a  similar  manner,  all  the  zeros  1)  will  be  thrown  into  m 
classes,  the  points  in  each  class  being  =  some  zero  in  5).      A 
similar  remark  applies  to  the  poles  2). 
Let  us  therefore  set 

<(z,  (?i)  =  n  (^1  -  --\^n  -^  l^V'  (8 
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Then  the  numerator  and  denominator  in  3)  are  each  the  product 
of  m  factors  of  the  type  8).     We  have,  in  fact, 

2.  The  simplest  t  function  is  obtained  by  taking  e^  at  the 
origin.  It  is  denoted  by  a(z)  and  is  called  Weierstrass"  rigma 
function.     Thus  .  .   ,   i 

a(z)  =  zn  f  1  -  -  U  ^  2^->^ ,  (10 

where        a>  =  2  m^o)}  +  2  ttijCOj        mi=i?i,  =  0     excluded. 

By  140,  the  zeros  of  o-(z)  are  z  =  0  and  the  points  a>.  They  are 
of  order  1.  By  using  the  <r  function  the  formula  9)  can  be  much 
simplified.     To  show  this  we  make  use  of  the  fact  that 

From  10)  we  have 

iog.(.)=iog.+2;Wi-^)+i+rX^)'}-   (12 

The  derivative  of  this  function  is  so  important  that  it  has  a 
special  symbol ;  we  set  with  Weierstrass 

^^''^-       dz         -<rizy  (^^ 

Thus  -|         (     1         1  \ 

z         I  z  — o)      A>      or  J 

Hence  finally  ^^^^ ^^^^ 

Let  us  note  that  <r(z)  is  an  odd  function. 

For  replacing  z  by  —  z  in  the  11  in  10)  it  becomes 

nfi+^y-y^O^  (15 

As  (0  and  —  »  give  the  same  network  of  points,  we  can  replace  » 
by  —  o)  in  15);  but  then  15)  goes  back  to  11  in  10).  Thus  this 
product  n  is  an  even  function.     As  <r=s  zll  we  see  a  is  odd. 
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As  cr'(z)  is  now  seen  to  be  even,  the  definition  of  f(z)  given  in 
13)  shows  that  t  is  also  an  odd  function. 

We  have  introduced  these  relations  at  this  point  in  order  to  see 
how  a(z)  behaves  when  z  is  replaced  by 

z  +  2»i    or    2  +  2(02. 
We  start  with  the  relation 

p(z  +  2  a)i)  =jd(2). 

Integrating  gives 

f(z+2a,i)=?(2)+(7. 

To  determine  the  constant  C^  we  set  z  =  —  wj ;  we  get 

since  ^  is  an  odd  function.     Hence 

C=  2  ?(a,0. 
Let  us  set  for  brevity 

These  two  constants  are  of  constant  occurrence.     Then  we  have 

?(z  +  2  o)i)  =  ?(z)  +  2  i;i,  ^fy 

?(z-h2a>j)  =  ?(2)+2i;j.  ^ 

Integrating  the  first  equation  of  17),  we  get 

log  a(z  -f  2  flDj)  =  log  o-(z)  +  2  i/jZ  +  (7 

or  o-(2  +  2  a)j)  =  (?«^»'  a(z) . 

To  determine  <?  we  set  z  =  —  Wj,  and  remember  that  <r(2)  is  an  odd 
function  ;  we  get 

cr(a)i)  =  (?g"^>'»>  o-(—  Wj)  =  —  (?6"^''»  <''(«">i)« 
Hence  (j^-^^^^n^ 

Thus.  ^2  ^.  2  0)0  =  -  e2'n<»+«i)o-(z), 

<r(z  +  2  o)j)  =  -  e2'?«(*+«,)o-(2). 

3.  Using  the  relations  18),  we  can  now  simplify  9)  as  follows. 
We  saw  from  Abel's  relation  that 

<?i  +  ^a  +  -  +  ^«  -  (J^i  -^P^-^  —  +;>-.)=  a  period.  (19 
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Let  us  therefore  pick  out  a  set  of  incongruent  zeros  <7i«  Oj  •-  a. 
and  a  set  of  incougruent  poles  A^,  •••  («  bo  that 

fli  +  Oa  +  —  +  ^«.=  *i  +  *2  +  -  +  *-•  (20 

From  19)  this  can  be  done  in  an  infinite  variety  of  ways.     Let  us 
now  form  the  function 

We  show  that  g  admits  2  a>p  2  co,  as  periods.     For  from  18) 
g(z  +  2  o),)  =   o  ,,,  .  .    ,  „   ; r^     n  =  1,  2  •••  m 


g2,,26. 


^(2)- 


2a„  =  26^. 


But  by  20) 

Thus  g(Z'^2(D{)=g(z). 

Similarly  g(z  +  2  Wg)  =  ^(z). 

On  the  other  hand,  the  zeros  and  poles  of  21)  are  the  same  as 
those  of /(z),  and  to  the  same  order.  Thus  by  166,  9  /  and  g  dif- 
fer only  by  a  constant  factor.     Hence  the  theorem : 

Let  f(z)  be  an  elliptic  function  of  order  m  having  2  a>j,  2  a>3  as  a 
primitive  pair  of  periods.  Let  a^,  •••«„, ;  Jj,  •••  J^  6«  a  set  of  incon- 
gruent zeros  and  poles  such  that  Sa^  =  S(^.     Then 

•^<^^>  -  %(z-6,)...cr(z-6,)-  <^2. 

4.  From  this  we  conclude  that  elliptic  functions  exist  having 
assigned  zeros  and  poles  provided : 

1°  the  sum  of  the  orders  of  the  zeros  in  any  parallelogram  of 
periods  equals  the  sum  of  the  orders  of  its  poles,  and 
2^  the  zeros  and  poles  satisfy  Abel's  relation. 
In  fact  these  functions  are  all  given  by  22). 

5.  The  relation  22)  shows  that  every  elliptic  function  can  be 
expressed  by  means  of  the  <r  function,  which  thus  dominates  the 
theory  of  elliptic  functions. 
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It  is  interesting  to  note  how  naturally  we  have  been  led  to  con- 
sider this  function.  By  Weierstrass'  factor  theorem,  140, 4, 6,  every 
elliptic  function  must  have  the  form  3).  The  products  in  3)  can 
be  decomposed  into  simpler  products,  each  vanishing  for  one  of  the 
m  classes  of  zeros  or  poles  of  the  given  function.  Of  all  these 
simple  products  9)  the  simplest  is  the  product  10).  It  is  an  in^ 
tegral  transcendental  function  like  sin  z,  and  as  the  circular  func- 
tions can  be  built  up  on  sinz  as  a  fundamental  function,  so  the 
elliptic  functions  can  be  expressed  by  means  of  this  new  transcend- 
ent. It  is  natural  to  denote  it  by  <r(2)  where  a  reminds  one  of 
the  first  letter  s  of  sine. 

The  first  logarithmic  derivative  of  sin  z  gives  cot  z  which  has,  as 
poles  of  order  1,  the  zeros  of  sin  z.  The  first  logarithmic  deriva- 
tive of  a(^z^  gives  a  function  which  Weierstrass  has  denoted  by 
?(z).  This  also  has,  as  poles  of  order  1,  the  zeros  of  cr(z).  It  is 
not  periodic  since 

?(z-h2a,0=?(2)-h2i;,         f=l,  2. 
Its  first  derivative  is  periodic,  and  this  leads  to  the  |?-f unction 

The  minus  sign  is  inserted  so  that  the  term  —  in  the  expression 

164,  7)  has  a  positive  sign.     The  letter  p  reminds  one  that  the 
most  essential  characteristic  of  this  function  is  its  dovble  periodicity. 

6.  If  in  10),  11),  14),  defining  the  functions  <r,  f,  jti,  we  replace 


by 

-we  see  that 


z     ,        ©1      ,      O), 


a  (/iz,  /i(»i,  /iOg)  =  A^^  (2'  ^v*  ^2)' 

f(/itz,  /itflDj,  ^A«j)  ==  -  f  (2,  »i,  »j),  (23 

Jt>(AtZ,  /iO)!,  /tiOlj)  =:  —p  (2,  a)p  ©j), 

which  shows  that  a*,  (f,  p  are  homoffeneouM  functions  of  z,  (0|,  o),  of 
degrees  1,  —  1,  —  2  respectively.     This  property  is  useful  at  times. 
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The  relations  16)  show  that 

Vr  (m^i  1  f^2)  =  -  vX^v  ^a)        r  =  1,  2.  (24 

Since  e^^p  (a),)  we  see  that 
•  «.(^*®i .  M<»2)  =  -5  ^•(*^r  ^a)         «  =  1»  2,  3.  (25 

167.  Elliptic  Functions  expressed  hj  p(^z),  p^^z).  1.  We  sup- 
pose first  that  the  elliptic  function  /(z)  is  an  even  function  of 
order  2  s.  Then  if  z  =  a  is  a  zero  or  a  pole  of  /(z),  so  is  z  =  —  a. 
Let  a  set  of  incongruent  zeros  and  poles  be 

of  orders    ^  ^  .         «  - 

so  that         27»i  +  27W2+  ...  =2ni-f  2wj-h  ...  =2«. 

TFJj  consider  first  the  case  that  none  of  these  zeros  and  poles  is 
=  0.     Let  pCz)  have  the  same  periods  as  /(z),  we  consider  the 

function  ^  (pz-pa,)-.(pz-pa,)-.... 

(^pz  —  pb^yi(^pz  —ph^Yt ... 

It  has  the  same  zeros  and  poles  and  to  the  same  orders  as  f(z). 
As  ^  admits  the  same  periods  as  /,  we  see  that  it  can  differ  from 
/(z)  only  by  a  constant  factor. 

Next  let  us  suppose  that  z=:  0  is  a  zero  of  /(z).  Since  ^  is  an 
even  function  by  hypothesis,  the  order  of  this  zero  must  be  an 
even  integer,  say  2  m.     Suppose  now 

0     ,     ±  dj     ,     ±  fltj     ••• 

form  a  set  of  incongruent  zeros  of  orders 

2  77t     ,     m^     ,     m^     "** 

respectively.     Then  as  before 

2  m  -h  2  mj  +  2  Wj  +  ...  =  2  «. 

Let  us  now  form  the  same  function  g  as  before,  where  no  factor, 
however,  corresponds  to  z  =  0.  The  numerator  is  of  degree  «  —  1 
in  p  and  the  denominator  of  degree  8.     As  z  =  0  is  a  pole  of  order 
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2  ioT  p(z)^  it  follows  that  z  =  0  is  a  zero  of  order  2  m  for  ^(2). 
Thus  as  before  g  has  the  same  zeros  and  poles  and  to  the  same 
orders  as  /(z).  It  can  differ  from  /  only  by  a  constant  factor. 
We  get  the  same  result  if  2  =  0  is  a  pole  of  /(z).  Thus  in  all 
cases  when/(2)  is  an  even  function, 

(;?2  -  j[?6i)*i(pz  - j[?6j)'4  ... 

where  we  use  a  set  of  incongruent  zeros  and  poles,  always  omit- 
ting that  one  which  may  be  =  0. 

Oase  2.    f(z)  is  not  even.     Let  us  form 

which  give 

As  g  and  h  are  even  functions,  they  may  be  expressed  as  in 
Case  1.     We  have  thus  proved  the  theorem: 

Any  elliptic  function  is  a  rational  function  of  p^z)^  P^QO* 

168.  Elliptic  Functions  expressed  by  |^(z).  1.  In  166,  167  we 
have  learned  two  ways  of  expressing  an  elliptic  function.  Both 
require  a  knowledge  of  the  zeros  and  poles  of  the  function /(z). 
When  these  are  not  readily  found,  it  is  convenient  to  have  another 
representation.  Such  is  the  following,  which  depends  on  the 
knowledge  of  the  characteristic  at  each  of  the  poles. 

We  will  suppose,  therefore,  that  a,  6,  •••  are  the  poles  of /(z)  in 
a  primitive  parallelogram  of  periods,  and  that  its  characteristics 
at  these  points  are 

-I-  ...  -I-  — 1_         for  z==a 


(z  —  a^K  z—a 

,  \^    +-'  -f -^         forz  =  J  (1 

(z  —  6)"  z  —  h 
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We  now  construct  a  ^  function  on  the  periods  2  to^,  2  w,  of  /(z) 
and  then  the  function 

^(2)  =  4,?(z  -  a)  -  ^?'(2  -  a)  +  ^r"(z  -  a)  +  ••• 

+  ^fznT'*'^^*""^^"  ''^■^  5ir(z-  6)-iB,r'(a-  ft) 

^'  r(z)^ — P(z:f  ,  ir"(z)=-/(z)   ... 

all  the  terms  in  the  2d,  3d  •••  columns  on  the  right  of  2)  are 
periodic. 

On  the  other  hand, 

?(z+2o)i)=?(2)+2i;i,  etc. 

But  A^^  B^  •••   are  the  residues  of  /(z)  in  a  parallelogram  of 
periods.     Their  sum  is  0  by  165,  8.     Thus 

A  similar  relation  holds  for  2  w^.     Hence  g  also  admits  2  oip  2  co, 
as  periods. 

Let  us  now  show  that  g  has  at  each  pole  as  z  =  a  the  same  char- 
acteristic as/.     For  from  166,  14),  we  have  obviously 

z  —  a 
where  h  is  regular  at  z  ^^  <z.     Hence 

(z  —  a)^ 

Thus  the  characteristic  of  g(z)  at  z  =  <z  is  given  by  the  first  row  in 
2).  Thus /and  g  have  the  same  characteristic  at  z^^a.  The 
same  is  true  at  the  other  poles.     Thus  by  165,  10 

/(z)=:^(2)H-  constant.  (3 


where 
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2.   From  the  foregoing  we  have  : 

Any  elliptic  function  can  be  expressed  in  terms  of  (^(z)  and  its 
derivatives. 

169.   Deyelopment  of  a,  |^,  ^  in  Power  Series.   1.  We  have  now 
seen  that  the  three  functions 

<r(z)  =  zn^l  -  ^\(^^lO\  (1 

»  =  2  mjWj  -h  2  mjCOg        m^  =  wi^  =s  0  excluded  (4 

may  be  taken  as  the  basis  of  a  theory  of  the  elliptic  functions. 
We  propose  in  the  articles  which  immediately  follow  to  develop 
some  of  the  properties  of  these  three  functions. 

We  begin  by  developing  them  in  a  power  series  about  a  =  0. 
Since  ^ 

is  regular  at  z  s  0  it  can  be  developed  in  Taylor's  series 

which  is  valid  within  a  circle  St  which  passes  through  the  nearest 
point  tt)  in  4), 

Now  ^..^,y^^_iy^,^,y,X^-L_.. 

Hence  i.^,.,(0)  =  (n  + 1)5;^. 


Let  us  therefore  set 


=2zii-  (5 


We  note  that  when  n  is  odd,  s^  =  0. 
For  to  each  2  niitoi  +  2  m^to^  m  s^  there  corresponds  a 

—  2  7Wjft)j  —  2  TTtjO)]* 
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When  n  is  odd,  the  two  corresponding  terms  in  ««  will  have  oppo- 
site signs  and  cancel  each  other.     We  thus  have 

l>(z)  =  i  +  3«jj2»  +  5«^z*  +  7«^-f  -  (6 

Integrating,  we  have 

z 
Integrating  again  gives 

log  <r(z)  =  log  z  — ^  ^gZ*  —  ^  8^:fi  —  ...  (8 

H«°«^  <r(z)  =  z-lv'-J.,2T-J.^-...  (9 

2.  Differential  Equation  satisfied  hy  p(z).  Further  coefficients 
in  the  developments  6),  7),  9)  can  be  obtained  by  a  recurrent  re- 
lation which  we  deduce  from  a  differential  equation.  In  fact,  we 
saw  in  165,  25)  that  p  satisfies  a  very  simple  differential  equation 
which  we  now  proceed  to  find. 

From  6)  we  obtain,  on  differentiation  and  slightly  changing  the 
notation, 

pXz)  =  -  1  -I-  6  CjZ  +  20  (?gz8  -f  ... 
z* 

This  squared  gives 

y(2)'=^-24c,l-80c,  +  ... 

Also  cubing  the  series  6)  gives 

Let  us  now  set 

^,  =  60c,  =  60^1    ,    ^,=  140c,  =  1402)1.  (10 

These  are  called  the  invariantt.    From  the  foregoing  equations 
we  get  on  adding 

p'(2)»  -  4/>(a)8  +  fftPC'O  +  ^8  =  2(ai  +  <v  +  ...) 
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It  thus  admits  2  cvj,  2  co,  ^nd  yet  admits  no  pole  in  a  parallelogram 
of  periods.  It  is  therefore  a  constant.  Since  it  vanishes  for 
z  s  0,  we  have  the  desired  differential  equation 

p> (zy  =  ^pizy  -  g^piz)  -  g^.  (11 

From  this  we  get  on  differentiating 

3.  We  can  now  get  the  desired  recursion  formula.     Let  us  write 

2* 

and  put  this  in  12).  Equating  the  coefficients  of  z'*"'  on  each 
side  of  the  resulting  equation  gives 

2n(2n  -  l)a^  =  6(a^  +  ajfl,.,  +  ••.  +  a^^^^  +  a^. 
Hence  o 

*•  =  n(2n-l)-6  ^''»''-'  +  -  +  ''-'"»^-  ^^^ 

This  shows  that  a^  a^,  ag  •••  can  be  expressed  as  integral  rational 
functions  of  a^,  a^  that  is  of  ^^i  ^r  ^^^^^ 

For  n  =  3  we  get  from  13) 

In  this  way  we  may  continue.     Thus  we  find 

"^  ^        ^        2*. 3. 5      28-3-5-7      2»-3«.5.7  ^ 

f(,)=l+*__Ji^ Si^ Jill (15 

*^^      z  2«.a.5      2».5.7      2*. 3. 5a. 7  ^ 

FK^J      2«2«-52«-72*-3.5»  ^ 

y-^         3»^^2.572».5»  ^ 
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From  the  definition  of  ^^^  g^  we  see  that 

\  (18 

^sC/^r  M«2)  =  76^8(®r  ®2)- 

A*- 

170.  Addition  Formulae.    1.  We  have  seen  how  important  are 
the  addition  theorems 

sin  (ti  +  v)  =  sin  u  cos  t;  +  cos  u  sin  v,  etc. 

for  the  elementary  transcendental  functions.     We  wish  to  estab- 
lish analogous  formulsB  for  the  new  functions,  viz.  : 


<Ai  •  a^v 


^p(y)-p(u\  (1 


?(u-ft;)  =  ?(u)  +  ?(t;)  +  |f£^?^Il^\  (2 

v.\pu'-pv  J 

These  relations  are  fundamental  and  of  constant  service.  We 
begin  by  proving  1). 

Regarding  u  as  a  constant  let  us  look  at  the  zeros  and  poles  of 

in  the  parallelogram  of  periods  P(2  ©j,  Zei^).  Obviously,  /=  0 
for  v  =  u^  and  hence  for  v  =  u.  As  /?( —  w)  =  p(u^^  it  follows 
that  /=  0  at  t;  =  —  w,  and  hence  at  v  =  —  w.  As  /  is  of  order  2, 
it  can  vanish  only  twice  in  P.  Thus  all  the  zeros  of  f(v)  are 
=  ±u.     The  poles  of  /(v)  are  r  =  0,  and  these  are  of  order  2. 

Thus  the  two  functions  of  t;,  on  the  two  sides  of  1),  have  the 
same  zeros,  poles,  and  periods.  They  can  only  differ  by  a  con- 
stant factor  C. 

To  determine  this  we  develop  both  sides  about  v  ss  0  and  com- 
pare the  coefficient  of  — .     Now  by  169,  14), 

<r(t;)=  V  +  aifi  -{-  ••• 

"®°^®  ^„  -  .^  ^ 

a^v  =  tr  -f-  ... 
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Thus  1  1        1  _L 

To  develop  <r(w  +  v ),  <r(u  —  v)  about  v  =  0,  we  set 

5f(v)  =  cr(u  4- v)  =  5^(0)  4- 1^^(0)4-  - 

=  cr(M)+  vcr'(M)4-  ... 

^  cr(?t  —  r)=  <r(u)  — vcr'(M)  4- ••• 

<r(ii  4-v)  <r(w  —  t;)=  o^a  4-  ••• 

Thus  the  left  side  of  1)  has  1  as  coefficient  of  — .     The  same  is 

tr 

true  of  the  right  side.     Hence  (7=1  and  1)  is  established. 

2.  To  prove  2)  we  take  the  logarithmic  derivative  of  1)  with 
respect  to  v,  and  get 

r(ti  +  t;)-r(u-v)-2r(v)=~-2!!! 

pv  —  pu 

But  this  relation  holds  for  u  as  well  as  for  v.     Thus  interchanging 
w,  V  gives 

r(w4-t;)4-r(w-r)-2r(i4)= VLJi_. 

pv  —  pu 

Adding  and  dividing  by  2  gives  2). 

3.  To  prove  3)  we  need  only  take  the  derivative  of  2)  with 
respect  to  u. 

4.  Another  form  of  the  addition  theorem  for  the  p  function  is 
the  following : 

y(«  +  f)  +;>(«)  +;,(„)  =  ifc^^y.  (4 

\  pu  —  pv  J 
To  prove  this  we  square  2),  getting 

\pu—pvj 

Let  us  denote  the  left  side  of  this  relation  by  g(u\  regarding  v 
as  a  constant.  The  right  side  of  5)  shows  that  g(u)  is  an  elliptic 
function. 

We  propose  now  to  express  g  by  means  of  (f  ^nd  its  derivatives, 
using  168.  To  this  end  we  must  find  the  characteristics  of  g(u) 
about  its  poles.     These  are  =  0  and  —  v,  each  pole  being  of  order  2. 


m 


H-Tr^vt  It  zJLJt  ca*r  t:-«e  -:^>r±::irii*  -1  ia  Iw,  1)  are 

I.^»  «M  Tiow  d^Trl>p  ii^vu:  ;Le  p»^int  «  =  —  r.     We  hare 

rr«^  =  >:;  -  r -h ^« -h r^:  =  ;< - r^ ^ i ,  +  r)r(-  o +•.. 

Thuif  ^ 

The  c^jefBcientH  B  in  lf>8,  1>  are  here 

Putting  theHe  values  of  A^.  A^^  B^^  B^  in  168,  2)  gives 

g(u)  =3  -  P(u)  -  P(u  +  r)  +  C,  or 

To  determine  the  constant  (7,  let  us  equate  the  absolute  terms 
of  the  developments  of  both  sides  about  u  »  0.  From  6)  this  term 
on  the  left  side  of  7)  is  2jE>(r). 

On  the  right  side  of  7)  it  is  jE?(t;)  +  C.    Equating  these,  we  get 

This  in  7)  gives  4). 
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'  171.  The  0),,  Tji,  ti  and  ^,  g^>    1.  We  saw  in  169,  11)  that 

p'Czy  =  4p\z)^g^pCz)--g,,  (1 

On  the  other  hand  we  saw  in  166,  18,  that  p'(z)  =  0  for  z  =  cdj, 
a>29  <i^8*     ^^^  three  roots  of  the  cubic 

*y-92P-ffB  =  ^  (2 

are  therefore  g<  =  jt>(eDj)         i  =  1,  2,  8. 

Thus  we  can  write  1) 

which  shows  that  the  constant  (7=4  in  165,  25). 
Since  the  coefficient  of  p^  in  2)  is  0,  we  have 

«!  +  ^2  -^  ^8  =  ^-  ("* 

The  other  coefficients  of  4)  give 

To  complete  the  symmetry  let  us  introduce  i/g  detined  by 

Vi+V2'^Vz-0.  (6 

We  show  that  also  ,,^    v  ^„ 

Since  (f  is  an  odd  function, 

?(«8)  =  ?(  —  0)1  —  a>a)  =  —  ?(«i  +  wj) 
=  -  ?(^i)  -  r(«a)  by  170,  2) 
=  -  i7i  -  i/j  =  1/8     ,     by  6), 

and  this  establishes  7). 

2.  Between  the  o>|,  i/^  exists  a  relation  due  to  Legendre.  Let 
us  suppose  that  we  pass  from  a  +  a>|  to  a  -f  o>2  by  a  positive  rota- 
tion of  angle  <  tt  as  in  the  figure.  Then  Legendre*8  relation 
states  that 

L#et  us  take  the  parallelogram  P  so  that  z  a  0  lies  within  it. 

Then  .      ^ 

-!-.  /  r(z)dz  =  2  Kes  r. 

2  TTl  J;,  P 
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But  f  has  only  one  pole  in  P,  viz.  2  =  0,  jind  by  169,  2)  its 

residue  is  1.     Thus  ^u 

ohZm^ ■ — a7  yy 


Now 


■/ 

•/l2 


=  r}?(z)  +  2i;,|rfz    ,     by  166,  17), 
«/ia 

t/12 


Similarly 


Hence 


J[  f(2)rf2=  /   fdz -f  4  ly^oij. 
28  i/14 


JJ*  Jl2       t/28       •/34       tMl 

=  —  4  lyjftjj  -f  4  lyjWj' 

Putting  this  in  9)  gives  8). 

By  using  6)  and  Wj  +  Wj  -h  wg  =  0  we  have  for  any  two  indices 

r,  »  =  1,  2,  3, 

• 

^r<»#-^*«r  =  €^,  (10 

where  €  =  1  when  we  pass  from  to^  to  to,  by  a  positive  rotation  of 
angle  <  ir ;  otherwise  €  =  —  1. 

3.  The  relations  166,  17),  18)  may  be  at  once  extended  to  <to, 
and  give  for  r  =  1,  2,  3, 

cr(z  +  2  o)^)  =  -  e*^<»+-->cr(z),  (11 

?(2  +  2  0),)  =  r(2)  4-  2 17,.  (12 

172.  The  Co-sigmas  0-,^^).    1.  We   introduce  now  three   new 

sigraa  functions 

'^'(^>=^-'^^^    '    ^  =  l'2'3-  (1 

This  we  can  transform  as  follows.     From 

Cr(w  -h  2  ft),)  =  -  e?*''r(«+«rV(w) 
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we  have,  setting  w  =  —  z  —  o)^, 

cr(—  z  -f  o>r)  =  e~^r*tr(z  +  o)^). 
This  in  1)  cdves  «_*  ><  n 

Replacing  z  by  —  z  in  1)  and  using  2),  we  get 

cr,(-z)  =  cr,(z)     ,     cr,(0)=l.  (3 

We  find  without  trouble 

cr,(z  +  2  o),)  =  -  e^r(«+V<r,(z),  (4 

cr,(z  4-  2  o),)  =  g^'tt^'^-t^o-Xz),  (5 

cr(2i  ±  o),)  =  ±  «±'»r«cr(a),)cr,(z),  (6 

cr,(z  ±  0),)  =  T  ev(-r±«)  ^ ,  (7 

cr,(z  ±  o),)  =  -  —  ^=*^'«'"^«cr,(z),  (8 

where  r,  «,  t  are  the  integers  1,  2,  3  in  any  order. 

For  example  let  us  prove  7)  for  the  +  sign.     From  1)  we  have 


a,(2  +  a,,)  =  .-v<"V^(i±l^ 


CTCD, 


or  using  171,  11),  ,  . 


ss  —  «-nr(«-»-«r>eV(«-»--fJ 


era). 


cra>. 


which  is  7). 

2.    In  1)  let  us  set  z  =  o>^  then 

crcDy  ^ 

since  cr(eD,  +  a),)  =  cr(— ft)|)=:  — creD|.     Here   as  usual  r,  «,   t  are 
1,  2,  3  in  any  order. 

Setting  z  =3  CD,  in  2)  gives 

<r,(a),)=0.  (10 

Let  us  put  9)  in  8),  we  get 

o-^(z  ±  0).)  =  g* Vcr,a).cr|Z.  (11 
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In  this  formula  with  the  lower  sign,  set  z  =  «,.  As  0-^(0)  =  1 
by  3),  it  gives  ^,^,  ^  ^^^^^  ^12 

Let  us  now  make  use  of  this  in  7),  it  gives 

trXz  ±  0),)=  T^±^^*!^=^^V(«).  (13 

From  the  definition  1)  we  see 

3.  In  170,  1)  let  us  set  v  =  a>, ;  we  get,  using  1),  2), 

This  shows  that  the  square  root  of  the  left  side  is  a  one-valued 
function  of  z.     We  set 

VK^)^=  +  ^,  (16 

which  determines  the  sign  of  the  radical. 
Let  us  set  2  =  o)^  in  16),  we  get 

Vi7:r^=  ''-^  (17 

and  the  sign  of  the  radical  on  the  left  is  determined. 
Putting  9)  in  17)  gives 

J cra>| 

Interchanging  r  and  8,  we  get,  dividing. 

Hence  using  Legendre's  relation  171,  10) 

V^j  —  gg  =  i V^g  ~  ^a'  ^^ 

Here  we  suppose  a>p  w^  such  that  we  pass  from  ei>|  to  co^  by  a  posi- 
tive rotation  <  tt. 

The  relations  18)  enable  us  to  replace  in  our  formula  a  radical 
Ve^  —  e,  by  Ve,  —  ^ri  a  substitution  which  is  often  useful  to  make 
reductions. 
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4.  In  15)  let  us  replace  «  by  2  +  o)^  we  get 

or  using  6),  13), 

Using  16),  17)  this  gives 

piz  +  a,.)  =  e.  4-  (^'-/'•X^'-^O.  (19 

5.  To  find  the  development  of  cr,(2)  in  a  power  series  about  the 
origin  we  have,  from  16), 

ff^(z)  =  cr(«)Vjt?(2)  -  e,- 
Now  from  169,  16) 

K«)  -  ^'  =  -2"-  ^r  +20^^^"*"  '" 

'^^^  fl  1  li 

cr,(2?)  =,  cr(2)  j  -2  -  ^r  4-  ^^j^^  +..-}* 

=  1  -  ^^r^'  -  ^(6  e?  -  (7a)^  -  •..  (20 

6.  We  have  obviously 

y«  =  -2'"»^")'^a^")'^8^">.  (21 

173.  The  Inverse  ^  Function.    Case  1.   1.  We  have 

^2  =  802)1^     ,        (73=1402;^     ,        a>  =  2mia>i  +  2ni,«y         (3 

The  relation  1)  defines  /?  as  a  function  of  z.     We  wish  now  to 
consider  the  inverse  function  z  of  p. 

C<ue  1.  o>|  r^oZ  a?u2  pontive^  ei>2  =  uoqi  oi>2  ^  ^*  ^®  ^^^  ^^^ 
that  the  invariants  g^^  ffz  ^^'^  ^^^^'  ^^^  in  a>  to  each  positive  m^ 
corresponds  a  negative  value  —  m,.     Then  the  two  values  of  a>, 

2  m^ifii  +  2  771,10^2    ,  2  mj©!  —  2  m^tcJ^, 
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—  W 


««, 


0 
Fio.  1. 


X  axis 


are  conjugate  imaginary.  Thus  the  terms  in  g^^  g^  enter  in  pairs 
which  are  conjugate  imaginary  numbers.  As  the  sum  of  two  con- 
jugate imaginaries  is  real,  g^  g^  are  real. 

From  1)  we  see  that  p  is  real  for  real  values  of  z^  say  for  z  =  x.. 
As  p  has  the  real  period  2  a>^,  p(x)  is  periodic. 

The  relation  1)  shows  that  the  j9-axis  in  Fig.  1  is  an  asymptote. 

From  2)  we  see  that 
p\x)    is    negative    for  ^" 

small  values  of  z.  Thus 
p  decreases  until  jp'(x) 
vanishes.  The  roots  of 
]^(ji)  =  0  are  «p  ©^  ©j,  of 
which  only  the  first  is 
real. 

Thus  p  decreases  from 
X  ss  0  to  X  =  a>p  at  which 
last  point  p(j>i>{)  ^  «i* 
Since  p(x)   is   an    even 

function,  p  is  symmetric  with  respect  to  the  jp-axis.  Thus  p  de- 
creases as  X  ranges  from  0  to  ^  ony  As  p  has  2  o>j  as  period,  the 
graph  olp  in  the  interval  (©j,  2  wj)  is  the  same  as  in  (—  i»p  0). 

2.  The  graph  of  p  sjp(x)  shows  that  the  relation  1)  defines  a 
many-valued  inverse  function 

one  of  whose  branches  may  be  characterized  by  the  conditions 
V  a;  =  0  asp  =  -fQO, 

2^  X  is  positive  for  p^e^ 

This  branch  is  shown  in  Fig.  2. 

We  show  now  how  this  inverse 
function  may  be  represented  by  an 
integral.     The  derivative  ol  p(z)  is 

To  determine  the  sign  of  the  radical 


(5 


X 


w, 


we  observe  that  for  0<x<(Oy 


dp 
dx 


(6 


o 


Fio.  2. 


a>l 
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is  negative,  while  the  polynomial  under  the  radical  is  large  and 
positive.  We  must  therefore  take  the  minus  sign  in  6).  Then 
the  derivative  of  the  branch  of  4)  as  determined  by  5)  is 

dx_l  _  \ 

dp     ^      "^^p'-g^p-ffs 
ax 

From  this  follows  that  the  inverse  function  x  defined  by  4),  6)  is 

x=r--^- — •  (8 

In  fact  the  quantity  under  the  radical  is  jp'(2?)*;  it  is  therefore 

positive  for  p>e^>     Also  as  jp  =  +  oo  the  integral  8)  converges 

to  0.     Thus  the  conditions  5)  are  satisfied. 

From  jp(a>i)  =  e^  follows  now  that  x^ta^  when  p  =s  e^     Putting 

this  in  8)  gives  ^^ 

=  r   ^P  (9 

Jn    -^^^p^-g^p-g^ 

This  expresses  the  period  2  a>^  as  a  real  integral. 

3.  We  show  now  how  o>2  can  be  expressed  as  an  integral.  To  this 
end  we  note  that  1)  shows  that  p(^z)  is  real  and  negative  for  small 
values  of  z  of  the  form  z  =  iv.     We  have  in  fact 

By  analytic  continuation  the  series  10)  will  give  the  values  of  q 
for  all  values  of  z  from  0  to  ©j,  that  is,  for  values  0<t;<«2' 

As  the  terms  of  10)  are  all  real,  the  values  of  q  obtained  by 
this  process  will  be  real.     When 

which  is  therefore  real. 

As />'(«)  does  not  vanish  «as  z  moves  from  0  to  m^  until  it  reaches 

ay^i  -^  does  not  vanish  as  v  moves  from  0  to  Ei^  until  it  reaches  flo,* 
dv 

The  graph  of  q  considered  as  a  function  of  v  is  given  in  Fig.  3. 

It  shows  that  10)  defines  a  many-valued  inverse  function. 

V  =  ^(9),  (11 
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entirely  analogous  to  4).     One  of  its  branches  is  given  in  Fig.  4 
and  is  characterized  by 

t;=Oasj=  —  Qo;     v  >  0  lor  qKe^-  (12 


-t»; 


Ti 


mi 


V  axis 


q  axis 
Fio.  3. 


«t 

iv: 

o 

q  axis 

Fig.  4. 


To  represent  this  inverse  function  by  an  integral  we  observe 
that 

^-^■|-»'W-:^'V4f'-„-... 


As  the  derivative  is  real  and  positive  for  this  branch,  and  as 
p(z)  s  p(iv)  =  J,  we  may  write  this 

dv^ 1 

the  radical  being  real  and  positive  for  q  <  ^j. 
Let  us  now  consider 

v^r\    '9  =■         (13 

We  see  this  is  positive  for  j  <  —  ej  and  that  t;  =  0as3  =  —  oo.     It 
is  therefore  the  function  defined  by  11),  12). 
Setting  J  =  ej,  we  have 

dq 


i^^f-g^q-g^y 

From  this,  we  have  expressed  to^  =  te^^  ^  ^^  integral. 


(14 
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377 


4.  We  have  seen  that  e^,  e^  are  real.     As  g^^  g^  are  real,  all  the 
roots  of  .    . 


are  real.     Since 


«i  +  «2  +  «8=  0» 


(16 


it  follows  that  at  least  one  root  e  must  be  negative.     As  the  first 
root  of  15)  which  we  meet  as  p  moves  from  —  oo    toward  the 
origin  is  e^^  this  root  is  certainly  negative. 
The  sign  of  the  root  e^  is  given  by  16). 

174.  Case  2.    Periods  Conjugate  Imaginary.  1.    Let  us  suppose 

now  that  .  .  .    .  #  /      n  j^i 

a>|  =  0)  —  to)      ,     ftjj  =  w  +  i(o      ,     ft)   > 0.  {\ 

Then  9  . 

2  to)'  =  0)2  —  ft)i  =  ■—  0)3  =  «i>8'  (2 

2o)  =  2tV     ,     2o)  +  2tV  =  2o)2  =  0. 
As  in  Case  1,  the  invariants  g^^  g^  are  real. 

TTftr 

2  m^o)!  +  2  mjo)]  ==  2(?Wi  -f  77»2)o)  +  2i(o\m^  —  m^). 

On  interchanging  77i|,  7^2  this  period  goes  over  into  one  which 
is  conjugate  imaginary. 

From  the  series  173,  1),  2),  we  see  that  p(2),  p\z)  are  real  for 
real  «,  and  that  p  is  real  for  purely  imaginary  z. 


(W 


w. 


2ta 


Wi 


a*  axis 
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As  in  Case  1,  we  see  that  as  x  moves  from  0  to  2  oi,  p(x)  de- 
creases.     At2;s2a> 

p(x)^  pCojg)  =  «8' 

at  which  point/?  has  a  minimum,  and p\to^=  0. 

Let  us  note  that  p\x)  has  only  one  incongruent  real  root»  as  co^, 
Q)^  are  complex. 

The  inverse  function  defined  by 

p^p(jc) 
is  many-valued.     One  of  its  branches  is  given  by 

dp 

rp    -ry/^i^-g^p-^^ 

which  is  positive  for  p  >  eg,  and  which  =  0  as  /?  ==  oo. 
When  /?  =  «8»  iP  =  2  w.     Thus 


(3 


I 


+  Vip^-g^p-f/, 


O 


2.    Let  lis  now  express  m  as  an  integral.     Knowing  a>, »',  we  can 
express  the  periods  2  a)^,  2(02^  integrals  by  1). 

As  2  =  iv  moves  from  0  to  2  tV,  p  is  real  and  moves  from  —  oo 

;?(2tV)  =  X«8)  =  «8- 
We  have  - 

y=Xtt;)  =  ---^t;a (5 


v^     20 
dq      2 

■  zs  —  — ~    ... 

dv      t^ 


dq 


Thus  q  is  increasing  for  small  values  of  v.     As  -^  does  not 

dv 

vanish    unless  p\z)  =  0,  and   as   the   first   root  of   this   on    the 

imaginary  axis   is  0)3=  2  tV,  we   see   that   q  increases   steadily 

from  —  QO  to  ^3. 

Thus  the  relation  6)  defines  an 

inverse    function   v  of    y,   one   of 

whose  branches  is  characterized  by 

the  condition  that 

v  =  0     as    y  =  —  QO     ,    and     v  >  0 

for     q  <  ^3.  (6  q  axis 
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Thus,  as  in  Case  1,  this  branch  is  represented  by 

r 

^1 


As  V  =  2  <k>'  for  q  =  e^,  this  gives 


(7 


2  o,'  =  p  ^y  (8 

175.  The  ^  Function  defined  by  g^  g^.  1.  Up  to  the  present  we 
have  considered  />(u)  as  defined  by  means  of  the  periods  2  a>^, 
2  a>2.  These  numbers  being  taken  at  pleasure  but  not  collinear 
with  the  origin,  we  constructed  the  sum 

as  in  169,  3},  and  showed  that 

K^)  =  ^  +  '  +  g^'  +  |^^+-  (2 

all  of  whose  coefficients  are  rational   integral  functions  of  the 

invariants  ^  h 

^.-60^1     ,    ^,-14021.  (3 

We  ask  now :  Can  we  start  with  two  numbers  g^^  g^  taken  at 
pleasure,  and  find  the  periods  2  a>|,  2  o),  ^^^^  which  to  construct 
the  p  function  1)  ? 

Let  us  consider  the  roots  «],  e^^  e^  of  the  cubic 

ifi-g^t  -(78  =  0  or  4  G-  ei)0 -  e^X^  -  e^)^0.  (4 

We  must  in  the  first  place  suppose  that  two  of  them  are  not  equal. 

For  we  have  seen,  169,  11),  that  ^(2)  satisfies  the  equation 

j_         

^  =  V4  ^  -  ifjj»  -  ^3  =  V4  (p  -  e{){p  -  e^Xp  -  «,).        (6 

If  now  ej  =  e,,  this  gives 

g=2(p-OV7^.  (6 

Hence  ..  ^ 


J  i(,p-ei)Vp-e^ 
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Thus  z  can  be  expressed  by  means  of  the  elementary  fanctioDS, 
and  jp  cannot  be  a  double  periodic  function. 

2.  The  roots  e^  being  unequal,  let  us  suppose  they  are  real. 
We  define  2  a>j,  2  co^  by  the  equations 

2  tt)^  =  2  r"  ^^  (8 

2fl>3=2tp  ^^        ,  (9 

where  we  suppose  the  «'s  so  numbered  that 

«a  <  «^8  <  ^r  •     (10 

Then  2  a>j  is  real  and  2  a)^  is  purely  imaginary,  since  the  radicals 
in  both  8)  and  9)  are  positive.  As  2  a>|,  2  o),  are  not  coUinear 
with  the  origin,  the  series  1)  constructed  with  these  two  numbers 
defines  an  elliptic  function /? (2,  2ei>|,  2a>2)  which  we  have  seen 
satisfies  5).  The  reasoning  of  169,  2,  8  shows  that  this  function  f 
will  have  the  development  2)  about  2as  0  and  that  g^^  g^  will 
satisfy  8). 

3.  Let  us  next  suppose  one  root  e^  of  the  cubic  4)  is  real,  while 
the  other  two  are  conjugate  imaginary.  We  define  2  oi,  2  <»'  by 
the  equations 

2«=  /  ^^  (11 

2a>'=r ^ .  (12 

These  are  real  and  positive,  since  the  radicals  in  11),  12)  are 
both  positive. 
We  now  set 

2a>j=:2a>-2u»'     ,     2  a>,  =  2  a>  + 2  u»'.  (13 

Since  these  are  not  collinear  with  the  origin,  the  series  1)  con- 
verges and  defines  an  elliptic  function  p{z^  2  a>|,  2  ei)^).  As  before, 
we  see  that  this  function  satisfies  the  differential  equation  5);  its 
development  about  z^O  is  given  by  2)  and  g^^  g^  satisfy  the 
relations  3). 
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4.  Suppose  finally  that  g^^  g^  are  any  complex  numbers,  such 
however  that  the  cubic  4)  does  not  have  two  equal  roots.  From 
algebra  we  know  that 

fl'  =  («i  -  «.)»(«!  -  «8)»(«»  -  «8)'  =  tV(^  -  27  91).         (14 

Obviously  4)  will  have  equal  roots  when  and  only  when  fl^  =  0. 
For  this  reason  Q-  is* called  the  discriminant  of  the  cubic. 
We  shall  not  treat  the  general  case  but  merely  state  that : 

If  we  set 

'"^  dt 


«i 


Xdt  a>  =  r 


9j^-9z  •^'*    V4e«-^jt-^8 


the  series  1)  constructed  on  these  numbers  is  convergent  and  defines 
an  elliptic  function  p(z^  2  cnj,  2  o),)  having  2  ei>|,  2  ei>2  a«  a  primitive 
pair  of  periods.  This  function  satisfies  5),  its  development  about  the 
origin  is  2),  and  g^  g^  satisfy  3). 


176.  The  Radicals  ^piz)  —  ^m-     These  are  factors  in 

-£^  V4;>8-<7j;>-^3  =  2V;? - e^  Vp^  ^;> - ^s" 
In  172,  16  we  saw  that  they  are  one- valued  functions  of  2,  viz. : 

V^^^  =  ^^         m  =  l,2,3.  (1 

Let  us  set  in  general 

They  are  homogeneous  functions  of  2,  a>|,  a>^  of  orders  —  1,  1,  0 
respectively. 

Of  these  12  functions,  6  are  reciprocals  of  the  other  6.     Let  us 
consider  one  of  them  as 

From  172, 1  we  have 

qdz  +  2  ©i)  =  -  j(z)     ,     9(2  +  2  o),)  =  j(«). 
Thus  9  admits  4  a>^,  2  co,  as  periods. 
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As  a(z)  33  0  for  2  =  0  *mod  2  cti^  2  cti^i  we  see  that  the  zeros 
of  q  are  =  0,  mod  2  w^  2  (o,. 

As  (T^{z)  =  0  for  z  =  ctiji  we  see  that  the  poles  of  q  are  =  on^ 
mod  2  (Oj,  2  ctiy  and  simple. 

Thus  q  is  an  elliptic  function  of  order  2  for  which  4  o^^,  2  «, 
form  a  primitive  pair  of  periods. 

By  166,  14  the  zeros  of  q\z)  are  = 


Ctli 


Ct) 


1     » 


©3      ,      ©3  +  2  ©1 


niod  4  ©|,     2fl»,. 


At  these  points  q  has  respectively  the  values 

1-11-1 


V^ 


^/e^  -  «j 


V«8  -  ej 


V^j  —  «;, 


Thus  by  165,  16  q  satisfies  the  differential  equation 


©■= " 


?»- 


e,-«j, 


9*- 


1 


*8       ^8 


(4 


To  determine  the  constant  O  we  observe  that 


Hence 


=  z\l  -\-asfl  -\-  ...  {. 

^=l  +  3a2«+  ... 
dz 


*-^Q  + 


Putting  these  developments  in  4)  and  equating  the  absolute  terms, 

we  get  ^ 

1  = ^ 

Thus  4)  becomes 

(f£f=  !  1  -  («i  -  e^q^l  1 1  -  («8  -  «,)9»l .  (5 


CHAPTER  XI 
THE  FUNCTIONS  OF  LEOENDRB  AND  JAGOBI 

177.  Rectification.  1.  In  the  previous  chapter  we  have  studied 
the  elliptic  functions  from  the  point  of  view  of  their  most  charac- 
teristic property,  viz.  as  double  periodic  functions.  Historically 
they  presented  themselves  from  quite  another  standpoint,  and  this 
we  wish  now  to  develop. 

The  integral  calculus  enables  us  to  find  the  lengths  of  a  great 
variety  of  curves  found  by  effecting  the  integration  in  the  formula 


8 


for  example,  the  circle,  parabola,  catenary,  cycloid,  cissoid  of 
Diocles,  the  cardioid,  etc.  When  the  contemporaries  of  Newton 
and  Leibnitz  attempted  to  rectify  the  ellipse,  hyperbola,  and  the 
lemniscate  by  means  of  1)  they  met  a  most  unexpected  difficulty. 
In  spite  of  every  effort  they  could  not  effect  the  integration. 
Let  us  see  how  these  integrals  look. 

2.    The  Ullipse.     The  equation  being 

we  have        -   ^  m     ^^ 

s^^f r-^^  dx    ,     <J»  =  a«-6a.  (8 

Instead  of  the  ( quation  2)  we  may  use  the  parameter  equations 

of  the  ellipse,  .     ,  ,         ,  .. 

'^  x=  as\nq>    ^    y  =  0  cos  9.  (4 

Then 


Sss  a  I  Va^  cos^  <^  +  6^  sin^  <^  •  rf<^,  (5 

or  setting  ^  ^  gg-fca  ^  ^  ,g 


a2         a^ 


=  a  TVU^F^U?^.  dif>.  (7 
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As  we  now  know,  the  integrals  3),  7)  cannot  be  expressed  in 
terms  of  the  elementary  functions ;  the  efforts  of  the  mathemati- 
cians of  the  seventeenth  and  eighteenth  centuries  in  this  direc- 
tion were  doomed  to  fail.  And  yet  only  failure  in  a  narrow  sense, 
for  from  their  apparently  fruitless  efforts  has  sprung  a  whole  new 
branch  of  mathematics,  the  elliptic  functions. 

3.    The  Lemniscate,     If  we  take  the  equation  in  polar  form,  it  is 

f)  =  a  cos^  2  <f>. 
Then  1)  gives  /•         jg 


=  aC—M=.  (8 

J  VI -2  sin"  5 


If  we  set  X  =  sin  0,  we  get  also 


178.  Elliptic  Integrals.  1.  Many  problems  of  pure  and  applied 
mathematics  lead  to  integrals  whose  integrands  are  rational  func- 
tions of  X  and  the  square  root  of  a  polynomial  P  of  the  third  or 
fourth  degree,  that  is,  to  integrals  of  the  type 

Ci>ix,  VF)dx.  (1 

Such  integrals  are  called  elliptic  integrals;  they  include  the  inte- 
grals 3)  and  9)  of  177,  and  cannot  be  expressed  in  general  in 
terms  of  the  elementary  functions.  They  therefore  define  new 
functions  in  the  same  way  that 


/dx  r     dx 

X   '  jvrr 


a? 


define  transcendental   functions  although   their   integrands   are 
algebraic. 

The  question  arises,  how  many  different  types  of  integrals  are 
included  in  1).  We  propose  to  show  that  all  these  integrals  may 
be  reduced  to  three,  viz.  : 
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V(l  -  r«)(l  -  kh?) 

V(l-a«)(l-A^)' 

dx 

(a:  -  a)V(l-a:«)(l-*«x») 


(8 


(4 


which  are  called  elliptic  integrals  of  the  1%  2^  and  8^  species, 
respectively. 

The  number  k  is  called  the  modtdus^  the  number  a  which  enters 
4)  is  called  the  parameter, 

2.    To  reduce  the  integrals  1),  let  us  note  that  if  the  polynomial 
P  is  of  the  third  degree, 

the  integral  1)  may  be  replaced  by  one  in  which  the  polynomial 
under  the  radical  is  of  the  fourth  degree. 

For  let  a  be  a  root  of  5),  then  P  has  the  form 

P  =  (x-  a)(j}3^  +  qx  +  r).  (6 

Let  us  set  o 

then 


VP  =  y  V;?(y2  +  «)«  +  9(y«  -hay-hr 

and  the  polynomial  under  the  radical  is  of  the  fourth  degree  if 
p^O. 

But  ii  p=sOy  the  polynomial  P  is  of  the  second  degree,  as  6) 
shows,  and  this  is  contrary  to  hypothesis. 

3.  Let  us  suppose  then  that 

P=^p^-\-PiX^-\-p^+p^'hp^    ,    Po^O.  (7 

Since  <^  is  a  rational  function  of  x  and 
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let  us  arrange  its  numerator  and  denominator  according  to  y. 

we  see  that  8)  has  the  form 

^      O^Dy  ^ 

where  -4,  -B,  (7,  2>  are  polynomials  in  x. 

If  we  multiply  numerator  and  denominator  in  9)  by  O  —  Dy^  we 

y  yfP 

where  E^  F^  Q  are  rational  functions  of  x.    Thus 

C^dx=:  fEdx-^    f—-dx.  (10 

Here  the  first  term  on  the  right  may  be  integrated  by  means  of 
the  elementary  functions  as  shown  in  the  calculus.  We  are  thus 
led  to  consider  rGdx 

4.  As  (7  is  a  rational  function  of  x^  it  may  be  broken  up  into 
partial  fractions  as  shown  in  122,  4).  Thus  G  is  the  sum  of  a 
polynomial  which  may  reduce  to  a  constant  and  a  number  of  terms 
of  the  type  /,  ^ 

(a;  —  «)"•     (a;  —  a)*""*  x  —  a 


Thus  the  integral  11)  reduces  to  integrals 

r^        and         r ^--.  (12 

Both  of  these  may  be  represented  by 

if  we  let  m  be  a  positive  or  negative  integer  or  0,  and  a  any  num- 
ber including  0.     There  are  now  two  cases. 
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6.   Case  1.     ai%  riot  a  root  of  P.     Then  we  may  write 
P  =  Aq^x  -  a)*  +  4  A^ix  -  a)8+  6  A^^x  -  a)^ 

and  ^^^0.  For  setting  2;  =  a  in  14),  it  reduces  to  A^y  and  if 
this  were  0,  P  would  =  0  for  x  =  a,  which  is  contrary  to  our 
hypothesis. 

Let  us  note  now  that  for  any  integer 

Hence,  integrating, 

(^-a)"VP  =  n  Ci—<^y-'Pi^^\  Cix^ayP^dx^ 
^  J  y/P  2j         VP 

If  we  put  in  the  value  of  P  and  P'  as  given  by  14),  we  find 

ix  -  a)"V?  =  (n  +2)ilo(?,^,+  2(2  71  +  3)^1^,^,  +6(n+  1)A,<?,^, 

+  2(2  n  +  l)A^Qn  +  nA,Q^,,.        (15 

If  we  take  71=  —  1,  this  relation  enables  us  to  express  Q^2  ^^  terms 
oi  Q-11  Qi^  Q2  ftnd  an  algebraic  function.  If  we  take  ns  —  2,  we 
see  Q.3  can  be  expressed  by  means  of  Q.,,  Q.^,  Qq.  But  we  have 
just  seen  that  Q^^  can  be  expressed  in  terms  of  Q.^,  Q^,  Q^-  Thus 
Q^2  ^^^  ^  expressed  in  terms  of  Q.^,  Q^,  Q^,  Q,.  In  the  same 
manner  we  may  reason  for  higher  negative  values  of  n.  This 
shows  that  the  integrals  13)  when  m  is  negative  may  be  reduced 

to 

/dx  /*        dx  xH/i 

VT     '     J(X''a)\/P' 

and  to  Q^  with  positive  indices. 

(7a«6  2.    Suppose  a  is  a  root  of  P.     It  cannot  be  a  double  root 
of  P.     For  then  P  would  have  the  form 

P  =  (x  —  d)\p3^  -f  yr  +  r), 

and  hence  /^     ^  n    / — o 

V  P  =  (2:  —  a)  Vpz*  +  ja:  +  r, 
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that  is,  the  polynomial  P  under  the  radical  can  be  replaced  by  one 
of  degree  2.  But  in  this  case  the  integral  1)  leads  only  to  the 
elementary  functions,  as  is  shown  in  the  calculus. 

In  the  present  case  therefore  ^^  =  0  but  ^g=^  0.  Thus  the  last 
term  in  14)  disappears,  but  not  the  next  to  the  last  term  in  15). 
Hence  if  we  set  n  =  —  1  in  15),  this  relation  enables  us  to  express 
Q_j  in  terms  of  Qy^  and  Q^. 

If  we  set  w  ==  —  2,  it  gives  Q.^  in  terms  of  ^.^  and  Q^^  etc. 
We  are  thus  led  to  the  first  integral  in  16)  and  integrals  of  the 
type  13)  for  which  m  >  0. 

6.  When  w  >  0,  the  integrals  13)  give  rise  to  integrals  of  the 

form 

J.   _  Cx'^dx  (17 


VP 

In  the  relation  15)  we  may  set  a  =  0,  then  the  Q's  will  go  over 
into  the  integrals  17).  The  relation  14)  shows  that  the  ^^s  are 
the  coefficients  jE>  in  7). 

In  15)  let  us  take  n  =  0  ;  this  enables  us  to  express  R^  in  terms 
of  ^,  £|,  and  i^Q.  If  we  set  n=s  1  in  15),  it  shows  that  M^  may 
be  expressed  in  terms  of  i2g,  R^^  and  R^^  and  hence  in  terms  of 
72^,  Ri^  and  R^^  as  just  seen. 

Thus  all  the  integrals  13)  reduce  to 

/dx  raxlx  Coc^dx  ,^g 

VF    '    J  VP    '    J  VF  ^ 

when  m  >  0. 

179.  Linear  Transformation.  1.  To  complete  the  reduction  let 
us  show  how  to  determine  the  linear  transformation 

80  that        ^y ^^ 


dx  dx 


3f  Vcl  -  2*)(1  -  H^x'j     M-y/X 


(2 
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Let  us  determine  a,  b^  c,  k  so  that  when 

we  have  respectively 

.=  1,     -1,     I     .     -1.  (3 


*        ^«  l  +  CX  '      *        **  1  + 


+  fcr) 
ex 


(4 


Set  a:  =  —  1,  y  =  ^2  ij^  t^®  first  equation  of  4),  then 

Similarly  if  we  put  the  other  pairs  of  values  of  3)  in  the  remaining 
equations  of  4)  we  have 

1+^  1— £  l+£ 

k  k 

These  relations  give 

-  _0-g)(.y,-.y.)    ,    „  _(yi-ya)a  +  g). 


From  4)  we  have 

Set  here  1  , 

y  =  y8»^  =  j^i  we  get 


(5 


y8~yi  =  lzLg.Lzi.  (6 
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Also  in  5*^  set  1  . 

^  y  =  y4-^  =  -j^' weget 

From  6),  7)  we  find 


(7 


This  ffives  i 

^  *  =  f=^.  (9 

1  +  P 

From  6),  7)  we  have  also 

l\:i^^y±IlM  .  UmJlA^a^^  say.  (10 

This  gives  J  __  ^  ,jl 

1  +  cr 
To  get  a,  J  we  start  with  1)  or 

y  +  0X1/  —  a  —  6a;  =  0. 

For  a?  =  1,  y  =  yj,  this  g^ves 

yi  +  ^yi  -  «  -  J  =  0. 

For  X  =  —  1,  y  =s  y,  it  gives 

ya  -  ^ya  -  ^ + *  =  0. 

Adding  and  subtracting  these  two  relations  give 

«  =  2(yi+ya  +  <yi-ya))' 
*  =  Kyi-ya  +  <yi  +  ya))- 

To  find  ilf  we  differentiate  the  second  equation  in  4),  which  gives 

,  (1  —  c)dx 


(12 


The  fourth  equation  of  4)  gives 


,  (A  —  c)dx 
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Hence  (^  _  gy^  -  c)  ,  . 


or 


dy  =  -^^8^4(1  -  ^_)(*Il£)  dx.  (18 

"  (1  +  CX)^  ^ 


Thus 


VT        (i+c'x)»       "y^^^^^'vx* 


Hence 


itf=i^^yi-ya)<y»-y4).  (h 


2.  Students  familiar  with  analytical  geometry  will  recognize 
that  p  in  8)  is  the  cross  ratio  of  the  four  roots  yj,  t/^*  yg,  y^.  These 
four  roots  can  be  permuted  in  4!  =  24  different  ways,  to  which 
correspond  6  values  of  p^.  This  the  reader  can  verify  without 
trouble.     We  find  these  6  values  are 

We  observe  that  three  are  reciprocals  of  the  other  three. 
To  illustrate  our  meaning,  let  us  interchange  y^,  y,  in  8). 
The  middle  term  becomes 


Vi  -  yg   ya  -  y4    ^ 

Corresponding  to  this,  the  value  of  k  in  9)  is 


(16 


(17 


We  observe  that  9)  and  17)  are  reciprocals.     We  have  there- 
fore established  this  important  result : 

By  means  of  the  linear  transformation  V)  we  can  reduce 

JlL  to  ^  (18 

VY        My/0.  -  a?)(l  -  *V) 

in  meh  a  way  that  the  tnodulut  k  it  numerically  lest  than  1. 
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8.  Let  us  return  now  to  our  general  elliptic  integral 

C<f>(ix,  \/'P)dx.  (19 

We  had 

= Pisiy  -  Vi)  iy  -  ya)  (y  -  vdiy  -  y^^  =  ;>o  ^ 

The  relations  4)  show  that  the  linear  transformation  1)  con- 
verts VP  into 

(1  +  cxy  (1  +  cxy 

Thus  this  transformation  converts  the  integral  19)  into  an  in- 
tegral of  the  same  form 

f^i^^  VX)dx  (20 

except  the  radical  VP  has  been  replaced  by  VX,  which  is  the 

form  used  by  Legendre. 

If  we   had  made   this   transformation   at  the   start   and   had 

reasoned  on  the  integral  20),  the  middle  integral  in  178,  18) 

would  be 

xdx 


f 


V(l-a:a)(l-A^»x2) 


If  we  set  ofl^u^  this  becomes 


1  r  du 

V  V(i-w)a- 


V(l-w)(l-*2w) 

which  can  be  expressed  by  elementary  functions. 

The  final  result  of  our  investigation  may  be  summed  up  thus: 

2%e  general  elliptic  integral  may  be  expressed  in  terms  of  the  eU- 
mentary  functions  and  the  integrals 

/dx  rx^dx  r        dx  ^21 

VX         J  VX    '    J(a:-a)VX' 

^^^  X=(l-a?)(l-AV). 
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We  have  therefore  established  the  statement  made  in  178,  1). 
The  integrals  21)  may  be  regarded  as  standard  or  normal  forms  of 
the  three  species  of  elliptic  integrals. 

180.  Legendre's  Normal  Integrals.  1.  Instead  of  the  three  in- 
tegrals 21)  of  the  last  article,  Legendre  employed  as  normal 
integrals 

dx  /^Vl-/fc2x5i 

ax     « 


r d^ ry/\  ~  tc^x 


/ 


V(l-ar»)(l-Fr^) 

dx 


(l+n2?)V(l-ar»)(l-A2a;2) 


(1 


Let  us  show  how  the  former  integrals  may  be  expressed  in  terms 
of  these  latter. 

The  integral  of  the  1®  species  is  the  same  in  both  cases.  To 
express  the  second  integral  of  179,  21)  in  terms  of  Legendre's 
integrals  we  observe  that 


Thus  the  normal  integral  of  the  the  2°  species  adopted  in  179  is  the 
sum  of  an  integral  of  the  1°  and  of  the  2°  species  as  adopted  by 
Legendre. 
Turning  to  the  third  integral  of  179,  21),  we  have 


rdx         _  r  +  a    r  dx 
ix  -  a)VX~  J^  -  a\}  VT 


The  first  integral  in  the  last  member  can  be  expressed  by  ele- 
mentary functions,  as  we  saw  in  179,  8. 
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The  last  integral  becomes,  on  setting  n  =  — ^, 


dx 


which  aside  from  a  constant  factor  is  Legendre's  integral  of  the 
8®  species. 

2.     Let  us  set  with  Legendre 

X  =  sin  ^. 

The  integrals  1)  become,  on  putting  in  the  limits  0,  ^ 

t/«    VI  —  A:^  sin*  ^  J» 

n(<^,  n)=:  T- 1— -  .  ^»  (2 

The  radical  which  enters  in  these  expressions  and  which  is  of 
constant  occurrence  in  this  theory  is  denoted  by  Legendre  by 
A(^),  thus 

When  ^  =  7,  the  first  two  integrals  in  2)  are  denoted  by 

n  ir 

They  are  called  the  complete  integrah  of  the  1°  and  2^  species. 
Legendre  denoted  the  integrals  3)  by  the  letters  F^  E\  but  we 
shall  follow  the  modern  usage.  As  we  shall  see,  they  play  the 
same  role  in  the  theory  of  Legendre  and  Jacobi  as  co^,  i;^  do  in 
Weierstrass'  theory. 
In  practice  the  modulus  P  is  usually  real  and  <  1.     Legendre 

a;  =  sm  ^  (^ 

and  calls  6  the  modular  angle. 
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To  make  the  elliptic  integrals  useful  for  numerical  purposes 
Legendre  calculated  at  great  labor  tables  for  the  integrals  ^(<^), 
^(<^)  for  values  of  <t>  and  0  for  every  degree  from  0®  to  90®. 
They  are  to  be  found  in  Vol.  2,  p.  292  seq.  of  his  great  work: 
Traits  des  Fonctians  Ell%ptique%^  Paris,  1826.  Shorter  tables  are 
to  be  found  in  various  works  which  treat  of  these  integrals,  for 
example  in  the  Tables  of  B.  O.  Peirce  referred  to  on  p.  91. 

The  reader  will  note  that  the  functions  ^(<^,  A),  -B(<^,  k)  are 
unlike  the  functions  logs;,  sin 2;,  etc.,  in  that  they  depend  on  two 
variables  <^,  k  and  so  require  tables  of  double  entry.  This  makes 
their  tabulation  extremely  laborious. 

Turning  to  the  elliptic  integral  of  the  3®  species,  we  see  that 
this  depends  on  the  argument  <^,  the  modulus  A;,  and  a  number  n 
which  we  call  the  parameter ;  in  all  on  three  variables.  Its  tabu- 
lation would  thus  require  a  table  of  triple  entry,  which  is  quite  out 
of  the  question.  Legendre,  who  had  the  numerical  side  of  these 
integrals  close  to  his  heart,  was  delighted  when  Jacobi  showed 
how  they  may  be  computed  by  means  of  the  8  functions. 

3.  Example.  To  illustrate  the  use  of  the  tables  let  us  compute 
the  arc  of  an  ellipse.  We  saw,  177,  7),  that  the  length  of  an  arc 
starting  from  the  major  axis  is  for  a  =  1, 


8 


=  P  VI- A^»sina<^  di\>  =  JS?(<^,  A), 


where  k  is  the  eccentricity  of  the  ellipse 


Suppose 


^     a^ 
A  =  sin  5  =  J, 


then  0  =  30''.     For  4>  =s  45°  we  have  from  the  tables 

«  =  . 76719. 
For  <A  =  600,  ,^1.00756. 

Thus  the  length  I  of  an  arc  between  ^  =  60°  and  ^  s  45°  is 

;=.  24036. 
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181.  Real  Linear  Transformations.  In  the  foregoing  reduction 
we  have  not  been  concerned  whether  the  transformations  em- 
ployed were  real  or  complex.  In  many  of  the  applications  our 
elliptic  integrals  are  real,  and  it  is  often  desirable  to  use  only  real 
transformations.     With  this  in  view  let  us  show  that : 

If  we  Bet  _  ,      . 

we  may  reduce 

dx  dx  fCf 


where 


y/±P      V±  (a;  -  a)(jx:  —  0)(x  —  f){x  —  8) 

to  the  form  ,  .   , 

jq  -  p)  dy  ^3 

a  =  ±<iq-a)(q-^)<iq-1-)<iq-h\  (4 

(9-«)(9--8)'  '^ 

'  (9-7)(?-S)  '^ 

provided  2)  =  a  +  ^-7-S  (7 

t«  ^0.     In  case  D  =  0,  we  set 

andthen    ^^^^     ^     i,,  =  K«-/3)»    ,     '>a  =  K7-«)'.  (9 

Moreover  if  the  coefficients  of  the  polynomial  P  are  real^  the  coeffl- 
cients  p^  q  of  the  transformation  1)  will  he  real.  Also  the  transfor- 
mation 8),  which  is  to  be  employed  when  2)  =  0,  w  real  when  a^  P  or 
7,  S  are  real  or  conjugate  imaginaries.     Finally^  ly^  and  tf^  (^fe  real. 

The  verification  of  these  statements  is  purely  algebraic  and  aside 
from  its  length  involves  no  difficulty.  We  therefore  sketch  it 
only.  Let  us  consider  first  the  transformation  1).  By  direct 
calculation  we  find  that 

-sr±~p     yr±q  ' 
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where 

Let  us  now  choose  p  and  q  so  that  the  odd  powers  of  y  drop 
out  of  Q.     This  requires  that 

(/>-«)(?- /8) +  (/>- )8)(3  -  a)  =  0. 

(;>-7)(?-S)  +  (;>-S)(3-7)  =  o. 


Let  us  set 
We  find 


But 


^.  ^  («"  7)(«  -  g)(/8  -  7)(/8  -  g)  ,,  itf 


To  show  that  p  and  j  are  real,  we  observe  that  the  coefficients 
of  P  being  by  hypothesis  real,  there  are  three  cases  to  consider : 

1*"  Roots  all  real.     Take  a  <  fi  <  y  <  S. 

2^  Two  roots  real.     Take  a  =  a  +  iJ,        13=^  a—  ib. 

3**  All  roots  imaginary.  Take  a,  /3  as  in  2°  and  7  =  c  4-  id^ 
S=s  c  —  id. 

Obviously  in  each  case  X  is  real.  Thus  J9,  q  are  real  if  /a  is 
real  and  >  0.     We  now  consider  the  three  cases  separately. 

Case  V  All  the  factors  of  ilf  are  <  0 ;  hence  Jf  >  0,  D"  >  0, 
and  thus  /a  is  >  0. 

Case  2**   Here 

ilf  =  (a  —  7  +  tJ)(a  —  S  +  fA)(a  —  7  —  tJ)(a  —  S  —  tJ). 

Now  the  product  of  two  conjugate  numbers  is  real  and  positive, 
as  we  saw  in  2,  6.  Thus  ilf,  being  the  product  of  two  such  pairs, 
is  real  and  >  0. 

As  D  is  real,  /a  is  real  and  >  0. 

Case  3°  This  is  treated  in  a  precisely  similar  manner.  Thus 
in  every  case  /a  is  real  and  >  0. 


898 
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Finally,  jt?,  q  being  real,  we  see  that  »;p  r)^  are  real.  Thus  our 
theorem  is  proved  for  the  ease  that  D^O,  The  case  that  2>  =  0 
is  at  once  disposed  of,  and  needs  no  comment. 

182.  Real  Quadratic  Transformations.  Let  us  now  show  how  by 
a  quadratic  transformation  we  can  convert 


into 


Mdz 


y      Vv  Vi 


Mdz 


real 


V(l-r»)(l_A:%a)      VZ 


(1 


(2 


in  such  a  way  that  if  the  variable  y  ranges  over  some  interval  %  for 
which  T  is  real  and  positive^  the  variable  z  tvill  range  in  the  interval 
S5  =  (0,  1).     Moreover  M  and  It^  will  be  real  and  0  <  A^  <  1. 
There  are  six  cases,  as  indicated  in  the  table. 


Cabs 

a 

m 

ii« 

1 

+ 

+ 

+ 

2 

-f- 

— 

+ 

3 

+ 

— 

— 

4 

— 

+ 

+ 

5 

— 

— 

+ 

6 

— 

— 

— 

Ccue  1.   Suppose  iiy  <  tf^.     As  F  is  to  be  >  0,  we  must  have 
either  „  ^  » ^ 


If  y*  <  111,  we  take 


Then 


M= 


Vat). 


1i 


If  y^  >  Vv  *"*  '"** 


y 


Then 


M=- 


1 


y/at]. 


z 
9a 


(3 
(4 

(5 
(6 
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Case  2.     As  Y  is  to  be  >  0,  we  must  have  y^  >  rj^- 
We  set  — 

y  =  ^^-  (7 

Then  . 

M=-       ^      —    ,    i2  =  _:rJ5i_.  (8 

Case  3.     Here  F  >  0  for  all  values  of  y. 

Let  I     ,       ,1 

hil  <l'?2l- 

We  set 


Then 


if=     J^     ,    P  =  l-2i.  (10 

V  —  ai7j  Vt 

Ca$e  4.     As  Fis  to  be  >  0,  we  must  have 


We  set 


y  = 


M'-f}' 


Then 


(11 


if  =  — ^ ,    fc^=V2JZJ!i.  (12 


Case  6.     For  Fto  be  >0  we  must  have 

We  set  y  =  V^  Vn^.  (13 

Then  j^^ 1  ^    j^^     V2     .  (14 

(7a«e  6.     As  Fis  to  be  >0,  this  ease  is  impossible. 

183.   Rectification  of  the  Hyperbola.     As  an  example  let  us  find 
the  length  of  an  are  of  the  hyperbola 

6V  -^  aV  =  a^f^' 
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We  have 


-f{^^(X)'h'lJl^^" 


(C'y'  +  b*)dif  _  1     B-  (1 


If  we  set  J*  .2 

'yi  =  -^>    %  =  -*» 

we  have  ,  , 


The  integral  1)  falls  under  Case  3  of  182.     We  set  therefore 

V  =  —  .  — zi:^=:  (2 

and  get 

di[ Jz  1    dz       j^      a* 


Vv  +  j.)(,.+5)     6V(l-^)(l-tt.;     »  VZ 


*'-J- 


We  note  that  A:  is  the  reciprocal  of  the  eccentricity  of  the  hyper- 
bola.    Thus  putting  2)  in  ff  we  get 


Let  us  set  . 

2  =  sm  0, 

then  (it  A2 

c7=ptan<^.A<^-h^^(<^)-JP(^)l. 

Hence  finally 

«  =  (?  tan  <^ .  A<^  +  -  ^(<^)  -  c^(<^),  (3 

in  which  the  modulus  k  has  the  value  determined  by 
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184.  Rectification  of  the  Lemniscate.    We  saw  in  177,  9)  that  the 
arc  s  of  the  lemniscate  is  given  by 

dx 

8 


Jo     V(l  - 


V2Jo 


V(l-^)(l-2a:») 
dx 


VCza  -  l)(:r«  -  J) 

Here  0  <  x^  <  ^  if  the  arc  falls  in  the  first  quadrant.     We  take 
97^  =  ^,  173  =  1  and  use  the  transformation 

of  Case  1  in  182.     We  get 

V2J0    Vd-v^)^!-*^^^) 


a 


v2 

For  0=  ^1  the  arc  is  just  one  quadrant  of  the  lemniscate.     If  we 

set  A  =  sin  d,  we  see  0  =  45°.     The  value  of  the  complete  integral 

JTfor  this  modular  angle  is  given  by  Legendre's  Tables  TraitS^ 

vol.  2,  p.  327,  as 

^  ir=  1.86407. 

185.  Elliptic  Integral  of  the  First  Species.   1.  Let  us  now  con- 
sider the  function  u  oi  z  defined  by 


«=r 


dz  ^j 


0  V(l-2«)(1-A%a) 

When  the  modulus  A;  =  0,  this  function  degenerates  to 

JC      dz 
— ^==z  =  arc  sin  z. 
0   Vl-z^ 

Now  the  many-valued  arc  sin  function  is  of  much  less  service  to 
us  than  the  inverse  function  '2  =  sin  u  which  is  one-valued  and 
periodic.  So  we  shall  find  also  here  that  it  is  not  the  many- 
valued  function  u  oi  z  defined  by  1)  which  interests  us  most,  but 
the  inverse  function  z  of  u.     This  we  shall  see  presently  is  one- 
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valued  and  doubly  periodic.  lu  analogy  to  the  sine  function  we 
denote  this  function  by 

2=  im(u,  k)  or  more  shortly  by  a;  =  fnu.  (2 

and  read  9,  n  of  u.     In  analogy  to  the  cosine  function  we  write 
Vl  —  a*  =  Vl  —  9v?u  ^  cuu.     (read  c^n  of  u). 

If  we  set  z  ss  sin  0,  as  we  did  in  178, 

Vl-*%«  =  Vl-*«8ina<^  =  A<f> 

in  Legend  re's  notation.     In  memory  of  the  A  we  set 

Vl  —  lAfl  =  dnu  (read  d^n  of  u). 

Thus  with  the  integral  1)  are  connected  three  elliptic  functions 

9nu    ,     cnu    ,     dnu. 

These  are  the  functions  of  Legendre  and  more  especially  of 
Jacobi.  It  is  these  functions  which  occur  in  all  the  older  litera- 
ture of  elliptic  functions  and  which  to-day  are  still  used  by  many 
mathematicians. 

In  the  same  way  as  the  basis  of  the  Weierstrassian  theory  of 
the  elliptic  functions  is  the  o-  function,  so  the  base  of  the  Jacobian 
theory  are  the  ^  functions,  which  are  integral  transcendental  func- 
tions differing  from  the  a  function  only  by  exponential  factors. 

After  this  slight  outlook,  let  us  return  to  the  function  u  of  f 
defined  by  1).     The  integrand 

f(z)  =  ^ (3 

V(l-«a)(l-AV) 

is  one-valued  and  analytic  except  at 

.       ^1 

2  =  ±  1,    ±  r 

k 

Obviously  each  of  these  points  is  a  branch  point  and  the  two  values 
of/ permute  when  z  describes  a  small  circle  St  about  one  of  them. 
Thus  in  any  region  acyclic  relative  to  each  of  these  points  u  is  a 
one- valued  function  of  z. 
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One  of  the  values  of  u  for  2  =  0  is  tt  s  0;  also  one  of  the  values 
of /for  2  =  0  is  +1.  Let  us  start  with  these  values  and  find  the 
value  that  n  acquires,  call  it  u^  when  z 
describes  a  circuit  S  about  the  branch 
point  2ss  1.  Without  changing  the  value 
of  u  we  may  replace  £  by  tlie  loop 
(7=(0,  a,  /3,  7,  0)  as  in  Fig.  1.  The 
circle  O  has  a  radius  r  as  small  as  we 
please.     Thus 


Fio.  1. 


Jst     Jo       Jc     J  ^ 


(4 


The  first  integral  on  the  right  differs  from 

dz 


K 


-f 


+  VCl-z»)(l-A:V) 


(5 


by  as  little  as  we  choose.     Here  the  +  sign  indicates  that  the 
radical  has  the  value  +  1  for  a  =  0. 

Let  us  look  at  the  last  integral  in  4).  When  z  leaves  2=3  0, 
/has  the  value  +  1.  On  reaching  a  it  has  a  large  positive  value 
p.  After  z  describes  the  circle  O  and  arrives  at  7,  the  two  values 
which  /  has  at  this  point  have  interchanged  and  the  value  of  /  is 
now  —  p.  Thus  as  z  describes  the  segment  7,  0,  the  integrand  / 
has  the  same  values  as /had  in  describing  the  segment  0,  a  except 
that  its  sign  is  changed.     Hence  as  a  and  7  are  really  the  same 

P^^°^'      ro     no  dz       r-   dz 

Jy         Jy     "W  Jo       +V~ 

Turning  now  to  the  middle  integral,  we  show  this  is  0.     For  let 

2  —  1  =s  re^     ,     dz  =  rie*^d4>y 
r  being  a  constant  on  C.     Then 


V(l-««)(l-Aft52)  =  Vz  -  1 .  W{z  + 1)(1  -  kh^  =  Vr^  .y(2), 
where 


Thus 


I  g(z^  I  >  some  Q    ,     for  all  z  on  0.  . 


ffdz=  r 

Jo  Jo 


rf<^, 
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and  this  is  numerically 

<  ^  .  r*     which  =  0  as  r  =  0. 

Thus  n 

/  =0, 

and  we  have  finally  -      «  «-  tr 

^  u  =  2  -ff.  Hence : 

If  we  start  with  thevalue  tt=0,/=  -{•  1  at'  z  =  0  andlet  z  describe 
a  circuit  about  z^l^u  will  acquire  the  value  2  K  on  returning  to 
2=0. 

2.  Let  us  set  i  ^^ 

r      r* — ^  =.  (6 

where  the  +  sign  indicates  that  on  starting  out  from  z  =  0  the 
radical  has  the  value  + 1.  Precisely  the  same  considerations 
show  that  if  we  start  out  from  2  =  0  with  the  value  u  =  0  and  make 

a  circuit  S  about  the  branch  point  2  =  -,  u  acquires  the  value 

h 

on  reaching  2  =  0  again. 

3.  We  now  suppose  that  z  starts  from  2=0  and  makes  a  cir- 
cuit S  which  includes  both  branch  points  1,  -.     We  start  with 

the  values  u=0,/=  +  l  and  ask  what  value  u  has  acquired  on 
reaching  2  =  0  again.     If  we  denote  it  by  u,  we  have 

For  in  the  first  place  £  may  be  replaced  by 
jt  •  S  as  in  Fig.  2,  since  the  region  lying  be- 
tween these  two  curves  contains  no  singular 
point  of  /(2).  Secondly,  in  the  last  integral 
in  7)  we  have  the  —  sign  because  when  2 
reaches  2  =  0  after  the  circuit  ^  about  2  =  1,  ^^'  ^ 

the  radical  has  the  value  —  1,  and  it  is  with  this  value,  therefore, 

that  we  start  out  to  make  the  circuit  S  about  2  =  -  •     Thus 

k 

u^2K-2L.  (8 
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Since  we  can  deform  any  path  of  integration 
without  changing  the  value  of  the  integral  u, 
provided  that  in  so  doing  we  do  not  pass  a  sin- 
gular point  of  the  integrand/,  we  see  that  the 
circuit  ^  •  8  can  be  replaced  by  that  in  Fig.  3, 
which  we  will  call  fOl    Thus 


O 


Now  as  before 


r=o  ,  r=o, 


^_dz_ 


Fig.  3. 


(» 


If  we  let  the  radius  r  of  the  two  circles  Cj,  (7^  converge  to  0, 
the  last  integral  converges  to  a  value  denoted  by  Jacobi  by 


'^  =xv 


dz 


V(l  -z^)(l-  *%«) 

These  results  put  in  9)  give 

«  =  2  iK'. 


(10 


(11 


To  explain  why  the  integral  10)  is  denoted  by  iK'  instead  of  by 
JT'  we  remark  that  in  practice  the  modulus  k  is  such  that  Ii^  is 
real  and  <  1.     Then  (1  —  2?)(1  —  Iphfl^  is  real  and  negative  in  the 

segment  [1,  ~  ]  and  thus  the  integral  10)  is  purely  imaginary.  The 

notation  tJT'  in  10)  is  therefore  quite  appropriate. 
Equating  the  two  values  of  u  in  8),  11)  shows  that 


2ir-2i  =  2tir'. 


4.  Suppose  next  that  z  makes    ^> 
a  circuit  S  as  in   Fig.  4,  which    (j^ 
includes   the   two   branch   points 
zss±l.    If  we  start  with  w  =  0,  /=  +1,  let  u  be  the  value  which 


'fi 


Fio.  4. 


(12 

G 
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It  acquires  after  (S..    Then 


dz 


As  before 


V 

dz 


V 


—  V^    •/o   -f-  v~ 


s=  JT    ,     as  a  ==1. 


Moreover  since /(  —  «)  =^f(z)^ 

r_dz^r^_jz_^n_dz_^K  ,  a»^=-i. 

Thus,  S  =  4  jr. 

5.  Let  us  now  ask  what  values 
u  can  acquire  when  beginning  with 
the  initial  values  2  =  0,  i'  =  +  li 
u  =3  0,  2  describes  any  patn  $  not 
passing  through  a  branch  point, 
and  ending  at  some  point  z. 

Let  U  be  its  value  along  the  path 
Oz  as  in  Fig.  5.  If  ^  is  a  loop  8 
about  2= 1  followed  by  Ozj  we  have  ^^  *      Fro.  5. 


Jv  +  V      •/«  +  V      Jo  —  v 


In  the  last  integral  the  radical  has  the  —  sign  as  indicated,  since 
on  returning  to  2  =  0  after  S,/has  acquired  the  value  —  1,  instead 
of+l.     Thus,  u^2K-U.  (13 

If  ^  is  a  loop  8  about  + 1  and  —  1,  followed  by  the  path  (h,  u 

has  the  value  ^     ,  ^.     , 

—  /     «^  r     dz 

Je+V    Jo   +v^' 


u 


I 
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For  on  returning  toz^sO  after  the  loop  S,  the  radical  has  changed 
its  sign  once  in  going  about  zsl  and  once  about  2  =  — 1.  It 
therefore  reaches  2  b  0  at  the  end  of  S  with  the  value  +  1.     Thus 

If  $  is  a  loop  8  about  2  s  1  and  ^^t^  followed  by  Oz^  we  have 


Je+V      Jo  +V^ 


=  2  iK'  +  U. 

If  $  is  a  loop  8  about  2=1,  followed  by  a  loop  SR  about  both 
2  =  1  and  2  =  —  1  and  finishing  with  Oz,  we  have 


«/«  +  V        «/ 9R  -  V        Jo    —  V 

=  2jr-4ir-  i7. 

=  2  iT-  J7-  4  iT. 

We  see  this  differs  by  —  4  JT  from  the  value  of  u  in  18).  By 
choosing  various  paths  we  find  that  all  the  values  which  u  can 
acquire  at  a  point  z  are  given  by 

u^  U+m4K+m'2iK' 
^^^  w  =  2ir-  U-\-miK+m'2iK',  ^^* 

where  m,  m'  are  positive  or  negative  integers  or  0.  Thus  we  may 
state: 

7^  analytic  function  u  defined 
by  1)  is  an  infinite  many-valued  zf 
function  of  z.  If  U  is  one  value 
which  u  has  at  a  point  2,  all  the 
other  valves  which  u  has  at  this 
point  are  represented  by  14). 

6.  We  have  seen  that  u  re- 
mains finite  for  finite  z.  Let  us 
see  what  value  u  has  as  2  ==  oo 
along  some  line  Z  as  in  Fig.  6. 
The  calculation  is  easily  effected  fio.  6. 


408  FUNCTIONS  OF  A  COMPLEX  VARIABLE 

if  we  note  that  Oz®ZiO  is  a  circuit  St  which  embraces  the  two 

branch  points  2  =  1,-*    As  this  is  the  same  circuit  as  considered 

in  8  we  have  /» 

/  =2t7r'.  (15 

The  second  integral 

0     as     i2  =  Qo  . 


X- 


For  let  us  set  _  p^** 

so  that  on  the  circle  ©   ^^  ^  ^^.^^^^  ^  ^^^ 


If  R  is  taken  sufficiently  large, 


V(l-2a)(l-A222^ 


<c 


for  all  z  on  ©.     Thus 

<ejr  =  0     as     i2  =  oo. 


If 


Now,  when  z  leaves  2  =  0,  the  integrand /(«)  has  the  value  +1. 
After  it  describes  the  circuit  A  it  returns  to  2  =  0  with  the  same 
value,  since  as  far  as  the  end  value  of/ is  concerned,  the  circuit 

St  is  e(|uivalent  to  a  circuit  about  each  branch  point  ~  and  1.     For 

fC 

each  of  these,/  changes  its  sign.  Thus  it  changes  sign  twice  and 
so  returns  to  «=  0  with  the  value  4- 1.     Thus 


V(l-.22^(1-Jfc222) 


has  the  same  value  along  Oz  as  along  Oz^,     Hence 

dz 


r^  r=  H- 

t/O        •/«,         Jo      -\- 


V(l-22)(i_;[ji22) 


as  2  s  00  • 
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This  with  15),  10)  gives 

ijr=  r —    ^^     —         (17 

Jo    +V(l-22)(1-A?2a) 

Thus  the  different  values  which  u  has  for  z  =  oo  are 

lie  -\-2mK-\-2m'iK'.  (18 

186.  Inversion.  1.   In  the  foregoing  section  we  have  considered 
the  function  u  of  z  defined  by 

" =rv(i-.»xi-A^ =X'^^^>''"     ^' 

Let  us  now  look  at  the  inverse  function  z  of  u.     This  we  said  is 

denoted  by  ,  .  . -» 

z  =  sn(^u),  (^ 

Since  the  integrand  /(a)  is  a  one-valued  analytic  function  about 

z  =  0^  u  can  be  developed  in  a  power  series.     It  may  be  obtained 

thus :     Since  ,  , 

/=(l-22^-i(l-ifc%2)-ii 

we  may  develop  each  factor 

(l-«2)-l     and     (1-A222yi 

by  the  Binomial  Theorem  and  get  two  power  series  in  z.     These 
two  series  when  multiplied  together  give 

/=l  +  J(l4-A^)«2  +  K3  +  2A2  +  3^)^+... 
Integrating,  we  get 

which  is  valid  for  \z\  <  either  1  or 


If  we  invert  this  series  by  125,  we  get 

3  I  5 ! 

which  is  valid  in  some  circle  c  whose  center  is  u  s  0. 
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By  analytic  continuation  we  may  extend  the  function  so  as 
to  define  it  for  values  of  u  outside  c.  It  can  be  shown  in  vari- 
ous ways  that  the  analytic  function  defined  by  1)  is  an  elliptic 
function,  having  4  JT,  2  iK'  as  a  primitive  pair  of  periods.  Its 
zeros  are  s  0  and  its  poles  are  s  iK'  mod  2  JE^  2  tJT',  each  of 
order  1. 

It  was  by  inverting  the  integral  1)  that  Legendre,  Abel,  and 

Jaoobi  were  led  to  consider  the  elliptic  functions.     We  have  seen 

that  Legendre  set 

z  s  sin  ^. 

From  this  point  of  view  it  was  at  once  evident  that  z  admits  the 
period  4  K.  But  Legendre,  using  for  the  most  part  real  variables, 
failed  to  notice  that  z  possesses  also  an  imaginary  period,  that  in 
fact  s  is  a  double  periodic  function. 

The  discovery  of  this  property  by  Abel  about  1825  enabled  him 
and  Jacobi  to  develop  the  theory  of  elliptic  functions  in  the  next 
few  years  far  more  than  their  predecessors  had  done  in  half  a  cen- 
tury. 

Because  of  the  fundamental  nature  of  the  double  periodicity  of 
the  elliptic  functions,  we  began  our  treatment  of  these  functions 
in  the  preceding  chapter  from  this  point  of  view.  At  the  same 
time  the  older  theory  is  so  interwoven  in  the  modern  that  we 
have  not  hesitated  in  treating  the  functions  of  Legendre  and 
Jacobi  to  start  from  the  elliptic  integrals  and  work  up  to  the  ellip- 
tic functions.  This  point  of  view  is  also  useful  in  those  applica- 
tions which  lead  at  once  to  an  an  elliptic  integral. 

2.  To  show  that  the  inverse  function  z  =s  gn  u  is  in  fact  an 
elliptic  function,  let  us  actually  write  down  such  a  function  which 
satisfies  the  differential  equation 

^=  V(l-z2)(l-jfcas8a),  (5 

the  radical  having  the  plus  sign  for  z  =  0.  The  constant  of  inte- 
gration we  will  determine  by  taking  «  =  0  for  i*  =  0.  There  can- 
not be  two  such  analytic  functions.  For  both  having  the  same 
derivative  5)  about  w  =  0,  they  can  differ  only  by  an  additive  con- 
stant and  as  2  as  0  for  tt  s  0,  this  constant  must  be  0. 
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8.  To  this  end  we  consider  the  function  q  of  176.     We  saw  that 
q  is  an  elliptic  function  which  satisfies  the  differential  equation 

^  =  V(l-(e,-e,)3»Xl-(«,-«,)3»).  (6 

Let  us  choose  e^^  e^  e^  so  that 

«1  —  ^2 

and  set  ^/ 

Then  9  satisfies  the  equation 

g  =  V;F7,V(l-a'')(l -*%»). 

To  remove  the  factor  on  the  right  we  set 

V 
u -=, 

Vcj  — ej 
which  gives  j. 


^  =  V(i-ia)(l-*V).  (8 

av 

Thus  .      ^  V 

a  =  Ve,  -  e,  •  o-Qjf -— ==     ,     «»j    ,     (»,j  (9 


viT 


is  a  solution  of  5).     As  2  =  0  for  t;  =  0,  the  function  9)  must  be 
4),  replacing  u  by  v,  or  9n  v. 

We  saw  in  176  that  a-^Qu)  is  a  homogeneous  function  of  2,  qI|, 
102  of  degree  1.     We  can  thus  write  9) 

«  =  ^02(^    »     fi)iV«i-«3     ,     WjV^j-ej),  (10 

whose  periods  are 

4  jr=  4  ©1  vi^^  ,    2  fir = 2  wj v;;;^^^        (ii 

whose  zeros  are  s  0,  and  whose  poles  are  =  t  J£^,  mod  2  K,2  %K^. 

4.  Having  assured  ourselves  that  the  inverse  function  z^vnu 
is  a  (me-valued  function  throughout  the  whole  plane,  s=oo  in- 
cluded, let  us  see  how  the  study  of  the  integral 

u^C  -=t==  (12 

./o  V(l  -  2»)(1  -  A««) 
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shows  us : 

1°  2  is  a  double  periodic  function  with  the  periods 

dz 


4ijr=4/  

Jo   V(l- 


2  iiT'  -  2  r  "^^       '  03 

2^  z  has  as  simple  zeros  the  points  =  0, 

3^  and  as  simple  poles  the  points  =  iK^  both  mod  2  K^  2  iK' . 

This  will  be  an  aponteriori  verification,  but  it  is  very  instructive. 
Precisely  this  path  was  followed  by  Cauchy  and  his  successors. 

5.  To  begin,  the  relations  185,  14)  show  that  snu  admits  4  K 
and  2  iK^  as  periods,  while  the  reasoning  of  185, 6  shows  that  9n  u 
remains  finite  except  in  the  vicinity  of  the  points 

c  =  %K'  4-  2  mK+  2  mHK'.  (14 

Let  us  show  that  these  are  poles  of  the  first  order  for  sn  u.  We 
write  12) 

u=  I     -h   I    ^C'{-fv,  (15 

where  c  has  the  value  given  in  14).     We  wish  to  see  how  w  be- 
haves about  2  =  00. 

If  we  set  2  =  -,  it  becomes 

t 

Jo    V(A2-?)(i-fO     Jo   * 

This  shows,  using  125,  that  t  considered  as  a  function  of  t<^  is  a 
one- valued  analytic  function. 

e  =  tt^(-  i-hJit^-f- V^-^ )•  (16 

Hence  1         i      r      i  1 

and  u  =  c  is  a  pole  of  the  first  order. 
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6.   Let  us  show  that  the  points  w  =  0  mod  2  JBT,  2  iK^  at  which 
9n  u  =  0  are  simple  zeros.     In  the  vicinity  of  2  =  0  we  have 


Hence  /,  ^^ 

M=  I  — =  =  c?+ {Jj^  +  crg^^-h  •••  ^1  =  1,  (18 

where  (?  is  given  in  14).     The  relation  18)  shows  that 

«  =  (w  — (•){g^4.gj(w  — ^)-he2(w— (?)^-f-  •••{  (19 

and  thus  u  =  c;  is  a  simple  zero. 

7.  Let  us  show  that  2;  is  a  one-valued  analytic  function  about 

the  point  u  for  which  «  =  ±  1,  ±  --•    These  latter  points  are  points 

k 

in  whose  vicinity  the  integrand  of  12)  becomes  infinite. 

Let  us  set 

2  -  1  =  <3     ;     then  dz=^2  tdt. 

Also 
V(l-  z^)il  -  khfl)  =  Vrn;  V(2  -h  IXA^^a -  1)  =  t\a^^a^t  +  ...[. 
Thus*  1        Ici    .  Ji,  .        , 

u  =  (?o-|-tfi/t2^^^^^  ...     ^     Ci=?fcO,         (20 

where  Cq  is  one  of  the  values  which  u  has  for  f  =  0,  that  is,  for  z=\. 
These  values  are  all  =  ±  JT. 

The  relation  20)  defines  t  as  a  one-valued  function  of  u  in  the 
vicinity  olu  =  Cq,     As  «  =  1  +  ^*  this  gives 

z  —  1  =  d^(u  —  (?o)  +  d^(u  —  <?q)^  +  -.  (21 

Thus  0  is  a  one-valued  function  of  u  about  u  =  Cq. 

187.  The  sn,  en  and  dn  Functions.   1.  We  have  now  two  defini- 
tions ot  z^9nu;  one  as  the  inverse  of 


dz  ^j 


V(l-za)(l-A2«») 
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the  other  as 

z  =  9nu  =  V^i  —  e^  '  a^(vj  o)i,  0)2)     »     v  =  — :==:  (2 

=      ^^1-^2     ,  (3 

where  f^^^d^lh.  (4 


*'i-^2 


The  radicals 


Vl-^-*     ,      V1-A222, 


although  two- valued  functions  of  ?,  are  one-valued  functions  of  u. 
For  from  8)  we  have 


Hence 


<r,(t») 


(6 


If  we  set  . 

z  =  sin  9, 

the  integral  1)  becomes 

u^r     ^*     ^r#.  ^     (7 

Jo    Vl-*2  8ina<^     Jo    A<^ 
Then  ^  j  /o 

become  in  Legendre's  notation 

sin^     y     cos^     ,     A^,  (9 

as  already  remarked. 

2.  We  wish  now  to  deduce  a  number  of  properties  of  the  func- 
tions 8)  from  the  definition  of  «n  u  as  the  inverse  of  the  integral 
1),  and  from  the  definition  of  cnu^  dnu  by  the  relations 


en 


w  =  Vi  — «n^w     ,     rfnw  =  Vl  —  A:^«n^tt.  (10 


This  is  the  older  point  of  view  and  will  accustom  the  reader 
to  the  use  of  integrals  as  an  instrument  of  research.  Later 
we  propose  to  study  these  functions  from  the  standpoint  of  the 
i9  functions. 
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Let  us  first  fiud  the  periods  of  eti  u.  We  take  up  the  considera- 
tions of  18f5.  Allowing  z  to  describe  a  circuit  about  z^l^u  goes 
over  into  w  4-  2  JST,  while  Vl  —  z^  changes  its  sign.     Thus 

cn(u  -+-  2  K^ ^  —  cnu. 

Hence  en  u  has  4  ^as  a  period. 

If  we  let  z  describe  a  circuit  which  contains  both  2  =  1  and  -,  u 

k 

goes  over  into  w  -h  2  iJSP,  while  Vl  —  z^  changes  sign.     Hence 

c?n(w  +  2  /  JST')  =  —  c?w  w. 

Thus  cnu  has  the  period  2£'+2tJr'.     In  a  similar  manner  we 
may  reason  on  dn  u.     Thus  we  can  draw  up  the  table  : 


Prkiods 

sn  u 
cnu 
dn  u 

4  K,  2  iK' 
iK,2K^2  iK' 
2  K,  4  1  A'' 

The  poles  of  cnu^  dnu  are  obviously  the  same  as  those  of  «nu, 
as  seen  from  10),  and  they  are  of  order  1. 

From  10)  we  see  that  en  w  =  0  when  wi^  w  =  1.  But  sn  K^  1. 
Hence  by  185,  10)  all  the  points  u  at  which  «n  u  =  1  are  given 
by  K-\-  ^mK-\-2m!iK* ,  As  «w^w  is  even,  the  points  at  which 
«i*w  =  1  are  K-\'  2  mK+  2  m'iK'.  In  a  similar  manner  we  may 
reason  on  dnu. 

We  may  thus  draw  up  the  table : 


ZiROB 

POLM 

sn  u 
cnu 
dnu 

2mK-h2m'iK' 
(2m^l)K  +  2m'iK' 
(2m+l)K+(2m'+l)iK' 

2iiiA'+(2w'  +  l)»A'' 
2  m/f  +  (2  w'  +  l)iiir' 
2mA>  (2m'  +  l)t7iC' 

Since  snu^  en u^  dnu  have  each  two  poles  only  in  a  parallelogram 
formed  of  the  periods  given  in  the  first  table,  these  periods  are 
primitive  pairs  of  periods. 
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3.  Let  z  move  from  0  to  1,  at  which  point  u=  K,     Hence 


*nir=l     ,     cnK=0     ,     rfw  ir=  VT-P  =  *',  (11 

if  with  Legendre  we  set   ^  _    /^  _^  ^-. q 

taking  the  positive  determination  of  the  radical  for  Ar  =  0.  This 
is  called  the  complementary  modtUus.  The  introduction  of  ib'  is 
quite  natural  from  Legendre's  point  of  view.  For  as  we  have 
seen,  he  set  A;  s  sin  ^ ;  hence  cos  0  would  be  A/. 

Next  let  z  move  from  0  to  -,  at  which  point  u^J^+ilC, 
Then  * 

«n(ir+iir')=7, 

k 

cniK-^iK')=yfi^^±^,  (13 

d7i(iK-\-iK')==0. 

To  determine  the  sign  in  the  second  equation  let  us  take  k  real 
positive  and   <  1.     We  let  z  move  over  the  path  Oazc--  in  the 

K 

figure.    When  z  =  0,  Vl  —  z^  has  the  «.— ^ 

value  +  1.     Thus  at  «  =  a,  VI  — «?    af\{\c 

is  real  and  positive.    We  set  k 

Then  ,- ,  ,.      , 


and  take  VI  -J-  z  with  positive  sign.     Then  VI  —  z^  is  real  and 
positive  at  a,  as  it  must  be ;  but  at  c,  Vl  —  z  becomes 


•\e    ^  =  —  iri. 


r^e   *  =  —  tr J, 

which  is  negative  imaginary.     Thus  at  «  =  -,  the  radical  is  nega- 

k 

tive  imaginary.     Hence  we  must  take  the  —  sign  in  13). 

Thus  from  the  foregoing  we  may  write  down  the   following 
table : . 
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0 

K 

2jr 

3jr 

0 

1 

0 

-1 

0 

1 

0 

-1 

0 

1 

k' 

1 

k' 

1/k 

-\/k 

iK' 

00 

-  ik'/k 
0 

00 

ik'/k 
0 

0 

1 

0 

-1 

2iK' 

-1 

0 

1 

0 

-1 

-il' 

-1 

-i:' 

1/ifc 

^\/k 

SiK' 

00 

ik'/k 

0 

00 

-  ik'/k 
0 

In  each  square  the  values  of  8nu,  enu,  dnu  are  given  in  order 


for 


fi  =  mK+  7n!iK*     ,     m^m!  =^  0,  1,  2,  8. 


In  the  table  m  refers  to  the  columns  and  m'  to  the  rows, 
f or  u  =  3  K+  iK' 


Thus 


9n  u 

_1 
k 


cnu 
k 


dnu 
0. 


188.  The  Addition  Formulfle.    1.  If  we  set 


the  addition  theorem 
states  that 
or  that 

2.  Let  us  set 


log  xy  =  log  X  +  log  y 
w^u  +  v^ 

C     dx 

Jo    Vl-a?» 


(1 


(2 
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The  inverse  function  defined  by  this  relation  is  ^  =  sin  u.     The 
addition  theorem  for  the  sine  function  is 

sin  w  =  sin  (u  +  v)  »  sin  u  cos  v  +  cos  u  sin  v.  (3 

Let  us  thereforje  set 

•/o   Vl  —  y*  •/o   Vl  —  2* 

The  relation  3)  states  that 


and  hence  ^^,_^^^^_ 

•/O  t/O         •/o 

8.    Let  us  set 

Jf ' dx ^  r*   da;  .g 

0    VCl-a^Xl-Far*)     Jo    A(a:)" 

For  £  83  0  this  integral  reduces  to  2).  It  occurred  to  Euler  that 
the  integrals  6)  might  have  an  addition  theorem,  that  is,  the  sum 
of  two  integrals 

r +/ 

t/O  t/O 

might  be  expressed  as  a  single  integral 

r 

in  which  z  is  some  algebraic  function  of  a;,  y  as  in  4).  This  rela- 
tion he  found  to  exist ;  it  is  in  fact 

^  a:V(l  -  y«)(l  -  Ar^a)+y  V(l— a^Xl  -  ^^^^  ,7 


Thus  if  we  set,  similar  to  2 


"f: 


dy 


V 


V(l-i/»)(l-AV)' 

dz 


=  u  +  v=  I 


V(l-z2)  (!-*%«; 
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we  may  write  7) 

_^     ,     >,      snu  cnv  dnv  +  9nv  cnu  dnu 
snCu  +  r)  =s 

1  —  l(^9n^  u  9r?  V 
9n  u  9n'v  -{-  9nv  sn'u 


1  —  Iflsn^u  w?v 


(8 


To  obtain  the  relation  7)  we  notice  that  the  differential  equa- 
tion ,         , 

?  +  ^=0  (9 

Ax     Ay 

admits  as  integral  ^,,         , 

I    ^^  I    d^^C.  (10 

If  this  integral  is  determined  by  the  condition  that  when  a;  as  0,  y 
shall  have  the  value  z^  the  relation  10)  shows  that  the  constant  C 
of  integration  must  have  the  value 

dz 


-r 


0  ^ 


(11 


The  value  of  C  may  also  be  obtained,  as  Darboux  has  shown,  as 
follows : 

Let  us  introduce  a  new  variable  defined  by 


Then  9)  becomes 


Ay 


g  =  2AV-(l  +  A»)y, 


420  FUNCTIONS  OF  A  COMPLEX  VARIABLE 

V —  —  X — ^ 

'' d^        d^      ^        2kh;if 

If  we  multiply  this  by  ^^        , 


n,-^'T.^ 


we  get  ^^    ^ 


or 


"ds        d$ 


Integrating,  we  get 

log^y^  -  X  Jj)=  log(l  -  Ht*y»)  +  log  c, 

or  using  13),  we  have 

yAa:  +  xAy  =  c(l  —  khfly^).  (14 

This  is  an  integral  of  9).     To  determine  c  we  must  have  y  =  2 
for  a:  =  0.     This  in  14)  gives  c?  =  2.     Hence  by  14) 

which  is  7). 
4.  By  means  of  simple  but  rather  lengthy  reductions  we  get 

^     .    ^     cnucnv  —  9nudnu9nvdnv  ,-. 

'^("+'>^ l-Jfi^^umH '  ^^^ 

,  ^     .    >.      dnudnv  —  I(?8nuenu9nvcnv  ,-^ 
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From  8),  15),  16)  we  may  also  derive  : 

dniu  +  v)rfn(M  -  v)  =  '^ — ^ .  (19 

189.  Differential  Equation  for  K  and  JT.  1.  We  saw  that 

JSr=  r»  '''^      -.  (1 

Jo   Vl-A23iiiV 

When  I  A*  I  <  1  we  can  develop  the  integrand,  getting 

(1  -  *»  8in»  <^)-i  =  1  +  yl-3-5-(2n-l)^  g.  j^,.  ^^       ^g 

ussi       2  •  4  •  b  •••  2  7t 

But  from  the  calculus  we  know  that 

Jo  12. 4.  6...  2  n         2 

Thus  integrating  2)  termwise  gives 


valid  for  I  A"  I  <  1. 

Comparing  this  with  103,  5)  we  see  that 

This  relation,  holding  for   |  P  |  <  1,  must  hold  throughout  its 
analytic  continuation. 

2.  The  other  period  2  iK'  we  saw  in  186, 13)  is  defined  by 

dx 


►ir= 2  r*      '^'^      =  2  »•  r* 

Ji  va-a?)a-**i»>      Ji 


2»jr 


V(l  -  a?)(l  -  **i»)         Ji    V(aa  -  1)(1  -  AV) 
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Let  us  set  1 


VI  -  k'hfi 


*'«  =  !-  *». 


Then  to  x  a  1,  x  as  -  correspond  u  =  0  and  «  s  1.     We  thus  get 

Jo    V(l-u«)(l-*'V)' 
Comparing  with  4)  we  see  that 

^'=F(-2'i ''*")•  ^' 

3.  We  saw  in  103,  4  that  FC^affyz)  satisfies  the  differential 
equation  ^^^  __  j^^„  +  }(„  4.  ^  4. 1);^  _  y^F'  +  a^l'=  0.  (7 

If  we  take  01  1  ut 

the  relation  4)  shows  that  £^ satisfies  the  equation. 

<«-l)g  +  (2«-l)^  +  iy  =  0    ,    z^lfl.  (8 

If  we  replace  z  hy  1  -^  z  ^  k^  this  equation  is  not  changed. 
This  shows  that  not  only  JTbut  K'  as  given  in  6)  is  a  solution  of 
8).  Thus  both  K  and  K'  are  integrals  of  8).  We  shall  return 
to  this  subject  later. 


CHAPTER   XII 

THE  THETA  FUNCTIONS 

190.   Historical.      These    functions  were    first    considered  by 
Abel.     We  have  seen,  186,  4),  that  the  inversion  of 

dz 


'=/ 


V(l  -  2»)(1  -  I^) 

leads  to  an  infinite  series 

z  =  «-l(l  +  *a)u»+  ...  (1 

o! 

which  gives  the  value  ot  snu  within  a  circle  passing  through  t^, 
which  is  the  nearest  pole  of  z. 
In  a  similar  manner  the  inversion  of 


dz 


leads  to  a  series 

z  =  tan  u=su  +  ^ifl-\-^u^  + 


IT 


which  gives  the  value  of  tan  u  within  a  circle  passing  through  ^, 
its  nearest  pole. 

But  we  know  that  there  exists  an  analytic  expression 


n  =  l,  2,  ...  (2 


(2  n  -  1)M> 

which  is  valid  for  the  entire  domain  of  definition  of  the  tangent 
function.  It  occurred  to  Abel  that  a  similar  expression  might  be 
obtained  for  the  9n  function.     This  is  the  way  he  found  it. 

From  the  addition  theorem  we  may  express  «n  nu  in  terms  of 
9nu^  cnu^  dnu  just  as  in  trigonometry  the  addition  theorem  of 
the  sine  function  enables  us  to  express  sin  nu  in  terms  of  sin  u, 

423 
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cos  u.     If  in  the  expression  for  sn  nu^  n  being  an  odd  integer,  we 

replace  u  by  -  we  get 

n 


n 


u 

snu  =  nsn-' 

n 


1- 


u 

%n  - 

n 


an 


e 


2  mK+  2  m'lK' 


n 


)\ 


n 


1- 


u 

sn  - 

n 


9n 


( 


2  mK+  C'lm'  + 1  )iK' 


n 


) 


(3 


This  expression  is  entirely  analogous  to  that  obtained  for  the 
sine  function  in  136,  6). 
From  1)  we  have 


lim — 7 
ii«D     r 


9n  — 
n 


u 


2  mK-h  2  m'iK'\  ""  2  m JT  +  2  m'ijr ' 


n 


■J 


etc.     Abel  therefore  concluded  that 


8flU=U 


n(.- 


2mK  + 


-  2  rn'OC) 


n(i- 


« \ 

m'  +  DiK'J 


(4 


2»jir+(2»n'  +  l)tir 


This  passage  to  the  limit  is  not  rigorous  and  the  infinite  products 
which  enter  4)  are  not  even  convergent  in  the  sense  that  we  have 
given  this  term  in  128,  2.  Let  us  therefore  regard  the  relation 
4)  merely  as  a  stepping  stone  to  get  infinite  products  which  do 
converge ;  these  will  be  the  &'a. 

To  this  end  we  write  the  products  which  figure  in  4)  as  double 
iterated  products,  and  for  brevity  we  will  set 


Then 


where 


u  =  2Kv 


m2Kv  =  ^^^ 


T  = 


K 


(5 


(6 


Ti  =  2Kvn(l--)nu(l ^V        (7 

»\  n/m'i»\  TO+m'T/ 
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and  a  similar  expression  for  T^.     Here 

w  =  ±  1,  ±2,  ••• 

m  =  0,  ±  1,  ±  2  ...     ;     wi'  =  ±  1,  ±  2,  ••• 
Now 


«('-;)-- 


SinTTV 

1 


mV        m-^-TnlrJ  sinw'? 

Hence 

r.  (»>) = 2  Kv  g^i^n "'"  ^C"*';  -  ^> 

TTU       m'  Sin  m'TTT 

—  g  /r^^"  ^^  ft  ^^"  7r(yiT  —  y)      sin  7r(nT  -h  y) 
TT     ^^1       sin  WTTT  sin  tittt 

= sin  TTVH ^ -^^r-: ^r^-^" * 

Thus  finally 

Tr..\     2ir.^       n(l-2^»cos27rt;4-a*»)  i    o  /q 

rj(t;)«_8m7n;-^ ll(\  _  ^y      ^  ^^  ^=1'  2...       (8 

"where  _^k^ 

g  =  e»<^  =  e      ^.  (9 

Here  the  infinite  products  in  the  numerator  and  denominator 
of  8)  are  absolutely  convergent  when  |  gf  |  <  1.  This  last  is  no 
essential  restriction  because  we  would  merely  need  to  interchange 
JT,  K^  in  9)  to  get  a  q  which  is  numerically  <  1. 

A  similar  reduction  of  75)(t;)  leads  to 

T^^^^^^{l--2q^^y.2.v^-q^^^^>l  n  =  l,2...(10 

"^^  ^  n(i  -  9»»^  )2  ^ 

Similarly,  we  can  express  en  2  Kv^  dn  2  Kv  as  the  quotient 
products  whose  numerators  Jg,  T^  are  slightly  different  from  2j, 
and  whose  denominators  are  7q  as  before. 

Thus  the  development  of  «n,  en,  dn  into  infinite  products  leads  us 
to  four  integral  transcendental  functions  T^  Jj,  Jj'  ^v*  which  play 
the  same  role  in  the  theory  of  Jacobi  that  the  four  functions 
<^»  ^\i  ^v  ^8  P^*y  ^^  ^^®  theory  of  Weierstrass.     It  is  one  of  the 
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immortal  achievements  of  Abel  to  have  introduced  these  func- 
tions into  analysis.  Although  his  method  of  deduction  is  not 
rigorous,  we  can  and  will  in  fact  show  that  when  7\,  Tq  as  given 
in  8),  10)  are  put  in  6),  the  resulting  function  satisfies  the  differ- 
ential equation  j-        ^ 

??  =  V(l-z3)(l~*%a),  (11 

du 

which  defines  the  9n  function. 

Here,  as  often  happens,  a  method  which  is  not  rigorous,  and 
cannot  perhaps  be  made  rigorous,  leads  to  results  whose  correct- 
ness can  be  established  a  posteriori  very  simply.  Such  methods 
have  a  great  heuristic  value  and  are  not  to  be  despised  by  the  pioneer. 

191.  The  (9's  as  Infinite  Products.  1.  It  is  convenient  to  replace 
the  T's  introduced  in  the  last  article  by  four  new  functions  which 
differ  from  them  by  constant  factors.     With  Jacobi  we  set 

q  =  «»»-.  (1 


«?j(i;)  =2q^  sin  ttu  n(l  -  J^'^Xl-  2  j*-  cos  2  irr  +  y**). 


1 

00 


(?j(t;)  =2q^  cos  TTu  n(l  -  ^^'•)(1  +  2  J*"  cos  2  ttv  -h  j**), 
?>8(y)=  n(l  -  q^^)0  +  2  52n-i  cos27rt;  -h  ?*""*), 


(2 


«>0(V)  =  n(l  -  52n)(l  _  2  j2n-l  COS  2  TTt;  -h  g*""*)' 

We  do  not  need  to  regard  them  in  any  way  related  to  the  elliptic 
functions,  but  simply  as  integral  transcendental  functions  whose 
properties  are  to  be  investigated.  The  only  restriction  we  make 
is  that  \q\<l  (3 

in  order  that  the  products  2)  converge  absolutely. 

We  first  show  that  these  four  functions  are  very  closely  related 
to  each  other  by  the  formulae : 

e-'i-q-h^(^v\  (4 
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To  prove  the  first  relation  we  have,  setting 

M^)  +  J)  =  Cn(l  +  2  9*«-'  cos  2  5r(o  +  ^)+  ^-») 
=  ^n(l  -  2  }*»-»  cos  2  irt;  +  ?*»-») 
=  <>o(»). 

To  prove  the  second  relation  in  4)  we  have 

*,(»)  =  ^n(l  +  3»-»e*"»)(l  +  9*"-*e-*^')- 
Hence 

e/v  +  |)=«n(i  +  9^-»««K))(i  +  j^-ie-'-'K)) 

=  Cc-'**^' V  •  2  cos  iri>n(l  +  2  J**  cos  2  jr»  4-  9*") 
2.  In  a  similar  manner  we  may  prove  the  following  relations : 
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3.  By  repeated  application  of  the   foregoing  or  directly  we 

find: 

«?,(r  +  1)  =  -  «?,(«), 

«?,(»  +  1)  =  ^,(i;),  (8 

d^Cv  +  1)  =  «?o(f)- 

«?i(»  +  0))  =  -  ?-ie-»^'^,(t;), 

192.   The  i^'b  as  Infinite  Series.     The  relation  191,  8) 

*,(r  +  1)  =  *,(i;) 

shows  that  t^sCv)  admits  the  period  1,  and  can  therefore  be  de- 
veloped in  Fourier's  Series  by  126.     Thus 

i?,(»)  =  S  a.«»^.  (1 


—  oo 


To  determine  the  coefficients  a^  we  use  191,  9) 

*8(^ +  «)  =  ?- ^^-'-^'^sCO-  (2 

For  putting  1)  in  2)  gives 

Comparing  the  coefficients  of  «***••  gives 

or  -« 

«»  =  ?^  ^0- 

Thus  „  ,  ^         &    > , 

— ao 

1 

«=  ao(l  +  2S9-'  cos  2  Trnt;). 
1 
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To  determine  a^  set  3  =  0.     Then  9^(y^  =  l,     Hence  a^  =  1.     In 
this  way  we  get 

(>j(t;)  =  1  4-  219**  cos  2  Tmv, 

i?j(v)=  2f  3^"+*>"  cos  (2  n  +  l)7rr, 

i?i(t;)  =  2  f  (  -  1)  V"*"*^'  sin  (2  n  +  l)7rv,  ^^ 

0 

/?o(t;)=:  1  +  2l(-  l)"j»'  cos  27rnv. 

1 

The  representation  of  the  i^'s  as  infinite  series  is  due  to  Jacobi 
(1825).  As  they  converge  with  extreme  rapidity  for  the  values 
of  q  ordinarily  employed,  they  are  of  immense  value  in  all  ques- 
tions of  numerical  calculations  of  the  elliptic  functions,  as  we  shall 

860* 

193.  The  Zeros  of  the  ^'s.  1.  The  infinite  products  191,  2),  be- 
ing convergent,  cannot  vanish  unless  one  of  their  factors  vanish. 
From  this  we  have  at  once  that  the  zeros  of  the  1^*3  are  as  fol- 

^^^®  •  «>i(v)  ;         v  =  w  4-  no), 

i?2(v);  v  =  (w  +  ^)  +  wa>,  ^ 

^sW?         v  =  (w  +  i)-|-(n4-i>,  ^ 

*o(^)  5         V  =  w  +  (n  +  J )a), 

where  m,  n=3  0,  ±1,  ±2,  •••. 

To  illustrate  the  proof,  let  us  find  the  zeros  of  ^^(^v}>  We 
have 

1+2  92-1  cos  2  TTv  -h  v**"^  =  (1  +  g'""V'*0(l  +  y2»-ie-ftr<»). 
Liet  us  find  the  values  of  v  for  which 

1  4-  9*"-ie*'»*  =  0. 
This  gives,  since  q  =  «**•, 

Hence  g  9r»t;  =  log  (  -  1)  -  7ri(2  n  -  1)». 

As  log  (—  1)  =s  TT*  -h  2  «7ri, 

V  s=  (m  4.  J)  +  (n  +  J)o>        wi,  n  any  integers  , 
as  required  by  1). 
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2.  Another  method  of  getting  the  zeros  of  the  <9's  is  the  fol- 
lowing, it  uses  the  infinite  series  192,  3).  From  the  series  for 
i9|(v)  we  see  that  it  vanishes  at  the  points  m  +  nco,  since  each 
term  of  the  series  vanishes. 

To  show  that  the  i?'s  vanish  at  no  ^P^ 

other  points  let  us  consider  ^i(y^  for 
example.  We  take  a  parallelogram  P 
as  in  the  figure  not  passing  through 
one  of  the  points  wi-f-ww.     Then  by  ^ 

124,  8), 


J-,  fd  log  &^Cv)  -  M-  N. 


( 


0 


As  t9i(t;)  is  nowhere   infinite  in   the   finite   part  of  the    plane, 
i\r=0.     Now  /•/•/•/•/» 

/=/  +  /  +  /+/•  (8 

JP        9J12        J2i        t/34        •/41 

From  191,  8)     g  log  9^(^v  4- 1)  ^  d  log  »^(v) 

dv  dv 

while  from  191,  9) 

d  log  &^(y  -h  (o)  ^  _  2  TTt  -h  ''-^-?A(?) . 
dv  dv 

Thus  c  •-•  r 

t/»       «/14 

=  -2inl       dv-hl       (ilog(>i(v) 

These  in  3)  give  /• 

Putting  this  in  2)  gives  JIf  =5 1.  Thus  <>i(v)  has  just  one  lero 
and  this  of  order  1  in  the  parallelogram  P.  The  first  equations 
of  191,  8),  9)  show  that  ^^iCv)  has  a  zero  of  order  1  in  each  of  the 
congruent  parallelograms,  mod  1,  ao.  From  191,  5)  we  may  now 
find  the  zeros  of  the  other  thetas. 
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194.  The  (9*8  with  Zero  Argument.  1.  If  in  the  infinite  series 
and  products  of  the  S'8  given  in  191,  2)  and  192,  3)  we  set  v  =  0, 
we  get 

(>o  =  1  +  2  i(- 1)"3»«  =  n(i  -  9^")n(i  -  q'^-y.  (1 

*a=  2f  9(«^l»"=2gin(l  -  y^")n(l  -f-(^^")2.  (2 

i>8  =  1  +  2lq^'  =  n(l  -  y2")n(l  4-  ?'"-*)^.  (3 

Here,  as  is  customary,  we  set  <?q  instead  of  <?q  (0),  etc.  As 
^1  s  0,  let  us  take  the  derivative  of 

*i(v)  =  2  yi  sin  7rt;n(l  -  q^)U(l  -  2  y2«  cos  2  ttv  -f-  ?*•) 
=  sin  TTi;  •  ^(v). 

i?{(t;)  =  TT  cos  TTV  •  <l>  (y)  4-  sin  TTV  •  ^'(v). 
Hence  ^,  ^^^  ^  ^^^^^^ 

sin  Trr  =  0     for     v  =  0. 
Thus      ^/  =  27rS(-  1)"(2  w  4-  l)9<'»+i)'  =  2  Tr^iHCl  -  y*»)».         (4 

0 

These  four  functions  (^J,  <9q,  /^j,  (^3  considered  as  functions  of 
the  complex  variable  q  are  of  extraordinary  interest  from  the 
standpoint  of  the  theory  of  functions.  As  we  have  already  seen, 
for  these  series  or  products  to  converge  absolutely  it  is  necessary 
that  I  9 1  <  1.  There  is  nothing  remarkable  about  this.  The 
series  2     ^ 

log(l4-2)=|-|-l-- 

does  not  converge  absolutely  unless  1 2 1  <  1;  but  by  analytic  con- 
tinuation it  is  possible  to  extend  the  function  represented  by 
this  series  beyond  the  unit  circle.  The  thing  which  is  so  re- 
markable about  the  series  1),  2),  3),  4)  is  that  it  is  quite  impos- 
sible to  extend  them  by  analytic  continuation  beyond  the  unit 
circle  in  the  ^plane  for  the  reason  that  the  functions  defined  by 
them  become  infinite  in  the  vicinity  of  every  point  on  this  circle. 
Here,  then,  is  a  class  of  functions  utterly  different  from  all  the 
functions  of  elementary  analysis.  These  latter  are  defined  for 
the  whole   plane,  isolated  points  excepted.     The  four  functions 
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^0'  ^1'  ^2'  ^i  *^^'  ^^  ^^®  other  hand,  defined  only  for  points  which 
lie  within  the  unit  circle. 

If  we  replace  q  by  its  value  q  =  e"^  and  consider  these  func- 
tions as  functions  of  a»,  we  find  that  they  behave  in  a  most  remark- 
able manner  when  m  is  replaced  by 

o>  = — -,  (^0 

a,  i,  c^  d  being  integers  such  that  ad  —  hc^\. 

The  00 '  transformations  5)  form  a  group  G^  and  by  the  aid  of 
the  functions  ^^^  <9|,  9^^  d^^  we  can  construct  functions  which 
remain  unaltered  for  G  or  for  some  subgroup  of  G. 

One  of  the  simplest  of  these  functions  is  the  modulus  Ifi  of  the 
«n  function.     We  shall  show  directly  that 


This  function  remains  unaltered  by  the  subgroup  of  O-  charac- 
terized by 

a=l,     6  =  0,     (?=0,     d  =  l,  mod2.  (6 

For  this  reason  all  functions  of  this  class,  that  is,  one-valued  ana- 
lytic functions  which  remain  unaltered  for  the  substitutions  of 
G  or  for  one  of  its  subgroups,  have  received  the  name  of  elUptie 
modular  functions.  Their  theory  has  already  reached  imposing 
proportions,  yet  the  modular  functions  form  only  a  small  part  of 
a  still  vaster  class  of  functions  called  the  automorphic  funetioni. 
For  these  functions  the  coefficients  in  5)  are  not  restricted  to 
integers. 

2.  Returning  now  to  our  (9's  with  zero  arguments,  let  us  prove 
a  relation  of  grecU  importance : 

From  1),  2),  3),  we  have 

V,«?g  =  2  q^n  (1  -  9»-)8(l  +  fy(l  +  ?*-')«(l  -  5*-»)*. 
Now  from  135,  1), 

n  (1  +  9»»)(1  +  j*-')(l  -  y^-')  =  1. 
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Thus  ^^^^^^  ^  2  qin  (1  -  j^)8. 

Comparing  this  with  4)  gives  7). 

195.  Definition  of  sn^  en,  dn  as  ^  Quotients.  1.  With  the  four  i9 
functions  we  can  form  12  quotients 

^        r,.  =  0,1,  2,  3, 

six  of  which  are  reciprocals  of  the  other  six.  Of  the  remaining 
six,  three  are  quotients  of  the  other  three.     Let  us  therefore 

consider  ^^         M^         Mil  n 

"^oW  '^oC")  ''oC")'  ^ 

These  admit  as  periods,  respectively, 

2,  (o     ;         2,  1  +  a>     ;         1,  2  o).  (2 

The  poles  of  these  functions  are  the  zeros  of  the  denominators. 
In  a  parallelogram  constructed  on  the  above  periods,  each  of  the 
above  quotients  has  two  simple  poles  respectively.  They  are 
thus  elliptic  functions  of  order  2,  and  the  above  parallelograms 
are  primitive. 

Without  assuming  any  knowledge  whatever  of  the  functions 
ifiy  en,  ditt  let  us  study  the  three  elliptic  functions  1). 

We  will  begin  with  q  /  \ 

and  find  the  differential  equation  which  this  satisfies.  To  this 
end  we  use  165,  14.     Here  the  poles  are 

Hence  the  zeros  of  -2  are 

dv 

=  i^     ,     1  +  ^^     ,     J  +  «    ,     l  +  »  +  i,       mod  2,«. 

To  find  the  values  of  j(o)  at  these  points  let  us  set 

^  =  VA  (3 
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and  use  the  relations  in  191.     Then 


Thus 


Let  us  set 


(fy=C'(l-*9»)(*-5«). 


Vifc        Vifc  »o(.^) 


We  get  ^^ 


av 


To  determine  c  we  have  from  4) 


For  V  =  0,  this  gives 

The  right  side  of  5)  reduces  to  c  for  v  =  0.     Hence 

or  using  3)  and  194,  7),  we  get 

Putting  this  value  of  c  in  5)  and  setting 

U  =  irvd^  (6 

we  get  , 

^  =  V(l-«a)(l-*a«2).  ^7 

au 
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Let  us  therefore  define  three  functions  of  u  by  the  relations 


*8 


(8 


(9 


(10 


dz 


where  v  is  related  to  u  by  6).  Then  if  k  is  defined  by  8),  we  have 
shown  that  z  =  »nu  satisfies  the  differential  equation  7).  As 
2  ss  0  for  tt  <a  0  we  see  that  u  considered  as  a  function  of  »  satisfies 
the  relation  ~ 

Jo     V(l-2»)(1-P2») 

The  function  8)  is  therefore  indeed  the  old  sn  function  studied  in 
Chapter  XI. 

2.  Before  showing  that  9),  10)  are  our  old  en,  dn  studied  in 
Chapter  XI  let  us  note  the  periods,  zeros,  and  poles  of  the  functions 
8),  9),  10). 

The  periods  may  be  read  off  from  2).     If  we  set 


we  have  as  primitive  pairs  of  periods : 


(11 


PSRIOM 

sn  u 
cnu 
fin  u 

4  if,  2iA^' 

4  A,  2  A'  +  2  iK' 

2  A,  4 1  A' 

As  zeros  and  poles  we  have 


Zkbos 

POLM 

9nu 
cnu 
dnu 

2  m  A  +  2  m'iK' 

(2m  +  l)A+2m'<A'' 

(2m  +  l)A+(2m'  +  l)tA' 

2  mA-  +  (2  m'  +  l)tA' 
2  mA  +  (2  m'  +  l)tA' 
2  mA-  +  (2  m'  +  l)iA^' 

436  FUNCTIONS  OF  A  COMPLEX  VARIABLE 

3.  We  also  note  that  from  191  we  have 

«w  (u  4-  2  K)  =  —  «n  w, 

cn(M4-2^)=-(?nw,  (12 

dn  (m  4-  2  JT)  =  dn  u. 

«w  (u  +  2  f  JT')  =  «n  u, 

cndu  -f-  2  iiT')  =  -  (?HM,  (13 

dn  (w  -f  2  tif')  =  —  dn  w. 


dn  u 


dnu 


Ar»nii 
«t(i«  +  »^)=.^?^,  (16 


t«nu 


c?n(tt  4-  ir+  iiTO  =  f^,  (16 

Arcnu 

dn(w  4-  K+  ilC^  =  *Z^5J^^ 

cnu 

4.  We  now  show  that  the  functions  9),  10)  are  the  en^  dn  func- 
tions considered  in  Chapter  XI,  that  is,  we  show  that  the  functions 
9),  10)  satisfy  the  relations 

cn^ti  =  l  — «n'ti,  (IT 

dn2w  =  1  — i^^n^ti.  (18 

Let  us  prove  18) ;  the  proof  of  17)  is  similar. 

The  function  drfiu  has  2K^  2  iK  as  a  primitive  pair  of  periods 
as  seen  from  12),  13). 


THE  THETA  FUNCTIONS  437 

The  zeros  of  dn^u  are  s  JT+tjK'.  Its  poles  =  iK\  BotK 
zeros  and  poles  are  of  order  2. 

On  the  other  hand,  1  —  ^«n^u  has  the  same  periods,  zerosy  and 
poles  and  to  the  same  order.  Thus  the  two  members  of  18)  can 
differ  only  by  a  constant  factor  (7.  To  determine  this,  we  set 
ti  =  0.     This  gives  at  once  (7=1. 

5.  Finally  let  us  show  that  F,  V^  as  defined  in  3),  14)  satisfy 
the  relation  F  +  *'«  =  1.  (19 

In  fact,  setting  u^  Kin  18),  we  get 

drfiK^l^BitfiK.  (20 

But  from  14)  drfiK^  V^    ,    Bn^K^l. 

This  in  20)  gives  19). 

196.  Numerical  Calculation.  1.  Let  us  now  show  how  to  calcu- 
late K^  K\  9nu^  etc.,  by  means  of  the >9's  when  the  modulus  k  is 
given.     We  have 

Vp_^n_l-2^4-2^-~2^4->>-  .1 

(>3     1 -h2g4-2j*  +  29»4-  — 

When  q  is  small,  we  have  approximately 

To  get  a  closer  approximation,  we  note  that 

14.  VF     ^a+'^o.       l-h29*  +  29W4-...  ^ 

If  we  develop  the  right  side  of  4)  in  a  power  series  in  q  and  in- 
vert this  series,  we  get 

9  =  Z  +  2P-hl5P4-150p8+ ...  (5 

This  series  converges  with  great  rapidity.     For    example  let 

A«-f     We  find  that     ^^.0432139... 

On  the  other  hand  ,=,.0432136... 
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This  shows  that  the  first  term  of  5)  gives  q  correctly  to  6  deci- 
mals for  this  value  of  k. 

Having  found  q^  we  get  K  by  the  relation 


(6 


As  _-  A 

we  can  write  6) 

^  IT      1+VF  l+V*' 

which  converges  more  rapidly  than  6). 
To  get  £^  we  use  191, 1)  and  195,  11),  which  give 

q  =  e     * 

The  values  of  sn  u,  cnu^  dnu  for  a  given  u  and  k  are  now  found 
from  196,  8),  9),  10). 

2.  Suppose  on  the  contrary  the  value  of  z  in 

z  =  «n  (tt,  At)  (9 

is  given,  and  we  wish  to  find  the  corresponding  values  of  u.    We 
start  from  the  relation  195,  10) 

dnw=VP?4^     ,     u  =  2Kv.  (10 

From  this  we  get 


^-f"«©=i'''-'->«©-        <» 


(II 


j^_       VF       _  ^^(\(v)      1  —  2  g  cos  2  7rt;.4-  2g^co8  4jrt> 

""  -yJYZTk^^     «?8(^)  ~  1  4-  2  9  cos  2  Trv  4-  2  J* C084  Trv  H — " 

As  a  first  approximation,  this  gives, 

IT—  1  —  2  7  cos  2  irv 
1  -f-  2  g  cos  2  irv 

cos2  7rt;  =  --  • -.  (12 

2    yi-h  r  ^ 
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To  get  a  formula  which  converges  still  more  rapidly,  we  set 

_       2(^qcoa2'irv  + ^cos6wv  + ••')  ^,0 

~  1  +  (2  5*  cos  4  iro  +  2  jB  cos  8  iTtf  + —) ' 

As  a  first  approximation,  this  gives 

cos  2  TTV  =  -^  .  IT.  (14 

2q 

197.  The  B  and  Z  Functions.  1.  The  <9  functions  depend  upon 
two  variables  u  and  q.     Let  us  set 

Sr(u,K,IC)=i^r(j^^q)    .    r=0,l,2,  3,  (1 


Kt 


7 


where  as  usual  -'j^-  n  a  ^^  n  ^c% 

The  properties  of  the  B's  may  be  read  off  at  once  from  those  of 
the  fJ's ;  in  particular : 

The  Sr(u^  Ky  ir^  are  Jiomogenous  functions  of  0  degree  in  u,  JT, 

Jacobi  denoted  ©oC^)  ^7  ®(^)  ^^^  ®i(^)  ^7  H(m)  ;  H  is 
Greek  eta.  We  shall  not  use  the  H  notation,  but  shall  at  times 
write  8  for  8^. 

2.  By  means  of  any  one  of  these  B*s  we  may  express  an  elliptic 

function  by  virtue  of  the  following  theorem: 

Letf(u)  he  of  order  m  and  have  2  K^  2  iK'  as  a  primitive  pair 

of  periods.     Let  _  _ 

•^  ^  <?r  ^2'  •••  ^"»     5    Pv  Pt*  •••  P^ 

he  a  system  of  incongruent  zeros  and  poles.     Then 

where  fi  is  determined  by  AheVs  relation 

2(?^  -  2/>^  =  2  \K^  2  /AtJT'.  (4 

The  proof  of  this  follows  along  the  same  lines  as  166,  8. 
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Example  1.     Let  us  prove  the  important  relation 

*       eg(u)e2(v) 

which  for  brevity  we  will  write 

L(u)  =  OR(u), 

V  being  regarded  as  a  constant. 

For  L(u)  having  the  periods  o>|  =  2  jBT,  o»2='  ^tJT',  vanishes  at 

the  points 

<?i  =  r,  <^2  -  -  ^• 

The  poles  of  L  are  .  i^,  _ 

being  double.     Thus  4)  becomes 

0  -  2  liT'  =  X  2  iT-h  M  2  liT'. 
Hence  fi  =  —  1.     Thus  3)  gives 

Replacing  8i(w)  by  its  value  expressed  in  terms  of  8o(^)»  ^^ 

1    wfw 

found  from  191,  we  get  5).     The  constant  is  found  by  setting 

M=0. 

Example  2.  In  a  similar  manner  we  may  establish  another 
important  formula : 

^8(«)®§(») 

3.  With  the  B's  we  can  define  four  new  functions 

^'<^"> iii eTOO    '    »^=^'^'2,S.  (7 

For  Zo(u)  Jacobi  wrote  Z(u),  and  we  shall  adopt  this  notation 
at  times.  In  developing  his  theory  of  elliptic  functions  Weierstrass 
defined  the  ^^(u)  function  analogous  to  Jacobi's  Z(u). 
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The  properties  of  the  Z's  may  be  read  oflf  from  the  correspond- 
ing I?  relations.     Thus  we  have: 

Z(u  +  2  iT)  =  ^Wi  .g 

K 

These  show  that  — -  is  an  elliptic  function  having  2  JB^  2  iK!  as 

periods.  This  function  is  analogous  to  Weierstrass'  p  function. 
In  a  moment  we  shall  show  that  Z\u)  differs  from  dr?  u  only  by  a 
constant. 

The  addition  theorem  of  Z(u)  is  obtained  from  6)  by  logarithmic 
differentiation.     Thus 

^Fr     *    ^  ^   rwr         N      c%  fwr  ^         2  A:^ nv? vsnu  cnudnu       ^n 
2(«  +  «)+Z(»-r)-2Z(u) __^___^__.      (9 

Interchanging  u  and  v  gives,  on  noting  that 

Z(-u)=-Z(w),  (10 

Adding,  we  get 

Z(u 4- v)  —  Z(w)  —  Z(v)  =  —  k^8nu8nv8n(^u-{'  t;).        (11 

By  logarithmic  differentiation  of  the  i?  relations  in  191  we  get, 
without  trouble: 

Z(M ±  iK')  =  Z(u)  +  ^"^""  T -^  (13 

9nu         2  K 


2ir 

We  have  also 

Z(0)=o  ,  z(2r)=o  ,  z(ir+ t\r) = -  j^  ,  ziiK')=ca.  (i4 
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198.  Hermite's  Formula.  The  reasoning  used  to  establish  168, 2) 
may  be  applied  at  once  to  Jacobi*s  Z  and  gives,  using  the  same 
notation  as  before,  a  celebrated  formula  due  to  Hermite : 

4-  B^Z^iu -  6) -5aZ^(ti -  6) 4-  -  +  ^Z^^K^'^ Z^^^-^^u-^V)    (1 

(/i—  I): 

4-  •••  +  constant. 

Example  1.    Let  us  make  use  of  1)  to  show  that 

drflu  =  Z\u)^Z\K+  iKy  (2 

For  the  poles  of  drflu  are  =iK'  and  are  double.     By  195,  15), 

dn(u  +  iK'^  =  -; = 1-  ••• 

tsnu         u 

Thus  the  characteristic  of  dn^u  at  the  point  u  =  %K'  is   — r. 
Hence  in  1),  ^j  =  0,  -4^  =  —  1  and  thus 

drflu^Z^iu-ilC)-^  C 

=  Z'{u)  +  (7,  using  197,  13).  (3 

To  determine  (7  set  w  =.  Jr4-  ilO  and  recall  that  dn(^K+  ilC)  =  0. 
This  gives  (7=  -  Z^K-^-  iK'},  which  in  3)  gives  2). 

Example  2.     In  the  same  manner  we  show  that 

1 


srfiu 


=  Z'(^0)^ZXu'hiK').  (4 


Example  3.     Let  us  show  that 
1  1 


9fru  —  Bn^v     snvcnvdnv 

To  this  end  we  note  that  the  poles  of  the  function  of  u  on  the 
left,  call  it  ^(w),  are  it  =  ±  v.  To  find  the  characteristic  of  g(u) 
at  the  point  u  =  v  we  have 

snu  —  snv   snu-^snv     snu—snv    A(m) 
Let  us  set  w  =  V  4-  w.     Then, 

A(u)  =  A(v  4- w)  =  A(t;)4- t^A'(v)4-  ••• 

=  2  «nv4-  ••• 
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Thus 

g(U)  =  J •  t; 

=  7z J —  • h^hififher  powers  of  u  —  v. 

Thus  ^  ^ 

Char  g(u)  =s 5 —  . . 

iP3«  z  anvcnvdnv   u^.v 

The  characteristic  of  g  at  the  point  u  =  ~  t;  is  the  same  term  with 
a  minus  sign.     Hence  1)  becomes 

-2 2-=  o :7 —  { ^^4-  Zi(m  -  v)-  ZJu  +  v) j.        (6 

In  this  let  us  replace  w  by  w  -h  tK\  we  get 

1  —  fCr in* u sn* V     Z  snvcnv an v 
If  we  set  here  w  =  0,  we  get 

(7=2  ZCv}. 
This  in  6)  gives  5).     From  7)  we  get 
i^snv  cnvdnv  sn^u 


1  —  k^tt^i^usn^v 


=  Z(t;)+  ^  Z(w  -  r)-  i  Z(w  4-  v).        (8 


199.  Elliptic  Integrals  expressed  by  B  Functions.   Let 

F=ffix,  y^dx  (1 

where /is  a  rational  function  of  x  and  y  and 

y  =  V(l-ar»Xl-*^)-  (2 

In  178,  10)  we  saw  that  we  can  write 

F^  Cl!dx+  f^dx  (8 

where  E  and  Q-  are  rational  functions  of  x.  The  first  integral  on 
the  right  can  be  expressed  by  the  elementary  functions.  Let  us 
look  at  the  second.     We  have 

a  ==  xH(x^^  4-  L(x^^, 
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where  J7,  L  are  rational  functions  of  a?.     Hence 


J  y       J       y     J     y 


In  the  first  integral  on  the  right  let  us  set  ^  a  2^,  it  becomes 

dt 


ifm) 


V(l-0O-*^; 


which  can  be   expressed   by  elementary  functions.     Thus   the 

general  elliptic  integral  1)  reduces  to  the  elementary  functions 

and  the  integral  ^  ^  , 

^  <t>^f^.  (5 

J   y 

where  2/  is  a  rational  function  of  a^. 
Let  us  change  the  variable  by  setting 

Then 


dz  =  V(l  -  a:«)(l  -  kh^)du  =  yrfu, 

and  5)  becomes  /• 

<^=.  I  R(^z^du.  (6 

Here,  i2  being  a  rational  function  of  3^^  is  an  elliptic  function 
admitting  2Kt  2  ilC  as  periods.     Hence  by  198,  1), 

B  =  A^Z^(u  -  a)  -  A^Z[(u  -  a)  +  ••• 
4-  B^Z^Cu  -  6)  -  5jZ/(w  -  6)  4-  — 

-I-  ...-+-  01 

This  in  6)  gives 

^  =  ilj  log  8i(w  —  a)  —  A^Z^(u  —  a)  -h  ••• 
4-  5i  log  B(u  -  6)  -  5aZi(t4  -  J)  4.  ...  (7 

+  ...  +  Ou  +  B. 

200.  The  Elliptic  Integral  of  the  2°  Species.  This  we  saw  in 
180, 1)  is  


f 


vv^ 
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If  we  set  x=z  snu  it  becomes,  putting  in  the  limits  0,  u, 

JE(^u)  =  I     dn^  u  du 

=  Z(m)  -  uZXK+  iK'^  (2 

on  using  198,  2). 

We  have  already  called 

jE=   C  dffiudu 

the  complete  integral  of  the  2^  species.     This  corresponds  to  K^ 
the  complete  integral  of  the  1°  species. 
Let  us  set  in  analogy  to  iK*^ 

/•K+iK' 

iff=   I  dn^udu. 

If  we  set  tt  =  IT  in  2),  we  get 

^^^^  Udu)  =  Z(w)  +  M  =|..  (3 

Replacing  u  by  u  4-  2  JT,  and  t<  4-  2  ilC  and  using  197,  8),  we  find 

jE(u  4-  2  JST)  =  ^(w)4-  2  JB; 
JEdu  4-  2  tiro  =  ^W  4-  2 1 J5r.  (4 

'^^^  E^K  -^tK')^jE'^  iff.  (5 

In  3)  let  us  set  ti  =  ir+  iK\  we  get,  using  197,  14), 

js?ir- J5rir=|,  (6 

which  is  the  Legendrian  Relation^  whose  analogue  in  Weierstrass* 
theory  is  171,  8). 

From  197,  11)  we  have  the   addition  theorem  of  the  elliptic 
integral  of  the  2°  species, 

E(u  4-  v)=  J?(w)4-  E(y)—  k^9numv9n(u-\-  v).  (7 

To  calculate  E  we  differentiate  8),  getting 

dfflu^  Z\u)  4-^- 
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Setting  tt  as  0  gives 

201.  The  Elliptic  Integral  of  the  S""  Species.  1.  We  saw  in 
180,  1)  that  the  elliptic  integral  of  the  3^  species  used  by  Le- 
gendre  is  /•        i 

J  (1  +  w: 


dx 


»^)  V(l-a?Xl-*^) 
This  differs  only  by  a  constant  from 

dx 


J  c^- 


o")    V(l-a«)(l-A*ra) 
Let  us  set  ^^,„„    ^    a^mv. 

Then  we  can  write  1),  putting  in  the  limits  0,  u, 


(1 


0    Sn^  U  —  871^  V 


(2 


Making  use  of  198,  5)  gives 

Jo  »n2M  — «n*i;     «nv  <?»t;awt;  I  2        8i(v-fv)j 

taking  that  branch  of  the  log  which  s  1  when  u  =  0. 

The  relation  2)  shows  how  the  calculation  of  the  integral  1) 
may  be  effected  by  means  of  the  B  series,  which,  as  we  remember, 
converge  in  general  with  great  rapidity. 

2.  Instead  of  the  integral  2),  Jacobi  took  as  normal  integral  of 
the  3**  species 

n(w,  v)  =  I    — — — —  du.  (3 

Jo       l  —  k^sn^um^v 

Using  198,  8),  we  find  that 

n(M,  v)  =  uZiv)  4- 1  log  y^-^),  (4 

taking  that  branch  of  the  log  which  =  1  when  u  =  0. 


THE  THETA  FUNCTIONS  447 

From  4)  we  have  a  remarkable  theorem  due  to  Jacobin  which 
states  that  when  the  argument  u  is  interchanged  with  the  param- 
eter V  in  3)  we  have 

n(w,  v)  -  uZ(y)  =  n(t;,  u)  -  t;Z(u).  (5 

It  follows  at  once  from  4). 

From  4)  we  have  at  once  the  addition  theorem  of  the  integrals 
of  the  3^  species.     Denoting  the  parameter  now  by  a,  we  get 

U(u  4-  V,  a)  —  n(ii,  a)  —  11  (v,  a) 
^  1  ^      e(u  +  t;  ~  a)B(u  -f  a)S(v  +  a)  ^  ,g 

2    ^  e(w  4-  v  -h  a)e(w  -  a)e(v  -  a) '  ^ 

Relation   between  the   Functions  of  Jacobi  and  Weierstrass 

202.  Relation  between  sn  and  p.  1.  We  have  now  developed  the 
two  kinds  of  elliptic  functions  which  are  in  current  use  to-daj. 
To  have  two  parallel  theories  may  seem  an  embarras  de  richesae; 
it  might  seem  better  to  choose  one  theory  and  discard  the  other. 
Perhaps  one  day  that  will  be  done,  but  at  present  we  stand  too 
near  the  time  when  only  the  functions  of  Jacobi  were  employed  to 
neglect  these  latter.  Besides,  each  set  of  functions  has  its  good 
points,  and  each  suffers  from  the  defects  of  its  very  virtues. 
Since  then  we  have  these  two  classes  of  functions, 

pu       ,     o-(tt)     ,     ?(w)  ,•••^a,y8^••• 
we  must  ask  what  is  their  relation  to  one  another.     Let  us  begin 
with  pu,snu. 

In  186,  9)  we  saw  that 

9n(u,  A)  =  V^i  -  «2  (Tq^J        ^     =,  ©J,  «2  J,  (1 

^V  gj  —  ^2  / 

where  e^  e^^  e^  are  such  that 

«i  —  «2 
as  given  in  186,  7).     From  172,  16)  we  can  also  write 


V^i  — 


fi 


^(u,  Jfc)  =  —  —1      -a  (3 


VK;^'"^'"0" 


H 
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The  periods  o(  snu  are 

From  3)  we  have 

p(u,  0)1,  «,)=  ej  +  ^aZ^J_-— -  (5 

2.  Let  871  te  have  the  periods  4  IT,  2iK\  then  ^n'lc  has  the 
periods  2  IT,  2  tiT'.  Let  />(u)  be  a  />  function  constructed  on 
these  periods.     Then  ^ 

have  a  double  pole  in  their  common  parallelogram   of  periods. 
Their  characteristics  at  w  =  0  are  both  —  •     Hence  the  two  func- 

tions  6)  diflfer  only  by  an  additive  constant.     To  find  this  we 
develop  both  functions  6)  about  the  point  u  =  0.     We  have 

8n 


(a      1  +  A2   2^       \ 


=  l4.1±^4- 


Thus  by  165,  lo  ^         1 

K^)=J kl  +  *^).  (7 

9nru     6 

From  7)  we  can  get  the  relation  between  />(tt)  and  «nu  when  f 
has  the  periods  2  a)^  2  cd,  and  «n  the  periods  4  IT,  2  xK* . 

For  let  us  suppose,  as  we  always  do,  that  the  indices  1,  2  are  so 
chosen  that  if  we  set 

T  =  ^  (8 

then  Ord  t  >  0.     We  then  set 


V*  =  ^^    , 


ol 
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Then  7)  gives  ^t  r      j         j      ^. 

Differentiating  10)  gives 

203.  The  e^  e^,  e^  in  Terms  of  the  <9*s.    In  202, 10)  let  us  set 
u^  (Oi^  (Oq,  0)3.     Then 

Ku 


0)1 


becomes^    ,    iK'     ,     -(jBT+fiT'). 


j9?i  becomes  e^     ^     e^        1     ^3  • 
becomes  1,0         ,     A:*. 


nKu 


Hence 


a>i 


^1  +  <?2  +  <^8  =  ^• 


and 

From  1)  we  get 

-      4*.  —  p^-^k:^ p.  —  p_  =  fr* , 


«i-^2=     o      '     ^1-^3  =  *'''^-^     '     ^8-^3  =  *'"-r*        (2 


1 

Hence 


6)?  "  O) 


,        ,.3  ,.3  —  n,     — - 


^o  —  i^o  f  /o        ^1  —  f' 


yt2^'^^3_^       ,       A./2  ^ '^l.-JlS,  ^3 


f  1  —  ^2  ^1  ~  H 


If  now  we  put  in  the  values  of  i^,  y\  K  in  terms  of  the  i^'s,  we 
find 


^1 


«8 


"KfJ""-'^'- 
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Their  differeDces  give 


*'»-*« =(2^)''^' 


204.  Relation  between  as  and  <9 s.    The  two  functions 

a(u,  2  ©1,  2  ©2)     ,     ?>/t;,  t), 
where 

are  integral  transcendental  functions  having  the  same  zeros.    Thus 
by  Weierstrass'  theorem,  140,  l, 

where  g  is  an  integral  function. 

If  we  take  the  second  logarithmic  derivative,  we  find  as  in 
166,  1  that  ^"  ss  constant.     Hence 

=  Ae^^'^aCuy  (1 

As  ??i(v),  o-(w)  are  both  odd  functions, 

*"■  e»«  =  l    ,    hence  J  =  0. 

To  determine  A  and  <?  let  us  develop  both  sides  of  1)  about 
w  =  0.     We  have  o 

e"**  =  1  -f  cru*  4.  ... 

These  in  1)  give 

Wtt^H-  -B-H+  •••  =  Aw4-c-dM»+  ••• 
2  0)^      b  8  0)? 
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Hence  ,y,  j    ^,,, 

A  =  — L  c  = ^— • 

2  ©1  '  24  a)2(y; 

Thus  1)  becomes 


We  can  give  this  relation  another  form.     We  have 

Thus  iC/-     V 

\-2^'  V=- ^2^)  =  2.J; *  '^" ^ ^ "»^' 


or 


2  o>j  2  o>, 


This  gives  i^ 

^6  a;L-'  "'g2'h<«+-«'=l. 


or  1  ^/// 

This  in  2)  gives 

^.(jL).Ar"™fryV(.).  (4 

\:i  o>,/     2  o>i 


aatf. 


we  have  at  once 


■,(m)  =  e       ^*"' —J-, 

"a 


«ra(u)  = «      ^'-^      ^:  ""'^ .  (6 


ffgCw)  =  e       ^*"'  — i-  . 

*'8 
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From  these  relations  we  get 

en  (it,  t)  =  — -,  (C 


"^("^ 


u \' 

)  =  ^— r- 


dn  (m,  t^ 


AUo  we  find        _  ,      >,      V<j,  —  «« 

Vjtm  —  ej 


en (y,  t)  =    f^     \       u^—^=^  (7 


Vpi*  —  e. 


CHAPTER  XIII 

LINEAR  DIFFERENTIAL  EQUATIONS 

205.  Introductory.  1.  In  the  last  three  chapters  we  have  given 
a  brief  account  of  the  elliptic  functions.  These  functions  are  of 
great  importance  in  themselves ;  thej  also  furnish  a  striking  and 
brilliant  example  of  the  great  power  and  usefulness  of  the  theory 
of  functions  of  a  complex  variable.  As  usually  happens,  these  two 
theories  have  mutually  aided  each  other.  The  function  theory 
has  furnished  the  viewpoint  and  instruments  of  research;  the 
elliptic  functions  in  return  have  furnished  fresh  problems  which 
have  given  rise  to  a  broadening  and  deepening  of  the  function 
theory.  Without  the  notion  of  a  complex  variable,  the  imaginary 
period  of  the  elliptic  functions  would  never  have  been  discovered, 
and  without  this  period,  there  would  be  no  theory  of  double 
periodic  functions.  Yet  the  double  periodicity  is  their  most  im- 
portant and  characteristic  property. 

2.  Another  theory  which  has  been  revolutionized  and  put  on  an 
entirely  new  basis  by  the  advent  of  the  theory  of  functions  is  the 
theory  of  differential  equations.  In  the  old  days,  a  differential 
equation  meant  merely  this :  Find  some  combination  of  the  ele- 
mentary functions  which  satisfies  it.  The  simplest  type  of  differ- 
ential equation  has  the  form 

whose  integral  is  formally  given  by 

But  already  the  simple  differential  equation 

dy^  ^^  (1 

V(l-a:3)(l-Hi^) 

could  not  be  integrated  in  terms  of  the  elementary  functions. 
The  problem  of  integrating  a  differential  equation  was  a  kind  of 

458 
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game  of  hide  and  seek,  the  solution  being  usually  so  well  hidden 
that  no  amount  of  seeking  could  discover  it. 

We  owe  to  Cauchy  an  entirely  new  point  of  view.  He  first 
taught  us  to  regard  a  differential  equation  as  defining  a  function 
whose  properties  are  to  be  unfolded  by  a  study  of  the  equation 
itself.  This  method  we  have  already  illustrated  in  studying  the 
differential  equation  1).  We  propose  now  to  apply  it  to  a  broad, 
class  of  equations  called  linear  homogeneous  differential  eqiuUiom. 
They  have  the  form 

the  coefficients  p  being  analytic  functions  of  the  complex  variable 
X.  Such  an  equation  is  said  to  be  of  order  n.  We  shall  restrict 
ourselves  to  n  =s  2 ;  moreover  we  shall  generally  suppose  the  co- 
efficients  to  be  rational. 

A  number  of  important  functions  in  analysis  satisfy  such  equa- 
tions, and  we  have  chosen  these  equations  for  the  same  twofold 
reason  that  induced  us  to  choose  the  elliptic  functions,  viz.  to 
illustrate  the  general  principles  of  the  function  theory,  and  to 
develop  the  properties  of  certain  functions  of  great  importance. 

Examples  of  this  type  of  equations  are  the  following: 

Example  1.  The  polynomials  of  Legendre  satisfy 

(l~i«^)g-2a:g  +  n(n+l)y  =  0.  (3 

Example  2.  The  associated  Legendrean  functions  satisfy 

O-^)S-2(m-hl>^H-Jn(n4-l)-m(m4-l)|y  =  0.       (4 
aar  ax 

Example  3,    BesseVs  functions  satisfy 

^?l  +  ^3^  +  (^-^')y  =  0.  (5 

dsr         ax 


Example  i.    The  functions  of  LamS  satisfy 

ax 

1  ax-^h 


^/   1 

d3?     i 


X  ~~  C»j  X  ~~   en  X  ""■   €o  J 


4  (a;  -  ei)(a;  -  ej)(x  -  «,) 


y  =  0.      (6 
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Example  5.    The  hypergeometric  function  satisfies 

We  notice  that  all  these  equations  have  rational  coefficients. 

8.  The  general  theory  of  linear  homogeneous  differential  equa- 
tions was  first  studied  by  Riemann.  It  owes,  however,  its  present 
perfection  largely  to  L.  Fuchs,  who  began  his  researches  in  this 
field  about  1866,  and  to  a  stately  array  of  mathematicians  who 
have  followed  in  his  wake.  Prior  to  Riemann  we  may  mention  as 
especially  important  the  early  investigations  of  Gauss  and  Kum- 
mer  of  the  hypergeometric  differential  equation  7). 

206.  Existence  Theorem.  1.  Instead  of  the  general  equation  2) 
of  the  last  article  let  us  consider  one  of  the  second  order 

the  coefficients  />i,  p^  being  analytic  about  the  point  a?  =  a.  We 
propose  to  show  that  1)  admits  an  analytic  solution 

y  =  6o-»-*i(a:  —  a)  4-  ^qC^  —  ^)^  +  •*•  (2 

which  is  uniquely  determined  by  the  initial  conditions  that  y  and 
y'  shall  have  assigned  values  y  =  a,  y'  =  /8  at  2;  =a  a.  The  reason- 
ing we  shall  employ  can  be  easily  generalized  so  as  to  apply  to  the 
general  case  of  order  n.  By  using  an  equation  1)  of  second 
order  we  simplify  our  calculations  without  sacrificing  the  general 
method. 

Suppose  for  the  moment  that  1)  admits  the  analytic  solution  2). 
The  coefficients  b^  are  determined  as  follows.     From  2)  we  have 

y («) = *o  '   y'  («) = *r  •  •  •  y ^'•^  (a) = n :  6«, 

This  gives  at  once      ^^  ^  ^^  j^  ^  ^ 

From  1)  we  have 

Let  us  set  ^,  =;>,(«)    ,    A,^p,Cay 

then  the  last  relation  gives 

2 !  63  =  b^A^  4-  fto^  =  /3Ai  4-  aA^.  (3 

Differentiating  1)  we  get  y'"  in  terms  of  y,  y\  y''  or 

/"  =;>i/'  ^p\y''^Piy'  -^p'^-  (4 
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If  we  set  here  a;  =  a,  we  get  63.     In  this  way  we  may  continue 
and  so  determine  one  coefficient  b  after  another. 

This  shows  that  only  one  analytic  solution  2)  with  a  given 
set  of  initial  conditions  is  possible.  The  form  of  these  &'s  is  im- 
portant.    To  determine  it  let  us  set 

These  are  simply  the  development  of  p^  p^  in  power  series,  since 
by  hypothesis  they  are  regular  at  2:  =  a. 

The  relation  8)  shows  that  6,  is  an  integral  rational  function  of 
a,  fi  and  p^Q^  p^.  The  relation  4)  shows  that  (3  is  an  integral 
rational  function  of  a,  )8,  p^^,  p^,  p^y  p^^.     Thus  in  general 

K  =  FniK  K  Pio^  Piv  P2o^  Pai  •••  )  (6 

is  an  integral  rational  function  of  the  enclosed  letters  with  posi- 
tive coefficients. 

2.  Having  shown  how  to  determine  a  solution  2)  which  for- 
mally satisfies  1),  let  us  show  that  this  solution  converges  for  all  x 
which  lie  within  a  circle  St  about  x  =  a^  and  which  reaches  to  the 
nearest  singular  point  of  the  coefficients />i(a:),  P2i^}  of  1). 

To  this  end  we  seek  a  simple  differential  equation  of  the  same 
type  as  1),  which  we  know  admits  an  integral 

«  =  ^Q  4-  c^(z  —  a)  +  <?a(2  —  «)^  4-  •••  (7 

converging  within  ff,  such  that 

)8n<7..  (8 

Here,  as  we  have  so  often  done  before  when  dealing  with  series, 
we  denote  the  absolute  values   by  the  corresponding   Greek  or 
German  letters.     Thus  in  particular  )8„  =  |  ft»  1 1  7»  =  |  ^«  |  • 
Let  this  auxiliary  equation  be 

^^^'^  ?i=^9,,(r-a,»     ,     92=2ftXa:-aX  (10 

0  0      . 

are  the  development  of  jj,  q^  in  power  series  about  2;  s  a. 

Now  whatever  the  Ji(a;),  q^C^^  ^^'^^  ^^®  coefficients    c^   must 

satisfy  the  relations 
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where  F^  is  the  same  function  as  in  6),  only  witli  different  argu- 
ments. 

As  the  coefficients  are  positive  in  11),  the  (?„  will  be  real  and 
positive  when  the  arguments  in  11)  are  real  and  positive. 

Now  Cq,  (?i  being  arbitrary,  we  take  them  real  and  positive  and 
such  that  \  o  \  /D 

If  now  A     -^  H  A     -»  i*  /'I  o 

^m  >  Pin       1       ^:'n  >  P2ny  (12 

then  fi^<F^{fi,.  l3vPio"'P^"0 

<  ^»(7o^  7r  ^10  —  %o  •••)=  7i.i 
or  fin  <  7n. 

Let  us  now  try  to  choose  the  coefficients  jj,  q^  in  9)  so  that  12) 
holds.     By  Cauchy's  inequality 

^^"'"  P.>Mhx|M^)| 

on  jf  whose  radius,  say,  is  R. 

But  then  if  we  only  take  _  P^ 

*  ~  R^ ' 

the  condition  12)  is  satisfied.     In  this  case 

'  x-a\  <  R. 


^  X  —  a 


B 

Thus  our  auxiliary  equation  9)  becomes 

(\-'^^z"  =  P^z'  +  P^.  (13 

We  need  only  to  show  that  7)  is  convergent.     The  ratio  of  two 
successive  terms  of  its  adjoint  series  is 

'h^\x-a\. 

7n+l 
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Thus  7)  will  converge  within  St  if  we  show  that 

lini/j7n±2^1.  (14 

To  do  this  we  derive  a  recursion  formula  to  determine  the  7*8, 
or  what  is  the  same,  the  €*8. 
Differentiating  13)  gives 

Differentiating  again,  we  get 

\  -K      /  It 

In  general  we  see  that 

Setting  a;  =  a  and  noting  that       __  1    (n)r  \ 

nl 
we  get 

(n  +  2)  Ic,^,  -  "<"^^^'g,^,  =(n  +  1)  !i>ic.^,  +  n!i>,c.. 
"^^"^     Rin  +  2):c,^,  =  (n  +  1)!  j»  +  i2P,(<7,^.i  +  n!iJP,«?„ 

"^*        n  +  2     "*'      (n  +  l)(n  +  2)       '"     '^ 
Let  us  now  take  P^  so  that 

RP^  >  2. 
As  the  last  term  in  15)  is  positive,  this  shows  that 

or  ^ 

^.i<l.  (16 

Let  us  now  write  15) 

j^c^2^n+RP^  ^  B?P^  .1^ 


<?«+!         n+2         (n+l)(n  +  2)     i?  tr.^, 
Letting  n  =  ao  and  using  16)  we  get  14). 


V 


V. 
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3.  The  form  of  proof  here  given  is  entirely  general,  and  holds 
for  any  n.     We  have  thus  proved  the 

JExistence  Theorem,     The  differential  equation 

admits  one  and  only  one  analytic  solution  which  together  with  its  first 
n  —  1  derivatives  takes  on  assigned  values  at  x  =  a.  This  solution  is 
valid  within  a  circle  S  which  extends  to  the  nearest  singular  point  of 
the  coefficients  Pi'-'Pn  which  are  regular  about  the  point  x^a, 

^-  L^^  y  =  Jo  +  *i(^  -  «)  +  ^(^  -  «)^  +  -  (18 

be  a  solution  valid  in  ft.  Let  a^  be  a  point  within  if.  We  can 
write  18)  y  =  j;  +  h\(ix  -  a{)  -h  b'^ix  -  a,y  -h  .. .  (19 

which  is  convergent  within  some  circle  ffj  about  x^a^  which 

certainly  extends  up  to  the  edge  of  S  and  may  go  beyond.     If 

we  develop  the  coeflBcients  PmC^^  about  x  =  a^ 

and  put  19)  in  17),  we  get  a  power  series  ___^^ — ^* 

about  a;=aj.     Since  19)  satisfies  17)  within  S, 

it  will  continue  to  satisfy  it  for  all  points 

within    Sj ;    moreover  ftj  will  reach  to  the 

nearest  singular  point  of  the  coefficients  p. 

In  this  way  we  may  extend  the  solution  18)  by 

analytic   continuation.      Thus   we   have   the 

theorem  : 

If  the  function  18)  is  a  solution  of  the  differential  equation  17), 
all  its  analytical  continuations  are  still  solutions  of  17). 

207.    Fundamental  System.     To  each  particular  set  of  initial 
conditions  y  =  a^  y'  =  /3  for  x  =  a  will  correspond  a  particular  solu- 

"o°of  y"  +  py  +  P,i/ =  0.  (1 

Let  yj,  y^  be  two  such  particular  solutions.     Then 

y  =  c^y^  +  c^^  (2 

is  obviously  a  solution  of  1)  also.  Let  us  show  that  we  may  pick 
out  particular  solutions  yj,  y^  such  that  every  solution  of  1)  has 
the  form  2). 


460 
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For  suppose  that  y  is  to  satisfy  the  initial  oonditious 
On  the  other  hand,  suppose  the  initial  conditions  of  y^  are 

yi(«)=«i    .    yi(«)=^i* 

Then  2)  shows  that  we  must  have 
These  two  relations  determine  (Jj,  c^  when 


of  y^  are 


a 


Let  us  set 


1       «2 

/3i     /Sg 


=?tO. 


2>(a:)  =  !^J     -^2 

yl   yi 


(•3 


We  note  that  D(a)  is  nothing  but  the  left  side  of  3). 

Let  us  show  that  if  2)  ^^  0  at  a:  =  a,  it  is  also  ^  0  at  any  point  z 
which  is  not  a  singular  point  of  the  coeflBcients  jt?  in  !)• 

For  since  yj,  y^  are  solutions  of  1),  we  have 

yl-^P\y2-^p^2^^' 

Then  if  2)  s^fe  0,  these  give 


Pi^ 


y\     Vi 

y'i  y% 


Now  we  note  that 


Thus  6)  gives 


or 


^(^) 


(5 


dx 


I)(x)  =  -  D^(x). 

;>,  =  -— log  2)  (x), 

2)  (a;)  =  (7« -/"'<"*'. 


(6 


At  a:  =  a,  2)  is  ^  0,  hence  (7=^  0.  Thus  D  is  always  ^  0  since  D 
cannot  vanish  unless  jt>j(:r)  =  QO.  But  this  point  would  be  a  singu- 
lar point  of  j9|.  The  reasoning  being  entirely  general  we  see 
that : 


yvVi-yn 


a 
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are  particular  solutions  of 
for  which 


(8 


l)ix)  = 


y'v 


y% 


•••y. 
—  y\ 


,(»-» 


tr'' 


,(n-l) 


(9 


y\"  '%    yi"  "  '-y'n 

it  :^0  at  a  point  x^a  at  which  all  the  coefficientt  Pi--  Pn  t^  8)  are 
regular,  then  J):^0  at  all  tuch pointt  in  a  connected  region. 

Such  a  system  7)  is  called  a  fundamental  st/stem,  and  we  have 
the  theorem : 

Mvery  analytic  solution  of  the  differential  equation  8)  ta  a  linear 
function  of  any  fundamental  system  7)  with  constant  coefficients. 

208.  Linear  Independence.  We  have  just  seen  that  a  fundamental 
system  yi,  y^,  ■■■  y.  is  characterized  by  the  fact  that 


J)  = 


yi 

y'x 


•y'n 


y,,-n...y<„-.) 


(1 


is  =^  0.     We  now  prove  the  theorem  : 

For  a  linear  relation  with  constant  coefficients 

<^\y\  +  ^a^a  -I-  —  +  c^^  =  0 
to  hold^  it  is  necessary  and  sufficient  that  2)  =  0  identically. 
It  is  necesitary.     For  if  2)  holds,  we  get  on  differentiating 

<^iyi  4- <?2yJ  4-  •••  +  <?nyi  =  o 


(2 


From  these  equations  and  2)  we  have  necessarily  2>  =  0. 
*  It  is  sufficient.     For  let  i>=  0.     Now  yi*  ya  •••  y*  are  all  solu- 
tions of  the  differential  equation  of  order  n  —  1,  viz. : 


ya^     ys 


y'r 


y'. 


•y; 


^(n-l)^y(-i)^y(«.I)...^(.-l) 


da:' 


dx' 
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For  setting  w  =  yi,  this  determinant  reduces  to  D  which  =s  0  by 
hypothesis.  If  we  set  u^y^^  for  example,  two  columns  of  this 
determinant  are  the  same ;  it  therefore  vanishes  in  this  case. 

Let  then  u^,  ti^,  •••  u,«_i  form  a  fundamental  system  of  3).    Then 
Vi  "'  y%  being  solutions  of  3)  are  linear  functions  of  the  u*s.    Thus 


If  we  eliminate  the  tt's  from  these  equations,  we  get  a  relation  of 
the  type  2). 

In  the  exceptional  case  that  the  coefficients  ff>^^  ^--•inZ^  van- 
ish, it  reduces  to  an  identity.  Then  by  using  a  smaller  number 
of  the  y's  we  would  still  get  a  linear  relation  between  them ;  but 
we  shall  not  urge  this  point  here. 

Thus  we  may  state  that : 

Any  set  yx^  y^"*  yn^f  linearly  independent  solutions  of  a  differen- 
tial equation  of  order  nform  a  fundamental  solution. 

209.   Simple  Singular  Points.     1.   Having  seen  that 

admits  a  solution  taking  on  assigned  initial  conditions  at  any  non- 
singular  point  of  the  coefficients  />p  p^  we  now  turn  to  these  sin- 
gular points  and  ask  how  the  solution  of  y  behaves  about  one  of 
them  as  a;  =  d.  We  shall  restrict  ourselves  to  the  case  that  p^,  p^ 
have  at  most  poles  at  a;  =  a  whose  orders  are  not  greater  than  one 
and  two  respectively.     Then  we  can  write  1)  in  a  normal  form^ 

(^-«)*9og+(^-«)'yi^  +  ?ay  =  o.  (2 

Here  we  suppose  that  the  new  coefficients  y^,  jj,  q^  are  regular  at 
x^a  and  that  q^  does  not  vanish  at  this  point.  Then  we  have, 
developing  about  a;  =  a, 

q^(,x)  =  i^^nCa:  -ay        m  =  0,  1,  2  (3 

0 

and  at  least  Jqq  =^  0. 
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The  equation  2)  may  l)e  written 

Let  us  try  to  satisfy  4)  by  setting 

y  =  (a;  -  ay  2 ^4(2; -  a)*     ,     c^^O.  (6 

Our  problem  is  to  determine  the  unknown  exponent  r  which  in 
general  is  not  a  positive  integer,  and  the  coefficients  e^. 
From  5)  we  get,  on  differentiating, 

y"  =  (r  4-  *)(r  -h  *  -  1)  I^ctix  -  ay+*-«. 
These  in  4)  give 

(x  -  ayiq^ix  -  ayi(r  -f-  *)(/•  -f  *  -  l)ct(x  -  a)*"^*-' 

n  k 

-h  Iq^^Cx-ay'Lci.ix  -  ay'''  =  0.  (6 

M  k 

The  coefficient  of  (x  —  a)*"^**  can  be  written,  as  Frobenius  re- 
marked, as  follows.     Let  us  set 

/(ru,  r)  =  9j  +  rji  +  r(r  -  1)^0 

=  2}  j.^  +  rqi^  -h  r(r  -  l)?OnK^  -  «)* 


0 

go 


=  2/;(r)(x-a)".  .      (7 

0 

Then  6)  can  be  written 

As  this  power  series  ss  0  identically,  the  coefBcienta  of  the  differ- 
ent powers  (x  —  a)*"*""  must  all  =  0.     Hence . 

<'o/i('-)  +  «'i/o('-  +  l)  =  0 

•^o/aCO  +  c/i(r  +  1 )  +  c^oC'-  +  2)  =  0  (9 

''ft/sCO  -t-  '^i/jC'-  +  1)  +  <'*^i('-  +  2)  +  Cg/oCr  +  3)  =  0 

Thus  when  2)  admits  a  solution  of  the  type  5),  the  coefficients  Cg, 
c^  '••  and  the  exponent  r  must  satisfy  9). 
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As  c'(j=^0,  tlie  first  equation  requires  r  to  satisfy /^^(r)  =  0;  or 
using  its  definition  in  7), 

/o(0  =  (/2(« )  +  ^^i(«)  +  Kr  -  \)q,id)  =  0.  (10 

This  equation  for  determining  r  is  of  fundamental  importance; 
it  is  called  the  indicial  equation.     It  is  a  quadratic  in  r. 

Let  now  r  be  a  root  of  10).  The  coefficients  <?p  Cg  •••  may  be 
obtained  in  succession  provided 

/o('-  +  l)     '    /o('-  +  2)     ,    /o(r  +  3)...  (11 

are  all  =^  0.  But  for  that  root  r^  of  10)  whose  abscissa  is  greatest, 
none  qf  the  coefficients  11)  can  vanish.  Neither  can  they  vanish 
when  the  two  roots  of  10)  do  not  differ  by  an  integer. 

Thus  when  the  indicial  equation  admits  two  distinct  roots  r^ 
r^  which  do  not  differ  by  an  integer,  there  exist  two  series 

yi  =  (^  -  «)'»l<?io  +  ^ii(^  -  «)  4-  c^^ix  -  a)2  -h  ...  {     ,     c?io  ^  0 

^2  =  (^  -  «)'*l^20  -t-  <^2i(^  -  «)  +  ^22(^  -  «)^  -h  •••  I     1     ^ao  ^^^ 

which  formally  satisfy  the  given  differential  equation.  These 
series  converge  within  a  circle  whose  center  is  2;  =  a  and  which 
passes  through  the  nearest  singular  point  of  the  coefficients  p^^  p^ 
in  1). 

This  may  be  shown  by  the  method  employed  in  206.  As  the 
reader  has  been  through  one  existence  proof  it  is  not  worth  while 
here  to  repeat  the  proof. 

2.  The  foregoing  results  can  be  extended  to  the  general  case. 
Let  the  coefficients  of 

have  at  2;=:  a  at  most  poles  of  orders  not  greater  than  1,  2,  .••  n 
respectively.     Then  we  can  write  13)  in  the  normal  form 

(X  -  ayq/^^  -h  (2:  -  ay-'q,j^i  +  -  -h  9«y  =  0  (14 

where  the  q*s  are  regular  at  a:  =  a.  They  therefore  have  the  form 
given  in  3),  where  now  7»=  0,  1,  ...  n,  and  as  before  we  suppose 
?oo  =  ?o(^)  "^  ^'     ^^  ^^^  ""^^  ^'*y  ^^  satisfy  14)  by  a  series  of  the 
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form  5),  we  are  led  to  a  system  of  equations  of  the  form  9).     The 
indicial  equation  which  determines  the  exponent  r  is  here 

/o(0=9-(«)+^?i(^)  +  K^-l)9a(«)+-  —  -l-r(r-l)... 

(r-n-hl)9o(«)=0,  (16 

which  we  see  is  entirely  similar  to   10).     Since   by  hypothesis 
9oo(^)  ^^  ^  ^«  ^^  indicial  equation  is  of  degree  n. 
Let  us  arrange  its  roots  in  groups 

^2     ,     r^     ,     <...  (16 


Here  r^  is  the  root  whose  abscissa  is  greatest  and  the  first  row 
embraces  all  the  roots  of  15)  which  differ  from  r^  by  an  integer. 
Of  all  the  remaining  roots  let  r,  have  the  greatest  abscissa ;  then  the 
second  row  embraces  all  the  roots  which  differ  from  r^  by  an  in- 
teger, and  so  on.     The  roots 

rj     ,     rj...  (17 

which  head  their  respective  rows  are  called  prime  rooU.  And 
now  the  existence  theorem  states  that  : 

To  each  'prime  root  17)  corresponds  an  integral  of  13) 

y^  =  (x  -  a)'- j<?^o  +  c^dx  -  a)i4-  c„.^{x -  a)^  -f-  ...  {,        (18 

^mo  =^  0,  whose  circle  of  convergence  reaches  up  to  the  nearest  singular 
paint  of  the  coefficients  p. 

3.  In  case  that  each  group  in  16)  contains  but  a  single  root,  all 
the  roots  of  15)  are  prime  roots.  As  to  each  prime  root  cor- 
responds an  integral  18),  the  foregoing  method  gives  us  n  in- 
tegrals of  our  differential  equation  13).     Let  us  now  show  that: 

When  the  roots  of  indicial  equation  15)  are  all  prime^  the 
n  integrals  IS^  form  a  fundamental  system. 

For  suppose  there  exists  a  linear  relation 

^1^1  +  ^2  +  —  +  ««y«  =  0  (19 

between  them.  If  we  put  the  values  y^  y^  •••  as  given  by  18)  in 
19),  we  get  a  power  series ;  the  exponents  of  course  are  not  in- 
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tegers  in  general.     If  a^=^0  in  19),  our  power  series  contains  the 
term  .         v, 

and  this  is  the  only  term  with  the  exponent  r^.     Thus 
a^Cf^  =3  0,  and  hence  a^  =:  0,  or  c^  =  0.     Both  of  these  are  con- 
trary to  hypothesis.      Hence  a  relation  of  the  type  19)   is  im- 
possible. 

The  case  we  have  just  treated  is  the  simplest  case  that  can  arise 
at  a  singular  point.  We  therefore  call  such  points  simple  singular 
points. 

210.  The  Hypergeometric  Equation.  1.  This  is,  as  remarked  in 
205,  7), 

x<ix^l)^^  +  \x<ia  +  /3+l)--yl^-\-a/3tf^0.  (1 

Its  singular  points  in  the  finite  part  of  the  plane  are  x  =s  0,  x  =  1. 
Let  us  find  the  indicial  equation  for  these  points. 
Hie  point  x  =  0.     Bringing  1)  to  the  normal  form 

(x  -  1)2:3^^ -h  |x(a -h  ^ -h  1)  -  7lxy-|- a/Sxy  =  0, 
we  have 

?o(^)  =  a;-l     ,     9i(a;)  =  (a -t- ^ -t- l)a;  -  7     ,     q^ix)  ^  afix.     (2 

The  indicial  equation  for  x  =  0  is,  therefore, 

r2-|-(7-l)r  =  0, 

or  r{r-(l- 7)}  =  0,  (3 

whose  roots  are  rj  =  0,  rj  =  1  —  7. 

The  point  x  =  1.     The  normal  form  of  1)  at  this  point  is 
x(x-l)y'-h{(a-h/8-M)a:-7K^-l)y'+«/3(a:-l)y  =  0. 

Here 

9o(^)=^     1     Jl(a:)  =  (a -1-^4-1)2: -7     ,     feC^)  =  a^(a:  -  1). 

The  indicial  equation  is,  therefore, 

r{r-(7-«-^)J=0,  (4 

wliose  roots  are  ,.  ^ 

rj  =  0     ,     rjj  =  7  -  a  -  /8. 
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2.  Let  us  investigate  the  nature  of  the  point  a;=sQO.     To  this 
end  we  set  ^ 

u 
and  1)  becomes 

au^      [u  u(l'-u)         )  au     i£%l  — w) 

Obviously  ti  =  0  is  a  singular  point. 

The  normal  form  of  5)  at  i£  =  0  is 

Here 

9<^(w)=l-M   ,   5'i(w)=2(l-w)-|-7W~(a-|-/8-|-l)  ,  q^{u)=^afi. 

Thus  the  indicial  equation  for  u  =  0  is  (6 

t^  -  (a -f /8)r  +  a/S  =  0, 
whose  roots  are  ^ 

3.  Let  us  now  calculate  the  coefficients  of  our  solution  by  the 
formulae  of  209,  9).     We  consider  first  the  point  x  =  0. 

Now  by  definition 

ni  ni  nl 

As  the  q*8  are  linear  functions  as  shown  by  2),  all  derivatives  be- 
yond the  first  vanish.     Thus 

/2(r)=0     ,    /8(r)  =  0     ... 

Hence  the  equations  209,  9)  are  all  two-term  equations  and  they 

Let  us  now  use  the  root  r  =  0  of  3).     Then 

/„(n)=-n{7  +  (n-l)j, 
/,(n-l)  =  «/9+(a-lX«  +  /9+l)  +  (n-l)(n-2) 
=  («  +  a-l)(n+;8--l). 
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Hence 


<?« 


^^^ — — ^ — (?„_i     ,    n=  1,  A  •••  (y 

n(7-hn—  1) 

We  thus  get 

^"lT'7^    '      '■"      2.(7  +  1)       ^""  1.2.7.7  +  1'^^ 

etc.     Hence  taking  Cq  =  1, 

^^1      1.7         1.2.7.7  +  1  J         (-,0 

=  F(a,  A  7,  re). 
Let  us  now  use  the  other  root  r  =  1  —  7  of  3).     As 

/j(r)  =  r(r-l)-|-r(a-|-/3  +  l)-|-«i8  =  r2-|-(«  +  /3)r  +  a)8, 

we  have,  from  8),  on  taking  r  =  1  —  7, 

_(n-7)g-Kn~7)(a4-i8)+a)8 
n(l  —  7  -h  w) 

«  (w-i-«-7)(^-i-^--7)  ^^j,  (11 

w(l  —  7  +  w)  *~  ' 

Let  us  compare  9)  and  11).     We  see  that  9)  goes  over  into  11) 
on  replacing  «  ,  ^  ,        7 

^y  «  +  l-7    .     i8-l-l-7    .     2-7. 

Thus  the  integral  corresponding  to  r  =  1  —  7  is 

y^=2^-^FCa  +  1  -  7,  ^  +  1  -  7,  2  -  7,  rr).  (12 

4.  Let  us  now  turn  to  the  point  x=^.     The  recursion  formula 
is  found  to  be  for  the  root  r  =  0  of  4) 

=  _  (n  +  «-l)(n  +  ff-l)^^_^  j3 

n(w  +  a  +  p  —  7) 

We  see  that  9)  goes  over  into  13)  on  replacing 

«    1     )8    ,  7 

y  a    ,     fi    ,     a-|-)8-7  +  l, 

aside  from  the  sign  which  can  be  made  right  by  replacing  a;  —  1 
by  1  —  rr.     Thus  the  solution  corresponding  to  the  root  r  s  0  is 

yi  =  J'Ca,  ^,  «  +  /3  -  7  +  1,  1  -  X).  (14 


Cn 
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The  solution  corresponding  to  the  other  root  r  =  7  —  a— /8of4) 
is  found  to  be 

yj  =  (l-a:y— ^i^(7-A7-«,7-«-)8-hl,  l-rr).     (16 

5.  Finally  we  consider  the  point  a;  =  oo.     The  recursion  formula 
for  the  coefficients  corresponding  to  the  root  r  a  a  of  6)  is 

_  (« -h  n  —  l)(a  -h  w  —  7)  ^ 
n(a  -f  n  —  )8) 

We  see  that  9)  goes  over  into  this  on  replacing 

a     ,  P  ,  7 

^  a,a-7-fl,a-)8H-l. 

Thus  the  solution  corresponding  to  the  root  r  =  a  is 


Vi 


^J'f«,«-7-|-l,  «-i8-|-l,  ly  (16 

X      \  xj 


The  solution  corresponding  to  the  other  root  r  =3/8  of  6)  is 
similarly  ^      /  ^v 

^2  =  ^^(A  /S  -  7  +  1,  )8  -  « -h  1,  i  j.  (17 

211.  Bessers  Equation.   This  is,  as  remarked  in  205,  5), 

a^y"  +  xy'  +  («"  -  w»')y  =  o.  (i 

The  only  singular  point  in  the  finite  part  of  the  plane  is  2;  =  0. 
L#et  us  consider  the  integrals  of  1)  for  this  point.  The  equation 
is  already  in  the  normal  form.     Here 

The  indicial  equation  for  a;  =  0  is  therefore 

fifj)^-  ^^  +  ^+  r(r-  1)=  0, 
^'  //r)=r»-7n2  =  0.  (2 

Also  here  /^(r)=:0    ,    /a(r)=l     ,    /.(r)=0    ,    n>2. 

Thus  the  equations  209,  9)  become 

<?i=0    ,     <?o  +  ^2/a(^-»-2)  =  0    ,     (?3  =  0, 
and  in  general,    ,^^(r  + 2n)  +  .^.,  =  0    ,    .^,,  =  0-  (3 
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One  root  of  the  indicial  equation  2)  is  r  =:  m.     For  this  root  3) 

^^®®  n(2  m  +  n)(?„  +  (?,«2  =  0    ,    n  even. 

Hence 


2(2  m  + 2)' 

(?.  = ^ = ^ , 

*         4(2m  +  4)      2.4(2  7n-|-2)(2m-|-4) 

etc.     Thus  the  integral  corresponding  to  r  =  m  is 


yi  =  <?(r«?' 


1- 


2(2  w-f  2)      2  .  4(2  m  +  2)  (2  m  -h  4) 

+ 


• .  • 


(4 


2  .  4  .  6(2  m  -h  2)(2  m  +  4)(2  m  -h  6) 

In  case  m  is  not  an  integer,  the  other  root  r  =  —  m  of  2)  also  fur- 
nishes a  solution  y,  since  the  coefficient /^(r  +  2  n)  of  c^  does  not 
vanish  for  any  n. 


Let  us  take  the  constant  Cq  so  that 


^0  = 


2"«n(m) 
Then  as  solutions  of  1)  we  have 


yi       «V  J     ^U(n)n(m  +  n)\2j  ^ 

y.=^-(»)=SnJ)n(l.)(l)     •  <« 

They  are  called  Bessel  functions  of  order  m  and  —  m  respectively. 

212.  The  Logarithmic  Case.    1.  We  have  seen  that  when  the  in- 
dicial equation 

Fir)  =  r(r  -  l)9o(a)  -h  rq^(a)  -h  fe(a)  =  0  (1 

has  its  first  coefficient  q^Ca)  ^  0,  our  differential  equation,  which 
we  write  in  the  normal  form 

Z(y)  =  (a:  -  a)\(x)f,^'  -h  (a:  -  a)yi(a:)y'  +  q^(x)f/  =  0,        (2 

has  one  solution  of  the  form 


LINEAR  DIFFERENTIAL  EQUATIONS  471 

where  rj  is  that  root  of  1)  whose  abscissa  is  greatest.     Suppose 

now  the  roots  of  1)  are  equal,  or  at  least  differ  by  an  integer. 

The  method  developed  in  209  gives  in  general  only  one  integral 

2),  viz.  the  integral  3).  . 

To  obtain  another  linearly  independent  solution  Fuchs  proceeds 

as  follows.     We  set  ^ 

y^y^i  zdx  (4 

in  2).  This  leads  to  a  linear  homogeneous  equation  of  order  1. 
Let  2  be  a  particular  solution  of  this  equation,  and  let  y^  be  the 
value  of  4)  for  this  value  of  z.  Then  yj,  y^form  a  fundamental 
system  of  our  original  equation, 

^*'"  '^  c,y,  +  c^^  =  0,  (6 

we  have,  on  using  4),  /» 

^^  ^1  +  ^a  /  zdx^O. 

Differentiating  this,  we  get    c^^q 

and  this  requires  that  c^  =  0.  Putting  this  in  5),  we  see  that 
c^  ss  0.     Thus  y^,  y^  are  linearly  independent  as  stated. 

2.  Let  us  now  set  4)  in  2)  and  find  the  resulting  equation 
which  z  satisfies.  We  have,  differentiating  4)  and  setting  for 
brevity 


5j=  /  zdx^ 


These  in  2)  give 

«i^(yi)  -h  (a;  -  a)  \q^y^  -h  2{x  -  a)q^[lz  -h  (a;  -  a^q^^z'  =  0.      (6 

But  L{y{)  =  0  since  y^  is  a  solution  of  2).     Writing  6)  in  the 
normal  form,  we  get 

(x^a^q^'-k-  (  ?i -I- 2(a:  -  a)9o^  1  z  =  0.  (7 

If  we  write  3)  yi  =  (2:  -  ay^rj, 

we  have  j^^  ^^  ^  ^^  j^^  (a:  -  a)  +  log  1,. 
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Hence  / 

(a;  -  a)^  =  ri  -h  (a;  -  a)ylr(x), 

where  ^(a)  =^  0.     Thus  we  raay  write  7) 

M(z)  =  (a:  —  a)  v'  +  V  =  ^»  (^ 

Thus  the  indicial  equation  of  8)  is 

r«o(a)  4-  «i(a)  =  0, 

^''  (3t(r)  =  r?o(a)  4-  ?i(a)  +  2  q.^a^^  =  0.  (9 

Then 

(r  +  l)(7(r)=  9o(«)  j  -  ri(ri  -  l)-|.(r  +  r^  +  l)(r  +  r^)\ 

as  is  seen  by  actually  multiplying  out.     This  we  may  write 

(r  +  1)  6?(r)  =  -  Ir^ir,  -  l)?o(a)  +  r^^^Ca)} 

+  {(r -h  ri  +  l)(r  +  ri)9o(«)-l-(^  +  ^1  +  l)?i(«)i- 

But  the   first  term  on  the  right  is  q^Q^^i  since  r^  is  a  root  of 
F(r)  =  0.     Thus  the  last  equation  becomes 

(r+l)(7(r)  =  (r+ri  +  l)(r+ri)?o(a)  +  (r+ri-hl)?i(a)+ft(a) 

=  (r  +  l)lr-(n-ri-l)j. 
Hence  the  root  of  G{r)=:  0  is 

rj  —  Tj  —  1  =  —  m,     an  integer, 

since  by  hypothesis  r^  and  r^  differ  by  an  integer,  which  may 
beO. 

From  this  we  have  as  result  that  the  differential  equation  7) 
admits  a  solution, 
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whose  coefficients  may  be  obtained  as  before.     Then 


/ 


zdx  =  y       '^~\„,.,  -h  -  +  — ^  -h  h  log  Qx  -  a) 


4-  k^(x  -  «)  +  frjCx  -  ay  +  •••  (10 

But  we  have  seen  that  x. 

is  a  second  solution  of  2).  Putting  in  the  value  of  y^  as  given 
by  3),  we  get 

^2  =  (^  -  «)''<^(^)  +  (^  -  «)'«<^i(^)  log  (^  -  «)»  (11 

which  may  also  be  written 

yj,  =  (a;  -  a)^\(f>iz)  +  A(«  -  a)"-»i/r(a:)  log  (a:  -  a)  j,        (12 

where  ^(a;),  ^^(a:)  are  regular  at  2;  =  a  and  do  not  vanish  at  this 
point. 

3.  Thus  when  the  indicial  equation  at  the  point  x  =  a  has  two 
roots  which  differ  by  an  integer,  there  exist  always  two  linearly 
independent  solutions  of  the  form  2)  and  11)  or  2)  and  12). 

Let  us  note  that  the  logarithmic  term  in  y^  may  not  be  present. 
This  takes  place,  as  12)  shows,  when  A  =  0. 

That  the  two  roots  of  the  indicial  equation  may  differ  by  an 
integer  without  y,  containing  a  logarithmic  term,  is  illustrated 
by  Bessel's  equation  211.  For  let  in  =  Z  +  J  in  1)  of  that  article, 
I  being  an  integer.     Then  the  two  roots  of  the  indicial  equation 

*™  r+j  ,  -i-h 

whose  difference  is  2  Z  -h  1,  an  integer.  However,  the  recursion 
formula  211,  3)  for  determining  the  coefficients  c?„  is  such  that 
the  c^  of  odd  index  vanish,  and  thus  c^  for  even  index  are  uniquely 
determined  if  only  m  is  not  an  integer. 

4.  There  is  no  difficulty  of  generalizing  the  foregoing  result. 
We  may  therefore  state  the  theorem : 

At  the  point  x  =  a  let  the  indicial  equation  of 

y<'»>  +  ;>iy»-^  -h  -  +  Jt?ny  =  0  (13 

be  of  decree  n.     Let 

r    ,     r'     ,     r"         ...  r<'>  (14 
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be  the  group  of  roots  belonging  to  a  prime  root  r,  arranged  according 
to  diminishing  abscissce.     Then 

y  =  (a;  -  ay<t){x), 

yi  =  (^  -  «)"'  I  <^io(^)  +  hi  log  (a?  -  «)  1 1 

}/2  =  (^  -^y"  I  <^2o(^)  +  <Aai  log  (a?  -  «)  +  <^22  log*  (a?  -  a) } ,  (15 

y.  =  (a:-a/''{<^^(a:)+<^.i(a:)log(a;-a)+  ...  -h^^^log^Caj-a)! 
are  solutions  of  13).  T^e  functions  <f>  are  one-valued  analytic  func- 
tions within  a  circle  about  the  point  x  =  a^  and  passing  through  ths 
nearest  singular  point  of  the  coefficients  p  of  13).  £ach  group  of 
roots  as  14)  of  the  indicial  equation  furnishes  a  group  of  integrals  as 
15).  The  total  number  of  integrals  obtained  in  this  manner  is  n. 
They  form  a  fundamental  system. 

5.  When  the  degree  of  the  indicial  equation  at  a  singular  point 
a;  ca  a  is  n,  the  same  as  the  order  of  the  differential  equation,  we 
say  rr  ss  a  is  a  regular  point.  They  include  the  simple  singular 
points  of  209. 

When  the  indicial  equation  at  the  singular  point  x^a  is  of 
degree  less  than  n,  the  foregoing  method  does  not  give  us  all  the 
integrals  of  13).  Such  singular  points  are  called  irregvlar^  and 
their  theory  is  too  difficult  to  treat  in  this  work.  We  shall  soon 
see  that  Bessel's  equation  has  a;  =  oo  as  an  irregular  point. 

213.  Method  of  Frobenius.  1.  In  the  foregoing  article  we  have 
established  the  existence  of  a  fundamental  system  when  the  roots 
of  the  indicial  equation  differ  by  an  integer,  using  a  method  due 
to  Fuchs.  Knowing  the  form  of  the  solution,  the  coefficients  may 
be  obtained  in  any  given  case  by  the  method  of  undetermined 
coefficients.  Frobenius  has  given  a  method  which  leads  more 
quickly  to  the  desired  result. 

Let  us  take  the  singular  point  x^a  dX  the  origin ;  we  write 
our  equation  in  the  form 

X(y) = ^  § + ^pi^)  %  +  ?(^)y  =  0.  (1 
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Using  still  the  notation  of  209,  9)  let  us  set 

<?o/i(«)-HVo(«  +  1)=0» 
^0/3(0  +  ^i/i(«  +  1)  +  ^a/o(«  +  2)  =  0,  (2 


where  s  is  not  necessarily  a  root  of  the  indicial  equation,  but  an 
arbitrary  parameter. 

Then  e^  will  have  the  form 

/o(«  +  l)/o(«  +  2)  .../o(«  -h  n) 
Let  us  now  set 

i»=0 

in  1).     It  becomes 


since  all  the  terms  on  the  right  vanish  except  that  which  corre- 
sponds to  n  B  0,  by  reason  of  the  relations  2). 
Thus  when  «  is  a  root  of  the  indicial  equation 

/o(0  =  rCr  -  1)  -h;>(0)r  +  9(0)=  0,  (6 

we  see  that  «^ 

0 
satisfies  the  equation  1)« 

Suppose  that  the  two  roots  r^,  r^  of  the  indicial  equation  differ 
by  an  integer,  say  rj  =  rj  +  wi?  w  >  0.     Then  6)  has  the  form 

/o(0  =  (r  -  r^X^  -  ri  +  m). 
For  Cq  let  us  take 

Co  =  QfoO  +  l^oC*  +  2)  -/oC*  +  rn).  (8 

Then  the  c^  in  3)  will  have  the  form 

.. ^i'(^ .  (9 

/o(«  4-  m  +  1)  —/o(«  4-  n) 


476  FUNCTIONS  OF  A  COMPLEX  VARIABLE 

in  which  the  denominator  does  not  vanish.     Also  the  coefficient 
of  a:*  in  5)  has  the  form 

^o/o^O  =  («  -  ^i)(*  -  n  -I-  ^)*'S'. 
Hence  in  this  case 

i[/7(a:,  «)]  =  («  -  ^i)(«  -  ^1  +  m)«>Sr-.  (10 


Now 


£x«=^£g+^|.|+,|,.,-<D 


Hence  differentiating  10)  with  respect  to  s  and  then  setting  $=r^ 
we  see  that  ^-  -i 


La«Jt^, 


is  a  solution.     Thus,  provided  the  series  4)  can  be  differentiated 
termwise,  we  have  as  a  second  solution  of  1) 

yj  =  ^  =  af « log  a;  2J  ^n^"  4  x^t  2^  f^j      x\  (11 

2.  When  the  coefficients  of  4)  are  determined  by  3)  and  « s=fp 
the  first  prime  root  of  the  indicial  equation,  the  series  4)  is  a 
solution.  But  if  we  give  the  c^  values  as  determined  by  9)  and 
take  8  =  r^  the  second  root  of  the  indicial  equation,  we  see  that  the 
series  4)  will  also  be  a  solution  in  the  case  that  r^,  r^  differ  by  an 
integer. 

214.  Logarithmic  Case  of  the  Hypergeometric  Equation.   1.  We 

saw  in  210  that  the  two  roots  of  the  indicial  equation  at  x  =  0  are 
0  and  1  —  7.     Thus  when 

^  =  7-1 

is  an  integer,  we  have  the  logarithmic  case. 

To  fix  the  ideas  let  us  suppose  that  7>1.  Then  our  two  inte- 
grals have  the  form 

yi  =  i^(a,  /3,  7,  x\  (1 

yj  =  F{a.  /9,  7,  x)  log  x  -h  x*->6?(a:), 
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where   G  is  regular  at  a:  =  0.     We  proceed  to  apply  the  method 
of  Frobenius  given  in  213  to  find  Q-.     We  have  here 

/o(*)=  -  «(«  -  1)-  7«  =  -  «(«  -f  5^), 

/j(«)  =  «(«  _  1 )  +  «(«  +  /9  +  1)  -h  a/3,  (2 

/2(«)=/8(0=  -=0. 
Thus  the  relations  213,  2)  become 

^ JoC*  +  '0  -I-  ^n-if\<J  -h  w  -  1)  =  0, 

or  («-f  w+a-l)r«  + W  +  /8- 1)  ,q 

(w-|-«)(«  +  w-|-7—  1) 

The  coefficient  c^  is  by  213,  8) 

=  (-  l)^(7c«-|-l)  ...  («  +  (7)(«  +  5^  +  l)  •••  («  +  2i^).        (4 
As  C  is  arbitrary,  let  us  take,  in  order  to  get  simple  formula?, 

(«  -f  a)  ...  («  -f  a  +^  -  !)(«  +  /3)  ...  (8  +  /3  +  ^  -  1)  "^ 

Then  3),  4),  5)  give       ,^(,)  ^  ,^(,>^  ^^CO,  (6 
where 

,  ^,.  ^  (^4-1)  ...  (jT  +  (y)(jr  +  (y  -h  1)  ...,  (8  -h  2 ^)  . 

0^  ^^     («  4-  «)  ...  («  -H  a  +  ^  »  1)(«  +  ^)  ...  («  +  ;3  +^  -  ly  ^ 

"^*^  («  +  1)  ...  («  +  n)(«  +  7)  ...  (« -H  7  +  n  -  1)       *      ^ 

Thus 

y  =  co(0^  2  (?,(«>•    ,     C;,=  l  (9 

*»=o 

is  a  solution  for  «  =  1  —  7.      We  codl  this  y^ 
From  8)  we  have 

^  (g  -h  1)  '"  i9+2gYB  -h  gy..  (g  +  «  +  ^  +  n  -  l)(g  +  /3)  ... 
(«  +  «)...(«  +  «-!-(/-  1)(«  +  ;3)  ...(«  +  /3  -h ^  -  1)(«  -h  1) 

•••  C«+5^  +  w)(«  +  7)  ...  (« +5^+7  +  ^-1) 
(«+^+l)  ...  («-|-5r+n)(«+^+7)  ...  («-l-^  +  7  +  w-l) 
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Thus  we  can  write  9), 

y  =  ^o(«)a^'2  C^{%)x-  +  X-  2  (7,(8  +  g)7r^.  (10 

This  series  satisfies  formally  the  hypergeometric  equation  for 
«=:l-7  =  -^. 

As  <?q(«)  contains  the  factor  («  +  ^),  c^  =  0  f or  «  =  1  —  7.    TIius 
10)  becomes  ^ 

yi  =  2  (7,(0)a;«  =  F(a,  fi,  7,  a:),  (11 

since  the  recursion  formula  3)  goes  over  into  210, 11)  for  «  =1  —  7. 
In  order  to  apply  213, 11),  let  us  show  that  10)  may  be  dififeren- 
tiated  termwise  with  respect  to  8  at  the  point  «  =  1  —  7.     To  this 
end  we  show  that  the  series 

a=  2  (?,(«+ i^)a:»+^  =  2i^^(0 

is  steadily  convergent  in  a  small  circle  c  about  the  point «  =  1  -  7. 
In  c  we  will  have       0  <<t  <\s-^g\<T. 

Thus  if  we  set  la!  s=  a,  1^1  =  6,  we  have 


1^1      (r-ho)  —  (r-ha-f  w.-l)(y-h6)«»>  (r  +  ft-hn-l)  __ 
'^"1^       (,r  +  l)...  (cr  +  w)((r  +  7)--(<r  +  7-l-n-l)        "^•* 

Let  us  now  consider  the  series, 

U^zeQ  +  e^R  +  e^IP-h   ..         0<iJ<l. 

This  series  is  convergent  since  the  ratio  of  two  successive  terms  is 

(y+g  +  n)(y-ht  +  n)  ^ 
(cr  -h  w  +  1)(<^  -h  7  +  n) 

and  this  s  i2  as  n  ==  00. 

Thus  10)  converges  steadily  and  we  may  differentiate  it  term- 
wise.  The  new  series  so  obtained  is  a  solution  of  our  differential 
equation  for  «  =  1  —  7  by  213. 

We  get  thus 

^  =yloga:  +  <(Oa:''2  (7,(s)x"  -h  ^oW^'^  CXs)x- 


+  x'2C:(«+^)«-*».  (12 
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Let  us  now  set  «  =  1  —  7  =  —  ^.     Then 


^o(0  =  0     , 


y  =  F(^a,  ^,  7,  x). 


To  find  (7i(0)  we  take  the  logarithm  of  8)  and  then  differentiate 
with  respect  to  «.     This  gives 

C-(  ^)  ^  C-(  8  )  \  "!"••• :  "4"  ••• ,.•  —  •••   I , 


Setting  in  this  «  =:  0  gives 


C^(0)=  (7,(0) 

-  c;(0) 


fi 


a 


+ 


+U 


i- 


a  +  n— 1      /9 
•  + 


+ 


1 


n     7 


7  + 


/3  +  n 


^1 


To  find  C,I(  —  «7)  we  note  that 


o'oi  -  ^)  = 


lim  g«(*)  =  gn(  -  g)  =  lim  ?o(!) 

-(l)>(y-2)!(7-l)! 


#=-g 


(a- !)...(«- 7  + l)(j8-l).-(/3- 7+1) 
We  have  thus  a  second  solution. 

y,  =  ^(a,  /9,  7,  x)  log  z  +  F^^a,  y8,  7,  x), 


where 

i'lC*.  /3,  7,  z)  = 


(-IK7- 2)1(7-1)! 


+ 


(a  -  1)  ...  (« -  7  + 1)(/3  -  1)  -  (/S-  7  +  1)  anr-« 
7-1 


1      a./8/l      1      1      lY 

-l)'a;     TTiyVa     iS     I      7/ 


(«-l)(/9 

>+l)/3(y3  +  l)fl         1         1  1 111         1 

1.2-7(7+1)     U     «+l      /3     /3+1     127     7  +  1 


(13 


+ 


2.    In  the  foregoing  we  supposed  7>.  1.     If  we  suppose  7  t«  0  or 
a  negative  integer,  we  have  a  fundamental  system 


yi  =  I*-*  J'(a  + 1  -  7, /9  + 1  -  7,  2-7,x), 

Hi  =  Vi  log  ^  +  r}-yF^{a  +  1  -  7,  /9  +  1  -  7,  2  -  7,  ar). 


(14 
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3.  Let  us  now  consider  the  point  a:  =  l.  If  y  —  a — /3  w  an 
inteffer^  we  have  the  logarithmic  case,  ffy—  a  —  ^<.0,  a  funda- 
mental system  is 

y  1  =  i^(  a, /3,  a -h /3  -  7  +  1 ,  1  -  ir) , 

!/2  =  Vl  l«g(l  - ^)  +  ^iC"'  A  a  +  /8  -  7  +  1,  1  -  ar). 

If7  —  a  —  /8>0,  a  fundamental  system  is 

yi=(l~a:)r— ^^(7-/9,  7-a,7-a-^  +  l,  1-x),  (15 

4,  Finally  let  us  consider  the jx^in^  a:=cx).     If  a^  fiisa positive 
integer^  we  have 

y^=^x--FU  a  -  7+  1,  «-  ^  +  1,  i\  (16 

y%  =  Vi  log-  -l-a:~*JPi(  a,  a  -  7  +  1,  a  -  )S  -h  1,  -  ). 
a?  \  xj 

If  a  —  fi  is  Q  or  a  negative  integer^  we  have 

y2  =  yilog-  +  ^^^//3'^-7  +  li)3-a  +  l,l\ 
a;  \  xj 


(17 


215.  Logarithmic  Case  of  Bessers  Equation.    1.  The  indicial  equa- 
tion of  BesseFs  equation 

^S+*$^+(^-*»')y=o  (1 

aar        ax 

has,  at  a;  =  0,  the  two  roots  ±  m,  as  we  saw  in  211.     When  yti  is  an 
integer,  we  have  the  logarithmic  case.     As  in  most  applications  m 
is  an  integer,  we  wish  to  find  a  fundamental  system  in  this  case. 
Applying  Frobenius'  method  given  in  218,  we  have  here 

^'"'^  /n(O=0        forn>2. 

The  equations  213,  2)  have  the  form 


or 


cJ^is-\- ny -  m^i  +  c^_2  =  0. 
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Thus 


e,=  -'0 


'^      («  +  2)8  -  to"' 


.. '0 


'*      {(«  + 4)8  -  wan  («+2)a -»»«{' 

etc.  We  notice  that/Q(«  +  n)  occurs  in  these  denominators  only  for 
even  n.  We  may  therefore  modify  the  formula  for  c^  in  218,  9) 
and  take  ^^ ^  ^^^^ ^  2^^^^ ^ ^^  _^^^^ ^  ^ ^^  ^^ 

Letusset  p(^)  =  («l)m|(^^  2)«- w^}  ...}(«  +  2m- 2)2 -iw«} 
so  that  ^^^^_  1)-.(7K«  +  2m)a- majP(0.  (3 

Then  the  series 

y  s=  2f  ^  c^x^  (A 

becomes  here 

y^c^T-]^     («  +  2)2-  w^"^  K»  +  2)3-  w^nC*  +  4)«-  w2{ 

.  ^ 1 

"^  }  («  4-  2  w  +  2)2  -  wi^n  («  +  2  m  +  4)2  -  m^}      "j 

=  c^u  +  Oi*^^  =  i/^+  V.  (5 

Here  27  embraces  only  a  finite  number  of  terms.     The  series  v 
is  steadily  convergent  for  every  x  and  for  any  «  >  —  (wi  +  !)• 

For  let  I  a:  |<  iJ.     Then 

(«  +  2  m  +  2)2  -  m2  >  cr  >  0. 
Hence  each  term  in  v  is  numerically  <  the  corresponding  term  in 


cr       cr(<r  +  12)      cr(cr+ 12)(cr  + 22) 
The  ratio  of  two  successive  terms  is  here 

and  this  =  0  as  n  =  ao. 
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Hence  from  the  general  theory  of  218,  if  y^  denote  the  value  of 
4)  for  « s=  —  w, 

are  solutions  of  1). 

From  8)  we  note  that  Cq=:0  for  «  =  —  w,  thus  U^  =  0.     Refer- 
ring to  211,  5),  we  see  that 

2.  Let  us  now  turn  to  the  logarithmic  integral.     We  have 

dU 


d$ 
Hence 


=  a:*wco(«)  4-  c^lafu  log  z  -h  afu' } . 


'^     ^   n(»»-i)  "x"^      n(A)      W  ' 

where  />(_«,)  =  (-  l)»--i2»--»n«(m  -  1). 

Similarly 

^  =  Cn(7n)J,(a;)  log  x+  |«/,(a:) 

Here  we  can  neglect  the  terra  ^CJ^  (x),  as  we  are  seeking  a  fun- 
damental system  and  this  term  is  yj  aside  from  a  constant  factor. 
Also  for  simplicity  let  us  set 

n^      -1 
2»-'n(»») 

Thus  the  solution     . ,  ,,  , ,,      , ,, 

\dsjt=-m       da        dg 
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leads  us  to  take  as  second  independent  integral 

216.  The  Differential  Equation  for  f,  f .   1.  In  189  we  saw 

Thus  JTand  JP  satisfy  a  special  case  of  the  hypergeometric  equa- 
tion for  which  a  =  ^  =  ]^,  7  =  li  viz. : 

,(,_l)g  +  (2.-l)|  +  ly    ,    .=  R  (1 

Referring  now  to  214,  we  see  that  a  fundamental  system  of  in- 
tegrals of  1)  for  a:  =  0  is 

Vi  =  F(h  h  ^  ^)'  (2 

Here 

2.  Let  us  find  the  development  of  -ST'  about  a;  =s  0.     Since  IC 
is  a  solution  of  1),  we  must  have 

IC  =  Ay^-\-By^,  (5 

or  since  ir     '^  ip(^    ^   ^   ^ 

ttJT  =  2  i4ir+  2  ^JTlog  *«  +  TT^J'i.  (6 

From  196,  2)  we  find    ^'2  =  i  _  le  ^  +  ... 

Hence  ,«     ^/>  ^/.   "^ 

a;  =  A:2_.i6  J  +  ,..  =  16<?     ^+  ••. 
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^'"  2:^=  log  16  -  log  P+...  (7 

=  5*2+...  (t> 

In  6)  let  us  divide  by  K  and  put  in  7),  8)  ;  we  get 

(41og2-2il)-(l  +  25)logA«+  ...  =0. 
Thus  ^  =  2  log  2,        B=>-\. 

Hence  6)  gives 

JT  =  (2  log  2  -  J  log  *«)i'(  J,  i,  1,  *")  -  i  l-iCi,  J,  1,  *«).     (9 

217.  Criterion  for  a  Regular  Point.   We  saw  in  212  that  x  =  ah 
a  regular  point  of      «^  , 

if  p^  q  have  the  form 

P  =  MeI     ,     ?  =  ,-*^,  (2 

X—  a  (a:  —  a)^ 

where  j|r,  h  are  regular  at  a;  =  a.     When  x  s  a  is  a  regular  point,  1) 
admits  a  fundamental  system  of  integrals, 

y,  =  (a:-ay»<^i(x)  (3 

^2  =  (2r  -  a)'-«}<^ai(a:)  +  <^(a;)  log  (a:  -  a)  j, 

where  r^,  r,  are  roots  of  the  indicial  equation  at  this  point. 

We  wish  now  to  establish  conversely  : 

ij^  1)  admits  3)  as  a  fundamental  system  of  integrals  at  the  point 
x=s  a^  it  is  necessary  thatp^  q  have  the  form  2). 

For  we  saw  in  212  that  if  we  set 

^2  =  ^1/  «^^'  (* 

then  z  satisfies  the  equation 

--  -I-  az  =  0,  where  g=ip-\-  2^.  (5 

dx  yi 
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From  4)  we  have  j  /    \ 

Thus  from  3)  we  see  that  z  must  have  the  form 

z  =  (x  -  ay\^{7i)  -f  -^^ix)  log  {x  -  a) {, 

where  ^,  -^  are  one- valued  about  a;  =  a. 

Let  now  z  make  a  circuit  about  x^a.     \i  z  acquires  the  value 
z,  this  must  be  a  solution  of  5).     Hence 

z  =  cz.  (6 

^"^  z  =  e»'"(a;  -  a)-[<^  -|-  i/r{log  (a:  -  a) -h  2  Trf  J] 

=  g^'^z-h  2  Tri^^'^ix  -  a)-^. 

Putting  this  in  6)  gives 

z{c  -  e^"^)  +  2  irie^^'^x  -  a)'^  =  0. 

This  requires  that  ^  =  0.     Hence 

z=  (x—  a)»^(a;). 
Thus  ^    , 

Z  dx       X  —  CL 

where/ is  regular  at  a;  =:  a. 
On  the  other  hand,  5)  gives 

=  p  +  -^^^  +  k(x\  (8 

X  —  (Z 

where  k  is  regular  at  a. 

Thus  7),  8)  show  that  jo(a:)  has  at  most  a  pole  of  order  1)  at 
x^  a. 

From  1)  we  have,  setting  y  =  yj, 
Now  y£  ^     Ijx-) 

yi  ~  (a;  -  «)' 

where  2  i8  regular  at  a.     Hence  q  has  at  most  a  pole  of  order  2. 
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218.  Differential  Equations  of  the  Fuchsian  Class.  1.  When  all 
the  singular  points  of  a  linear  homogeneous  differential  equation 
are  regular,  it  is  said  to  belong  to  the  Fuchnan  class. 

Now  in  order  that  a;  =  a  is  a  regular  point  of 

the  coefficients  /?,  q  being  one-valued,  it  is  necessary  that  x  =  a  is 
at  most  a  pole  of  p  and  q.  Hence  p^  q  having  only  poles,  even  at 
a;  s  Qo,  must  be  rational  functions  of  x.  As  the  poles  of  p  cannot 
be  of  order  >  1,  and  those  of  q  of  order  >  2,  we  can  write 

where/,  g  are  polynomials  and 

A  =  x^  -f  c^if^^  -I-  ...  -h  c^ 
=  (a:  -  fli)(a;  -  da)  ...  (a:  -  a«). 

To  find  the  degrees  of  these  polynomials  we  use   the  fact  that 
a;  =  Qo  must  be  a  regular  point.     Let 

fix)  =  a^  -h  a^TT"'^  -I-  ...  -I-  a^ 
g(x)  =  \7f  +  ftja:--!  +  ...  +  6.. 

We  set  now  a;=  -  in  1).  .  Since 

u 

dx  du     '     dx^         du^  du 

we  find  as  transformed  equation 

'2m*  —  uh>  ]  dy  ,   g         ^ 


du     «^ 


As  an  +  a,M4-  •••  +«,«•' 


m-r 


1  4-  <?iW  +  ...  -h  C?^M"» 


__    ft^  4-  J^M  -h  •••  +  h,u* 

^~1    +rfiM+    —-1-^2;;^"'   '^ 


» 


2m- • 
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we  see  that  _  2  w'  —  u^  _  POO 


W  W 


"1  ""  «*4        -,»-2in+4' 


where  P,  Q  are  regular  at  t*  =  0. 

As/?!  cannot  have  a  pole  of  order  >  1,  and  q^  one  of  order  >  2, 
wehave  r-m4-2<.l     ,     «-2m4-4<2, 

or  r<m  — 1     ,     «<2m-2. 

^         m-r=l  +  k    ,     2m-«  =  2  +  ?    ,    A,  ?>0. 
Also  ^ 

;7i  =  -|2-aoU*4---}, 

Hence  p^^>^  =  2  -  a^  -h  -     ;     ^Cu)  =  b^  +  -  (3 

Let  us  set 

X  =  lim-^  =  lim  xp^  (4 


/A  =  lim-^=  lira  a:^}.  (5 


«=• 


Then  we  see  from  8)  that 

P(0)=2-X    ,     e(0)=/i.  (6 

2.  At  the  singular  point  2;  =  a^  let  r^,  p^  be  the  roots  of  the 
indicial  equation.  The  roots  at  a;  =  oo  we  will  denote  by  r«,  f>«« 
Fuchs  showed  that  these  roots  must  satisfy  the  relation 

2(ri4-/:)<)  =  m  — 1,        t  =  1,  2,  •••  m,  oo.  (7 

This  is  called  Fuchs^  relation. 

Let  us  find  the  indicial  equation  at  2;  =  o^.  We  bring  1)  to  the 
normal  form 

Cx  -  a,yhHx)^  4-  (X  -  (H)h,<ix)f(,x)  g  +  gCx)y  =  0. 

The  indicial  equation  is 

rdr  -  1)  A?(aO  +  rA,(a,y(aO  +  gM  =  0.  (8 
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Hence  A'(x)  =  A(a;)  +  (a:-a<)Ai(a:). 

'^^'^  A.(a,)  =  A'(a,). 

We  may  thus  write  5) 


Let  us  now  write  1)  in  the  normal  form  for  xssco.     Setting 


Hence 


x  3=  -,  we  saw  that  it  takes  the  form 
u 

du^^       du      ^^ 
Its  indicial  equation  is  therefore 

r(r  -  1)  4-  rP(0)  +  ^(0)  =  0, 
or,  using  4),  ^^  (i  ^  X)r +  m  =  0. 

Thus  r«4-p<»  =  \— 1. 

From  elementary  algebra  we  have 


^     A(x)     S  *'(«*)  ^-«' 
Hence  from  4),  _j  ^/-^  \ 

Thus  -^^  ^. 

From  9),  10)  we  have  7). 

219.  Expression  of  F(a,  /3,  7,  x)  as  an  Integral.  We  leave  now 
the  general  theory  of  linear  differential  equations  and  return  to 
the  hypergeometric  function.     Let  us  show  that  when 

\x\<l     ,     0</8<7,  (1 

we  may  express  F(^a^  /8,  7,  x)  as  a  definite  integral,  viz. : 

F  («,  A  7,  X)  =  — -i r  Vi(l  -  uy-f^'Kl  -  xur-du     (2 

^(/3i  7-P)./o 
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where  B(^p^  q)  is  the  Beta  function 

^ip^  ?)=  ru^~K^  -  uy-^du.  (3 

For  by  the  binomial  theorem 

(1  - a:w)-=  1 +?a:u4- 5^V^^^«*^  + - 
^  1  1-2 

when  I  a:M  I  <  1.     Hence  the  integral  «7in  2)  may  be  written 

t/O  1-    •/o 

1  •  ^        ./o 
=  j5(/3,  7  - /9)  +  «/?(/8  +  1,  7  - /3) 

+  ^T^=^^(/3  +  2,7-/3)+-        (4 

Now  ^ 

7 
Hence 

5(/8  +  2,7-/8)=^5(/8+l,7-/8)=^^-^^(/8,7-/8> 

7  +  1  7'  7+ I 

etc.     Putting  these  values  in  4),  we  get  2). 

220.  Loop  Integrals  of  the  Hjrpergeometric  Equation.    1.  In  the 

last  article  we  have  shown  that  the  hypergeometric  equation 

a:(l-x)g+{7-(«4-/84-l>{g-«/9y  =  0  (1 

admits  as  solution  the  integral  2)  when  the  conditions  1)  of  that 
article  are  satisfied.  Let  us  replace  the  path  of  integration  (0,  1) 
by  a  more  general  path  i/,  properly  chosen ;  we  proceed  to  show 
that  1)  admits  a  solution  of  the  form 

y=  I  (2  — a;)"*^(z)ci2.  (2 

In  fact,  putting  2)  in  1),  we  get 

rv^dz+  f^dz^O,  (8 

Jl    az  ./i  dz 
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where  /         \--  /a 

J'=2(l-2)^-{a-7-h(/8-a-hl)zjtt,  (5 

dz 

(7  =  2(l-z)|u^-t;^j  4-i«-74-(/8-a-H>|uv.      (6 
To  prove  this  we  may  proceed  as  follows.     From  5)  we  have 

t;^=z(l-z)i;M"4-  {1  -  a4-7  4- <«- /S- 3)}ru'- (^8- a-f  l)ur. 
dz 

From  6)  we  have 

dz 

+  }a(a4-l>(l-2)(2-x)— 2  +  a(7-«-l4-(«-/8-l-l»(2-x)-^* 

+  (/S-a4-l)vju. 

Thus 

t^^4-^=i«(«-hl)<l-2)(2-x)— ^ 

4-  a  [7  -  a  -  1  -h  (a  -  /8  4- 1)  2]  (25  -  a:)  "^^  j  1*  =  i?u. 

On  the  other  hand  we  have  from  2) 

-JL  =  a  I  (z—  x^'^^^udz^ 
dx       Jl 

^  =  «(«  4- 1)  A^  -  x)-^-''udz. 
dsr  Jl 

Thus  1)  becomes 

rt/Sa(a4-l):c(l-a;)(2-a;)-*-2+a(7~(a4-/84-l)a;)(z-a:)-^* 

-afi(z  —  xyidz. 
Now  we  have  identically 

x  (1  -  a:)  =  z  ( 1  -  2)  4-  ( 2  z  -  I )  ( z  -  a;)  -  (z  -  a:)^ 

7-(a4-/84-l)a;  =  7-(a4-/9  4-l)2  4-(a4-/S4-l)(«-a?). 

Thus  the  brace  in  the  foregoing  integral  reduces  to  the  function 
^  above,  and  this  establishes  8). 

An  integral  of  F=  0 

f  ?iL>:±<'!z^±l>£  dm 

=  Z-->(2-l)V-^-\  (7 


IS 
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-a-l 


This  in  6)  gives 

O  =  iu'^'^'iz  -  \y\z  -  :r)  "  ".  (8 

Thus  when  u  is  chosen  as  in  7),  1^=  0  and  hence  the  first  integral 
in  3)  vanishes  for  any  path.     Also  if  L  is  so  chosen  that  Q-  in  8) 
takes  on  the  same  value  at  the  end  of  L  that  it  had  at  the  start, 
the  second  integral  in  8)  vanishes. 
In  this  case  2),  or  what  is  the  same, 

y  =  Cz^'Kz  -  l)>-^-*(2  -  x)-^(h  =  Cw(z)dz,  (9 

Jl  Jl 

is  an  integral  of  1).     Here 

w  =  z^-y(z  -  \)y-^-\z  -  xy\  (10 

2.  Let  Zq,  /p  ?„  l^  denote  loops  about  the  points  «  =  0,  1,  a^  oo, 
respectively,  each  circuit  being  described  about  the  corresponding 
point  in  the  positive  sense. 

Let  (?Q,  Wq  be  the  end  values  of  (7^,  t£?^  after  describing  l^^  etc. 

After  a  circuit  about  2  =  0, 

goes  over  into 

_.  g2ir<(a-Y)2a-y+l^ 
Thus  a^  =  g3»i(a-v)  flt^. 

Similarly  w^  -  e2'«(«-v)t(;Q. 

In  the  same  manner  we  find 


Let  a,  i  be  any  two  of  the  four  points  0,  1,  x,  oo.  Let  2/^6  be  a 
path  about  a,  h  as  in  Fig.  2,  §  150.  Obviously,  as  far  as  the  values 
of  O  and  the  integral  9)  are  concerned,  this  path  is  equivalent  to 

As  Q-  returns  to  its  original  value, 


Hob 


-L 


wdz 
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is  a  solution  of  1).     Since  we  can  choose  the  points  a,  b  in 

4.3 


1.2 


=  6 


ways,  we  get  in  this  manner  six  solutions  of  1).  They  must  of 
course  be  linear  functions  of  a  fundamental  system,  as  shown  in 
210. 

8.  As  an  illustration  let  us  consider  i/q^  For  simplicity  let  us 
take  1 2;  I  >  1  and  suppose  that  a,  /3  do  not  differ  by  an  integer. 

As  the  loop  Lqi  let  us  take  a  double  loop  8  running  over  two 
little  circles  about  z^O^  z^l  and  the  segment  of  the  real  axis 
joining  them. 

Then  on  8,  -i<l     and 


Hence 


(11 


Now  the  two  fundamental  integrals  at  x  =  oo  are,  as  we  saw  in 
210,  16),  17), 

V^^x-f'Fffi,  /8-  7+  1,  /8-  a  -h  1,  ^Y 
Hence  t/  must  have  the  form 

As  y  does  not  contain  any  powers  of  x  in  common  with  i/j,  we  see 
that  c^  must  =  0.  Hence  11)  differs  from  rj^  only  by  a  constant 
factor. 


CHAPTER  XIV 
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Functions  of  Legendre 

221.  The  Potential.  1.  We  wish  in  the  present  chapter  to  de- 
velop some  of  the  more  important  properties  of  these  functions 
which  are  of  great  importance  in  mathematical  physics.  We  begin 
with  the  polynomials  introduced  by  Legendre,  who  was  led  to 
study  them  while  treating  of  the  attraction  exerted  by  the  «arth 
on  a  mass  exterior  to  it.  Such  questions  arise  in  celestial  me- 
chanics and  in  geodesy. 

Let  us  find  the  attraction  exerted  by  a  body  ^  on  a  unit  mass 
/i  situated  at  the  point  A. 

The  force  exerted  by  an  element  of  mass  dm  situated  at  P  on  /i 
is,  by  Newton's  law, 

/dm 

82  =  (x  -  (1)2  +  (y  -  by  4-  (2  -  cy. 

If  AP  makes  the  angles  a,  /3,  7  with 
the  a;,  y,  z  axes,  we  have 

X  —  a  __    ^  __  y  —  h 

h 
z  —  c 

B    ' 


COS  a  =  — ^—     ,     cos  13  =  — i, — , 
0 

cos  7  = 


The  Xy  y,  z  components  of  /  are  there- 
^«"«  dm    x-a  dm    y-b 


S» 


S» 


dtn,    z  —  e 


If  we  denote  the  total  force  of  attraction  exerted  by  -B  on  /a  by  1^ 
and  the  a:,  y,  z  components  of  F  by  X,  F,  Z,  we  have 


/x-  a 
-Is- 


—  dm 


-'f 


^ dm 

403 


"f 


z  —  c 


» 


dm. 
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Let  us  consider  the  function 

V 
We  have 


dV 
dx 


=  «/.„.£(.)=-./-.^.-x        (. 

Similarly  ^j^  ^y 

-   =  —  r    ,     -    =  -  z. 

at/  dz 

Thus  the  function  1)  has  the  remarkable  property  that  its  first 
partial  derivatives  are,  aside  from  sign,  the  components  of  the 
force  exerted  by  the  body  £  on  a  unit  mass  fi  situated  at  A.  This 
function  V  is  called  the  potential  of  the  body  B  with  respect  to 
the  point  A.  It  is  of  extraordinary  importance  in  many  parts  of 
applied  mathematics.     For  simplicity  we  shall  set  (?  =s  1. 

2.  Let  us   now  show  that   V  satisfies  the  partial   differential 
equation 

This  is  known  as  Laplace  $  equation  and  is  often  written 

Ar=0.  (4 

We  have  from  2) 

ar    r{Z(x-ay    ii, 

^=jl    » — sir"*' 

and  similar  expressions  for  the  two  other  derivatives  in  3).  Thus 
adding,  3 

3.  As  a  special  case  we  see  that 


is  a  solution  of  3). 


r=l  (5 


4.  As  an  exercise  in  the  calculus  the  student  may  transform  3) 
to  polar  coordinates, 

x^r  cos  0  cos  ^     ,     y  =  r  sin  0  sin  ^     ,    «  =  r  cos  0.         (6 


FUNCTIONS   OF  LEGENDRE  AND  LAPLACE 


495 


It  is  couveuient  to  call  0  the  altitude  and  ^  the  azimuth  of  the 
point  x^  y^  z. 

After  a  lengthy  calculation  we  find  that  the  left  side  of  3) 
becomes 

Br\      drj     8\n0d0\  80 J     sin^ 0  difi!^  ^ 

When  the  attracting  masses  are  symmetric  with  respect  to  an 
axis,  we  may  take  this  to  be  the  2-axis.  Then  V  cannot  change 
when  if)  changes.     Hence         j^ 


d<f> 


=  0, 


and  in  this  case  7)  becomes 


Br\     br )      sm  0 


Ik-'^-S) 


(8 


222.  Definition  of  Legendre^s  Coefficients.     1.  In  many  investiga- 
tions it  is  useful  to  develop  the  quantity  -  in  a  series.     In  doing 

u 

this  we  are  led  directly  to  Legendre*s     » 
coefficients. 

Let  0  be  the  angle  between  a  and  />. 


Then 
Let 


Then 


S*  =  a2  ^  ^a  _  2  a/o  cos  0. 

r  =  -     ,     when  a  <  /> 
9 

=  ^     ,     when  a  >  p. 
a 

S=a2(i_2rcostf4-r2)     ,     a>/> 
=  />2(l-2rco8^-fr2)     ,     a</>. 


(1 


In  either  case  the  development  of  -  leads  us  to  develop 

o 


r= 


Vl-'2rco8^  +  r» 


0<r<l. 


(2 


This  we  now  do,  using  the  binomial  series 

/"*  x"~*         i     I     1  il*^     o,l»0«0     Q, 


(3 
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which  is  valid  when  I  w  I  <  1.     Let  us  therefore  set 


X  =  cos  6     ,     M  =  2  rx  —  r^, 

whence  m  • 

m  ! 


u-  =  V  ( -  !)•      /^'         (2  a:)---r-*'. 

This  in  2),  3)  gives 
r=  V  V ( - !)• (2w)! ^^.^«-. 

S)     3  ^  2-(m-«)!(m-20!«! 


oo 


Thus 

r=  2  P«(a;)r-  =  P,  +  ^i*"  +  A'^  +  -  (^ 

fR=4) 

where 

p^(a;)  =  1-3.5...(27B-1) 

f    «      m  '  m  —  \      «.o  ,  7w-m— 1-m  —  2-w  —  3   _,_4  1       ,r 

1  2(27w-l)  i:.4.27n-1.2w-8  J       "^ 

These  are  Legendre9  coefficients  or  polynomiaU^  for  on  the  one 
hand  they  are  polynomials  in  a;,  and  on  the  other  they  are  the 
coefficients  in  the  expansion  4). 

We  have 

P,=  l     ,     P^^x    ,     P3  =  fx2-J,  (6 

P^^^a^-lx    ,     P4  =  ^2^-Y^+|,  etc. 

2.  From  5)  we  see  that 

^»(-^)=(-iri'«(^)-  a 

Thus  Pm,(x)  is  an  odd  or  even  function  as  m  is  odd  or  even. 

3.  When  ^  =  0,  x  =  cos  tf  =  1.     Then 

r=,— =l4-r  +  r2+... 
1  —  r 

Comparing  with  4),  we  see 

P,„(l)  =  l.     7w  =  l,  2,  ...  (8 
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4.  From  5),  6),  we  have 

Pt,,.i  (0)  =  0.  (10 

5.  The  equations  6)  enable  us  to  express  x,  z^,  a^  •••  in  terms  of 

/*,,    Py    Pj,    •••• 

Thus  we  find 

X  =  P,(a;), 

^  =  i  ^8(^)  + 1  -PiC^^).  etc. 
In  general  we  see  x*  has  the  form 

the  coefficients  being  constants. 

223.  Development  of  P^  in  Multiple  Angles.   1 .  We  Iiave 
1  -  2  r  cos  tf  +  r»  =  (1  -  re**)(l  -  re-*). 
^^^  (1  -  re'^yh  =  a^  4-  flire'*  -h  Oara^a.^  -^  ... 

where  1  . 3  1.3.6 

ao=l,  ai  =  J,  a,  =  ^-^,    «3  =  274T6'* 

Hence 

vl  —  2rcosa-h  r* 

=  H-Pir4-P2'^  +  -- 
Thus 

P^(cos  ^)  =  2  a^a^  cos  n^-f  aja^.i  cos(w  —  2)tf 
4-a2an-2COs(w— 4)tfH — 

21«3'6»"2n  —  If  /i.l       w  ,        rtN/i^-i 

2.4.6...2W      I  1  2w-l        ^  ^     ^ 

4- :r-^.^i i — ^ -cos(w-4)^4---  f- 

1.2  2n-1.2w-3  J 

From  this  we  have 

P^  =  l     ,     Pj=:costf    ,     Pj  =  ^(3co8  2^H-l)  ...  (2 
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2.  We  note  that  all  the  coefficients  in  1)  are  positive.  Thus 
P«(cos  ^)  has  its  greatest  value  when  ^  =  0,  for  then 

cosnO^  cos(n— 2)^,  •••  (8 

all  take  on  their  maximum  positive  value  1. 

Thus  P«(a:)  has  its  maximum  value  for  a;  =  1.  On  the  other 
hand  P^  is  certainly  greater  than  the  right  side  of  1)  when  we 
replace  the  quantities  3)  by  —  1.     Thus 

-P,(l)</>.(costf)<P.(l), 
or  using  222,  8),  __  j  ^  p^^^^^  g^^^  ^^ 


St24.  Differential  Equation  for  Pn^x)-     I^^t  A  be  on  the  z-axis. 
Then  . 


VI-  2rco8^4-r» 


a 


is  independent  of  (f>.     Now  F  satisfies  Laplace's  equation  AF=  0 
as  we  saw  in  221,  3.     This  we  saw  in  221,  8)  is  here 


Let  us  set      ^  ^  ^^^  g 
Then  1)  becomes 


(2 


OfOya 


dr\     dr  J      dx     ^  "^  dx  ^ 


Now  by  222,  4) 


oo 


Putting  this  in  3)  gives 


2r»  j  n(w  +  l)Pn  +  ^  •  (1  -  a?)^l  =  0. 


dx 


dx 


1 


Hence  P.  satisfies  j  j  p 

«(n  +  l)y>,  +  -f  (1  _  aJ)»p  =  0. 

ax  ax 


or 


(1  -  a?)g  _  2a;£  +  n(n  +  l)y  =  0. 


0 


(5 
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If  in  this  we  set  o 

it  becomes 

w(l  -  ^)0  +  (f  w  -  i)^  +  n(n  +  l)y  =  0.  (6 

This  is  a  special  case  of  the  hypergeometric  differential  equation. 
Comparing  with  210,  1)  we  get 

A  fundamental  system  of  integrals  of  6)  is,  as  we  saw,  210, 10),  12), 


-  'i-  ^.  "-±^  1 4 


^2 

Now  when  a  or  /9  is  a  negative  integer,  l^(a,  /8,  7,  a:)  reduces  to  a 
polynomial.  Hence  when  n  is  an  even  integer,  y^  is  a  polynomial 
and  ^2  i^  ^^^  infinite  series;  while  when  n  is  odd,  y,  ^^  &  polynomial 
and  ifi  is  an  infinite  series.     This  shows  that 

F^  (a:)  =  ^1^1    ,    n  even 

=  <?2y2  '  ^  ^^^• 

Comparing  with  222,  5),  we  get 

p.(x)=(- ly ' 'I't.^X ' ^^- "' "  +  ^' ^' ^-   (^ 

225.  Integral  Properties  of  P«(x).   1.  In  224,  4)  let  us  set 

If  =  P^  and  tlien  y  =  P^;  we  get 

M(7I.  +  1)P«  +  y- (1  -  a?)  ^  =  0, 
n(n  +  l)P.  +  £(l-r«)^  =  0. 
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Multiply  the  first  by  P^,  the  second  by  P^,  and  subtracting,  we 
get  on  integrating 

(w  -  n)(wi  -f  w  4- 1)  r  PfnPndx  =  0. 
Thus  ^1 

From  this  follows  the  theorem: 

Let  F^(x}  be  a  polynomial  of  degree  m  <  n.     Then 

r  F^ix)P,(^x)dx  =  0.  (2 

For  by  222,  6, 11) 

Fm  =  c,P,  +  c^P^  -I-  -  -I-  c^P^. 

Thus  the  left  side  of  2) 

=  0     ,     byl). 
2.  We  have 

^ =  I  +rPi(i:)  +  r2P2(a:)4-  -  =  2  r-P^(x). 


Squaring,  we  get 

l_2i.  +  ri  =  ^ r"+»P«(x)P,(aj)     ,     m,  n  =  0,  1,  2,  ••.     (3 
Now 

Hence,  integrating  3)  and  using  1),  4),  we  have 

^  2  n  4- 1  S     J -I 

Hence,  equating  the  coefficients  of  like  powers  of  r,  we  have 

rFi(x)dx  =  5-4-r«  =  ^'  2.  -  ^5 
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3.   We  have 


Vl  -2a:z-h2^ 


Hei^ce,  C  denoting  a  small  circle  about  the  origin  in  the  2-plane, 

=  2  7riP,(x). 

'^^'''^  ^         1  r        ^^ 

the  radical  having  the  value  +  1  for  2  =  0. 
Let  us  set  2  =  -  in  6),  we  get 

where  i>  is  a  large  circle  about  ti  =  0,  which  u  describes  in  the 
positive  direction. 

4.  In  7)  let  us  set 


Vl  —  'Ixu-^-u^^^w—u    ,     or  1  —  2  zw  -f  u^  =  (m;  —  m)^. 

Then  ^^1  ^^^ 

w  =  -r; ,     du  = aw. 

z{w  —  x)  w  —  x 

While  u  describes  the  large  circle  2),  w  will  describe  a  curve  ^ 
which  is  approximately  a  circle  of  radius  2  R.     Thus  7)  gives 

Since  the  integrand  has  no  singular  points  in  the  distant  part  of 
the  tr-plane,  jt  can  be  regarded  as  a  large  circle  whose  center  is  x. 
The  relation  8)  is  due  to  SchldflL 
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226.  Rodrigue's  Formula.   1.  Let 

Then  by  Cauchy's  integral  formula 

where  ft  is  a  circle  about  the  point  w^x.     Hence 

=  2»n!P^(a:)     ,     by  225,  8). 


Thus 


1       d 


n 


a  relation  due  to  Rodrigue. 

2.  From  this  relation  we  can  prove  the  theorem : 

The  n  roots  of  P^(a;)=0  are  (dl  recU^  and  lie  in  the  interval 

a=(-i,  1). 

We  start  with 

/(a:)  =  (a:^  -  1)«  =  (a:  -  l)'»(x  +  1)*. 

This  shows  that  x  =  l  is  an  n-tuple  root,  and  the  same  is  true  of 
a:  =  —  1.     As/  is  of  degree  2  n,  /(a;)  has  no  other  roots. 
By  RoUe's  theorem 

/(l)-/(-l)  =  0  =  2/'(a,)     ,     -!<«,<!. 

Hence /(a:)  vanishes  at  2;  =  a^,  a  point  within  H.     But 

f(ix)=2n(i3^-^iy-'x 

has  a;  =  ±  1  as  roots  of  order  n  —  1.  Thus/' (a;)  =  0  at  a:  =  ±  1  and 
at  a;  =  Oj,  and  only  at  these  points.  We  may  reason  in  the  same 
way  on /"(a:).     We  have 

/'(a;)=  4  n(n  -  l)(a?  -  l)-2a:2  +  2  n(a?«  -  !)•-». 

This  has  a;  =  ±  1  as  roots  of  order  n  —  2.  Rollers  theorem  again 
shows  that /"(a;)  must  =  0  at  some  point  b^  within  (—1,  a^)^  and 
at  some  point  6,  within  (Oj,  1).     We  have  thus  found  2n  — 2 
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roots  of /"(a;).  Since  the  degree  of /"(a:)  is  2n  —  2,  there  are  no 
other  roots.  Thus/" (a;)  vanishes  at  just  two  points  6^,  6j  within  8. 
Continuing  in  this  way,  we  see  that  f^^^(pc)  vanishes  at  n  and 
only  n  points  within  8.  By  Rodrigue's  relation  1),  Pni^^  ^^^ 
/^"'(a?)  differ  only  by  a  constant  factor.  Hence  Pni^)  vanishes 
n  times  within  9.     As  P^  is  of  degree  n,  these  are  all  the  roots  of 

227.  Development  of /(or)  in  Terms  of  P»(ar).  1.  Let /(a:)  be  a 
one-valued  continuous  function  of  x  having  only  a  finite  number 
of  oscillations  in  the  interval  9  »(—  1,  !)•  Then  it  can  be  shown 
that /(a;)  can  be  developed  in  a  series  of  Legendrian  functions 

which  is  valid  for  any  x  in  H.     Moreover  this  series  can  be  inte- 
grated termwise  in  9* 

Admitting  this,  let  us  show  how  the  coefficients  e^  may  be  found. 
Multiplying  both  sides  by  PnC^)  and  integrating,  we  get 

r/(a:)P,(a:)rfa:=  2  C c^P^PJlx. 

All  the  terms  on  the  right  vanish  by  225,  1),  6)  except  that 
corresponding  to  c^.     Thus 

2c    . 


./-I  ./-I 


2n  +  l 


Hence 


<?«  = 


2n-\-l  r 


2 
Thus  we  have  the  theorem  : 


Cjix)P,(x)dx.  (2 


Let  f(jc)  be  a  one-valued  continuoits  function  having  only  a  finite 
number  of  oscillations  iw  the  interval  (  —  1,  1).     Then 

fip)  =  t  ^^Pnix-)  rf(x)P^ix)dx.  (3 

11=0        ^  J-\ 

2.  Since  P^i.^)  satisfies  the  condition  of  this  theorem,  we  have 
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Since  PJ,  is  odd  or  even  with  n  —  1,  we  must  have 

Here  by  2)  9*«  ^  i  /'i 

Integrating  by  parts  gives 

=  2m-f  1 

since  the  integral  vanishes  as  -Pi(a:)  is  the  sum  of  P's  whose  in- 
dex is  <  n.     Thus 

P;(a;)  =  (2n-l)P,_i4-(2n-5)P,_3  +  (2n-9)P,_,-t-  •••        (4 

3.    Let  us  show  that  f(x)  can   be  developed  in   a   series  of 
Legendrian  functions 

f(x)  =  flo  +  «i  A(^)  +  «^  A(^)  +  •  •  •  (5 

in  but  one  way.     For  suppose  that 

fix)  =60  +  hPi(x)  -h  b^P^ix)  -h  ..-  (6 

were  a  second  development  valid  in  (—1,  1).     Subtracting  we 

^^^  0  =  Co  +  c^P^ix)  -h  c^P^ix)  -h  ...  (7 

where  ^       >,       jl 

<?«  =  «n  —  c^n- 

Let  us  multiply  7)  by  Pni^^  and  integrate  between  —  1  and  1. 
Granting  we  can  integrate  the  resulting  series  term  wise,  we  get 

Q  =.  cS^ PJx  -{-  cS^ P^PJx  -\-  c^r P^PJx  -^  ...  (S 

Here  each  term  is  0  by  225  except  the  term  corresponding  to  c^. 
Thus  8)  reduces  to  ^j  ^ 

0  =  c./    PMx=^     ^^- 


==  ^"/! 


Hence  ^^  =  0, 

and  thus  ^       h  -10 
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228.  Recurrent  Relations.  1. 

(n  +  1  )P,^,  -  (2  »  +  l)xP,  +  nP,.^  =  0.  (1 

(1  -  a?)Pi  +  nrP,  -  nP^.,  =  0.  (2 

(1  -  x2)P^_,  +  nP,  -  nxP,_i  =  0.  (3 

xPL  -  P'n-x  -  nP,  =  0.  (4 

i*Ui  -  Pi-i  -  (2  »  +  1)^,  =  0.  (5 

These  may  be  proved  by  putting  in  the  values  of  P^,  P'^  as  given 
by  222,  5).     There  results  a  polynomial  in  x  whose  coefficients 

are  all  zero.     A  more  expeditious  method  is  the  following.  Let 

r=  (1-2  ax +  2*)"* 

=  Po(^)  +  z-Pi  (^)  +  ^ A (^)  ■*-•••  (6 
Thus                               Q  Y 

dz  X  —  z 


V     l-2xz  +  z' 


^"^  {1-2XZ  +  zi)^+(z  -  x)  V=  0.  (7 

oz 

On  the  other  hand,  we  get  from  6) 

^=  Pi  -h  2zP^  +  B^aPg  -h  -.  (8 

Putting  6)  and  8)  in  7)  gives 

As  all  the  coeflBcients  are  0,  the  coefficient  of  2*  here  gives  1). 

2.  To  get  5)  we  use  227,  4).     Thus 

PUi  =(2n  +  l)Pn  +(2n  -  3)P,_2  +  ... 
P^i=  ♦  4.(2n-3)P„_.,-h... 

Subtracting  gives  6). 

3.  To  get  4)  we  have  only  to  differentiate  1)  with  respect  to  x 
and  use  6). 

4.  To  get  2)  we  multiply  4)  by  x,  getting 

t^P:  =  xPi_i  -h  nxP^. 
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Hence 


(1  -  r^)P!,  =  P:  -  xP:,,  -  nxP,, 
or  (1  -  a?)P^  +  nxP,  =  P^  -  xP:,_, 

=  nP„_i, 
on  using  4),  5). 

229.  Legendre's  Functions  of  the  Second  Kind.    We  saw  in  224, 
6)  that  PnC^)  satisfies  the  equation 

This  equation  admits,  by  210,  16),  17),  two  integrals  about 
u  =  <x>,  viz.: 

u  -x»f{--  -^nl       2n-l   1\  .„ 

1    p/'^L+I    «  +  2    2n-f  3    IN  .„ 

Since  jP(a,  /8,  7,  2;)  is  a  polynomial  when  a  or  0  is  a  negative 
integer,  we  see  that  whether  n  is  odd  or  even 

V2' — 2"' T-'V 

is  a  polynomial  in  w^  and  thus  2)  is  aside  from  a  constant  factor 
nothing  but  jP»(ic). 

The  other  integral  3)  multiplied  by  a  constant  factor  gives  rise 
to  Legendre*s  Functions  of  the  second  kind,  viz.: 

nr\^       1  *2.3.-n  1    j/n-fl  n-f  2  2n-h3  1^ 

^•^''^""8.5.7....2n-hl  '  i^    V^~''""2"'""2~'^/ 

x\>l.     (4 


230.  Recurrent  Relations  for  Q^-  1.   If  in  229,  4)  we  set  naO, 
we  get 
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Using  229,  4)  we  prove  at  once  that 

<?,-a:^o  +  l=0  (2 

'^^  (»  + 1) ^.«  -  (2  »  +  l)xQ,  +  n©._,  =  0.  (3 

These  show  that 

Z  —  1 

when  *S,  T  are  polynomials.     We  can  go  further  by  observing  that 

the  recursion  formula  3)  for  Q^  is  the  same  as  that  for  P.  in  228, 

1).     Let  us  set  - 

i=log£±i     ,     Zi  =  l 

in  2),  8),  we  get        q^  =  ^q^_i^  ^  p^L- Z,. 
Then        2^,  =  3x^,-^„     ;     2  i>,  =  8  a:Pi  -  i>o. 

This  is  perfectly  general.     For  let  us  admit  that 

(?.  =  Ji>.i-Z.  (5 

is  true  for  n  and  show  that  it  holds  for  n  +  1*     Here  Z»  is  a  poly- 
nomial of  degree  n  —  1. 
For  by  8), 

(n-f  l)G^M  =  (2?i-hl>Cn-w^^_„or  usingS), 

=  (2n  +  l>{JP,Z;-ZJ-n}^P._iZ;-Z,_,| 

=  ^  i{  (2  w  +  l)xP,  -  nP,.,  j  -  (2  n  +  l)a:Z,  +  nZ,_, 

which  goes  over  into  5)  on  setting 

-(n+l)Z,^,  =  nZ,.,-(2n  +  l>Z,.  (6 

This  is  a  recursion  formula  for  Z„  and  shows  that  Z^  is  odd  or 
even  according  as  n  —  1  is  odd  or  even. 

2.  Since  X  is  a  logarithm  and  P^,  Z^  are  polynomials,  we  see 
that  Legend  re's  equation  224,  6)  does  not  define  any  new  class  of 
functions,  that  is,  its  general  integral  is  a  combination  of  poly- 
nomials and  logarithms. 
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231.  Development  of  Z^  in  Terms  of  the  P^*  Since  Z^  is  a  poly- 
nomial, we  can  develop  it  in  terras  of  P^,  Pp  Pj  •••  by  227,  l,  or 
by  222, 6.     Thus      „  ^ 

the  Ojm  being  all  0  on  account  of  the  parity  of  Z^,  To  determine 
the  coefficients  in  1)  we  use  the  fact  that  ^«  is  a  solution  of 
Legendre*s  equation  224,  4) 


dx 


r(l-xa)g1+n(»+l)y  =  0. 


This  gives       ,  p  ,      -, 

£;|(l-a^);^^,J+n(n  +  l)Z.-2i>;=0.  (2 

But  by  227,  4) 

i>:  =  (2n-l)P._,  +  (2«-5)P._,+  ...  (3 

Thus  1)  and  3)  in  2)  give 

'^"•-'=(2m+l)(«-m)     '    "»  =  0,1,2,  ... 
Hence 

«  __  2n- 1  p  2  n  -  5   p  2n-9   p  , , 

1  •  n  d(n  —  1)  6(n  —  2^ 

232.  Laplace's  Equation.  1.  One  of  the  most  important  equa- 
tions in  mathematical  physics  is  Laplace's  equation 

Am  =  — -  H r  H — r  =  0.  (1 

Example  1.  Suppose  heat  is  passing  into  a  body  at  certain 
points  of  its  surface  aS>  and  leaving  at  other  points.  It  is  easy  to 
show  that  the  temperature  u  at  any  interior  point  P  of  the  body 
satisfies  the  partial  differential  equation 

^  =  c?Am,  (2 

where  c?  is  a  constant.  In  many  cases  a  stationary  state  sets  in ; 
as  much  heat  leaves  an  elementary  cube  described  about  the 
point  P  as  enters  it.     In  this  case  the  temperature  u  is  constant, 
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and  hence  —  =  0.     Thus   u  satisfies  in  such   a  case   Laplace's 

,.  dt  ^ 

equation. 

It  can  be  shown  that  when  u  is  known  on  the  surface  S  in  this 
case,  the  value  of  u  can  be  found  at  any  point  P  within  the  body ; 
in  other  words,  the  solution  of  1)  is  uniquely  determined  when 
u  is  given  on  the  boundary  S. 

Any  function  u  satisfying  1)  is  called  a  harmonic  function. 

Example  2.  Suppose  a  fluid,  that  is,  a  liquid  or  a  gas,  is  in 
motion.  At  the  time  ^,  the  particle  at  the  point  P  is  moving 
with  a  certain  velocity  tt  whose  components  call  w,  v,  w.  Let  V 
be  the  volume  of  an  element  of  the  fluid  at  the  time  t ;  at  the  time 
t-f  rft,  this  volume  has  changed  to   V+dV,     Thus  the  rate  at 

which  V  is  changing  is     — ;    it  Is  called   the   divergence  of  the 

dt 

vector  U'     It  is  denoted  by        ,. 

*^       div  u. 

One  finds  easily  that  ^^      ^^      5^, 

divu  =  -     H 1 •  (3 

dx      dy      dz 

If  the  fluid  is  incompressible,  as  it  is  sensibly  for  liquids  like  water 

div  u  =  0.  (4 

In  an  important  class  of  problems  the  velocity  tt  is  such  that  its 
components  are  the  derivatives  of  some  function  ^(x,  y,  2),  that  is 

d(&  d(&  d(&  /f 

u  =  -^^v=-^^w  =  —^*  (5 

dx  By  dz 

We  call  0  the  velocity  potential. 

If  the  fluid  is  incompressible  and  its  velocity  has  a  velocity 

potential  ^,  then  ^  satisfies  Laplace's  equation  1)  as  is  seen  at 

once  by  putting  5)  in  4). 

The  surfaces  .  ^  ^  ,,  ^x      n  /a 

4>{x,  y,  z)  =  U  (b 

are  called  eqtial  potential  surfaces, 

A  curve  in  space  such  that  the  tangent  at  each  point  of  it 
has  the  direction  of  the  vector  u  at  that  point  is  called  a  stream 
line. 
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These  cut  the  surfaces  6)  orthogonally.  For  the  normal  at  a 
a  point  of  6)  has  direction  cosines  which  are  proportional  to 

dS  d<l>  d(l>  ^ 

dx     '     5y    ^     ^^  ' 

but  these  by -5)  are  proportional  to  the  direction  cosines  of  the 
vector  u. 

2.  When  the  particles  of  the  fluid  are  all  moving  parallel  to  a 
plane,  which  we  take  as  the  ^zi  y  plane,  we  may  neglect  the  com- 
ponent w  of  the  motion  since  it  is  0.     Let 

be  an  analytic  function  not  necessarily  one-valued.     Then,  as  we 
have  seen,  the  Oauchy-Riemann  relations  hold,  or 


T 


dx       by  by  bx 

From  these  follow  that 


(« 


b^  ^  by^  '      bj?^  by^  ^ 

Thus  17,  V  satisfy  Laplace's  equation  for  two  variables.  Let  us 
take  one  of  the  functions  {7,  V  (to  fix  the  ideas,  say  17)  as  a  veloc- 
ity potential.     Then  by  definition  the  components  of  the  velocity 

U  are 

bU  bU 

bx  by 

The  relation  9)  shows  that  div  tt  =  0,  thus  the  fluid  is  incom- 
pressible. 

From  8)  we  now  have 

ax  bx       by  by 

Thus  the  two  families  of  curves 

U  s=  const    ,     F=  const  (10 
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cut  each  other  orthogonally.     This  gives  the  theorem : 

The  two  components  of  an  analytic  function  7)  may  be  used  to 
define  two  families  of  curves  10),  such  that  one  family  represents  the 
stream  lines  of  the  motion^  the  other  the  curves  of  equal  potential. 


Then 


n' 


d(r' 


3.    To  illustrate  this  theorem  let  us  take  as  analytic  function 

/(z)  =  z^  =  3fl  —  y^-{'i>2xy. 

These  give  rise  to  two  families  of  equilateral  hyperbolas  whose 
asymptotes  are  the  lines 

yssx    ,     y  =  —  a:     and     y  =  0     ,     a:  =  0. 

233.  Theorems  of  Gauss  and  Green.  1.  In  studying  the  solution 
of  Laplace's  equation  we  shall  find  it  extremely  useful  to  use 
some  theorems  relating 
to  surface  and  volume 
integrals  due  to  Gauss 
and  Green. 

Let  #9  be  an  ordinary 
closed  surface.  Let  us 
effect  a  rectangular  di- 
vision of  the  yz-plane. 
Each  rectangle  dydz 
may  be  used  as  the  base 
of  a  cylinder  which  cuts 
out  elements  of  surface  *^ 
da\  dtr'^  da*"  •••  on  #S  whose  normals  call  n\  n'\  ?i'"  •••. 

Then  as  the  figure  shows 

dydz  =  —  rf<r'  cos  (n'a;)  =  da"  cos  (ji"x)  =  .   •  . 

dT  =  dxdydz 

be  an  element  of  volume.     Let  u  be  a  vector  whose  components 

are  u,  v,  w.     Then  if  —  is  one-valued  and  continuous, 

dx 

I  —  dr  =  I  dydz  I  —  dx  =  /  udydz  =  I  u  cos  (nx^da,         (1 
J  sdx  J  J  dx  J  a  Ja 
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We  get  similar  relations  for  — ,  — .     Thus  addini?, 
^  dy     dz  ^ 

J:s\dx      dy       dz  J  J  a 

=  I  (u  COS  (nx) -t-  V  cos  (wy) -f  w  cos  (jiz))d(T,     (2 

Now  the  component  of  the  vector  tt  normal  to  S  is 

U^  =  u  cos  (nx)  -t-  V  cos  (ny)  4-  a^  cos  (nz),  (3 

If  tt  denoted  the  velocity  of  a  fluid,  Mnfi*^  would  denote  the  amount 
of  fluid  which  passes  across  the  element  of  surface  dS  per  unit  of 
time.     For  this  reason  we  call  quite  in  general 

yxAS 


the  flux  of  tt  across  dS.     Thus  2)  may  be  written 

Jdiv  ndr  =  /  flux  tt  •  d^'  (4 

s  J  s 

This  is  Qauss"  theorem. 

2.    Let  us  now  deduce  Greens  theorems.     To  this  end  we  con- 
sider the  integral  taken  over  a  volume  bounded  by  S^ 

where  z^^  a^^  x^  are  simply  x^  y,  z.     We  use  the  subscript  notation 
in  order  to  use  the  2  sign  on  account  of  brevity. 
We  have  now 

dXidJi       dXi         dXi  dx^ 

Let  g  be  the  vector  whose  three  components  are  U — .    Then  5) 
becomes  ^  ^  ^* 

J^  I  iWwqdT-  I  UAVdT. 

By  Gauss'  relation  4) 

I   div  QdT=  I    flux  Q  da^—  I   U —  da 
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if  we  reckon  the  normal  n  inward.     Thus 

J^  »  Cu^-Zda  -  CuAVdT,  (6 

or  interchanging  [7,  V 

=  Cj^^da^  CvAUdr. 

Js     d^n  Js 

Equating  these  two  values  of  «7  gives 

If  we  set  U==  1  in  7),  we  get 

C^da  =  -  Ta  Vdr.  (8 

Js  dn  J  a 

If  we  set  U=  Fin  6)  it  becomes 

fy%^dT=^-C  V^da  -  C  FA  Vdr.  (9 

Js  ^  Bxf  Js     dn  J  a 

If  Vit  harmonic,  that  is,  if  A  V=  0,  this  gives 

If  U  and  Vare  both  harmonic^  7)  becomes 

fv'-^da^Cv'JLd..  (11 

Js     dn  Js      dn 

If  Vis  harmonic^  the  relation  11)  gives  for  U=l 

r-Ida  =  0.  (12 

Jsdn 

These  relations  are  due  to  Green. 

234.   Potential  Expressed  In  Terms  of  Boundary  Values.    1.  Let 

a  be  a  point  within  the  surface  S.     The  distance  from  a  to  any 
point  a:  in  /S'  is 


614 
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Then 


r=i 


is  not  continuous  in  S.  Let  us  therefore  describe  a  small  sphere 
JTof  radius  k  about  a  and  let  T  denote  the  remaining  volume,  as 
well  as  the  surface  bounding  this  vol- 
ume. The  normals  n  we  will  reckon 
inward  as  in  the  figure. 

From  233,  7)  we  have,  denoting  an 
element  of  surface  by  (2<r, 


jT\r  dn  duj  jTT 


since  A?7=  0. 

Let  us  suppose  ^satisfies  the  relation 

Then 


<  some  Or    ,     as  r  =x  0. 


(2 


\Jk  r 


<  a 


TdT^O     , 


as  A:aO. 


Hence  the  integral  on  the  right  of  1)  converges  to 


J. 


-  l*-AVdT    ,    as*  =  0. 


Let  us  turn  to  the  integral  on  the  left  of  1).     We  have,  taking 
account  of  the  sign  of  the  normals. 

Now  relative  to  ^,     ^     -^      dr     d  \         \ 

dn    r      dn    drr         r* 

Let  now  F^  F^  be  the  minimum  and  maximum  of  F'on  K.     Then 

or  /» 

where  Fi,  is  a  mean  value  of  Fon  K. 
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Let  now  4=0,  then  V^=  f^,  the  value  of  Fat  a.     Thus 

J      orr 
Let  us  now  look  at  n  dV 


da. 
dn 


Since  the  first  partial  derivatives  of   V  are  continuous,  so  is 

dV      „ 

— -•     Hence  ,;,t^ 

^^  '"^^    <someiron  JT. 


dn 
Thus 


IJkt 


dn 


<i^ir  =  0,  a8*=0. 


We  thus  get,  the  point  a  being  within  S^ 


4^r.=  C(vP—''  ^>-  CUvdr.  (8 

Ja\     dnr      r  dn  J         Jsr 

In  case  Vi9  a  harmonic  function^  this  gives 

r„=-Lr(r^-l-i^r)d..  (4 

•*7rj.v\      dnr      r  dn  J 

2.  In  the  foregoing,  the  point  a  was  taken  inside  the  surface ; 
let  U9  now  take  a  without  S. 

Let  A  be  a  sphere  of  radius  K==<x).  About  a  as  a  center  let  us 
describe  a  sphere  t  of  radius  A;  =  0.  The  three  surfaces  A,  S^  I 
limit  a  region  T  whose  boundary  may  be  denoted  by  the  same 
letter. 

Let  X  be  any  point  in  T.     Then 

r 
is  continuous  in  T  and  we  have  again 

jT^r  dn  dn  r)  jTr 
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Then  if  we  reckon  ?i  inward  as  in  Fig.  2  we  have 


+  !*(     y<r  =  T- A  rax.    (r) 

We  have  already  seen  that 
IdV 


Jxr 


f, 


fr  on 

r-^id<r  =  47rra. 
t       on  r 


Let  us  suppose  now  that  V  is  such  that  2)  still  holds  and  that 
also 

r=  0,  and    /P  V-    <some  6?  as  5  =  ao.  (6 

I       ^^  I 

C\^da^O     ,      /*    r^-^i<r=0     asJir=oo. 
J  St '"  ^'^  •^  ^       ^  '" 

Thus  5)  gives,  the  point  a  being  without  8^ 

where  2  denotes  all  space  outside  of  S. 
If  V%$  harmonicy  this  gives 

Js\    d^nr     r  dnj  ^ 

We  notice  that  4)  and  8)  are  the  same  in  form. 

235.  Outline  of  a  Solution  of  Laplace's  Equation.  The  following 
method  is  applicable  to  the  sphere,  the  cylinder,  and  the  ellipsoid. 
It  depends  upon  the  fact  that  each  of  these  three  surfaces  belongs 
to  a  family  of  triply  orthogonal  surfaces,  viz. : 

1°  Sphere^  cone,  meridian  plane. 

2°  Cylinder^  meridian  plane,  plane  perpendicular  to  the  axis. 

2P  Confocal  ellipsoid^  hyperboloid  of  one  and  two  sheets. 
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In  passing  let  us  note  that  the  rectangular  xyz  coordinates^  are 
also  defined  by  a  system  of  triply  orthogonal  surfaces,  viz.: 
planes.     To  solve 

d3?      df      dz^ "    '  ^ 

by  the  method  we  have  here  in  view,  we  first  pass  from  the  rec- 
tangular coordinates  x^  y^  zio  2k  system  of  coordinates  determined 
by  the  triply  orthogonal  surfaces. 

To  illustrate  this  let  us  consider  the  case  of  the  sphere.  Here 
the  family  of  surfaces  are  given  by 

a;2  4.  y2  _  ^a  tan*  tf  =  0,  (2 

y  —  X  tan  <^  =  0. 
If  we  solve  these,  we  get 


/i(^i  y^  2)  =  ^^^  4-  y*  +  55*  =  r, 

/a(a:,  y,  z)  =  arctg  — ^  =  tf,  (3 

z 

/sC^'  y^ «)  =  »rctg  ^  =  <^. 

X 

Giving  r,  ^,  ^  definite  values,  we  can  solve  2)  for  x^  y,  z^  getting 

In  the  case  of  the  sphere  these  are 

a:  =  r  sin  tf  cos  <f>    ,     y  =  r  sin  tf  sin  <^     ,     «  =  r  cos  0. 

The  new  coordinates  are  polar  coordinates. 

In  general  the  family  of  orthogonal  surfaces  corresponding  to 
3)  may  be  written 

/i(a;,  y,z)=f     ,    /a(a:,  y,  z)  =  1;     ,    M^,y,z^=^. 

To  each  triplet  {,  17,  ^  will  correspond  one  surface  in  each  family. 
Their  intersection,  taking  account  of  the  octant,  will  be  the  re- 
quired point.  The  next  step  is  to  take  f ,  17,  ^  as  new  independent 
variables  and  transform  Laplace's  equation  1)  to  this  set  of 
variables.     For  polar   coordinates  this  has  been   done   already. 
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We  saw,  221,  7),  that  1)  becomes 

drV     drJ     An0d0\  d0J     sui^0d4f  ^ 

Having  transformed  1)  to  the  new  coordinates  f,  17,  ^  we  try  to 
find  solutions  of  the  very  special  form 

where  F^  O-^  iT depend  respectively  on  a  iingle  variable  as  indicated. 
With  this  end  in  view  we  set  6)  in  the  transformed  Laplace 
equation  Au  s  0  and  find  that  it  is  possible  to  break  it  into  three 
ordinary  linear  differential  equations  of  the  second  order,  of  the 

—  +p^  +  ^F^O,  (6 

and  similar  equations  for  tf  and  f. 

Let  ^i(f)  be  a  particular  solution  of  6),  while  ^1(17),  S^(0 

may  denote  particular  solutions  of  the  equations  analogous  to  6). 

Then  ^  ^  „ 

ttj  =  F^  a^H^  (7 

is  a  solution  of  Au  :=  0. 

As  we  shall  see,  it  is  possible  to  get  an  infinity  of  solutions 

of  Au  ss  0  of  the  type  7).     Then 

u  =  f?iUi  -f  tfjWj  4-  c^u^  -f  .. .  (8 

is  found  to  be  a  solution  and  it  is  possible  to  determine  the  con- 
stants c  which  enter  so  as  to  satisfy  the  given  boundary  values. 
All  this  will  be  made  clear  in  the  following. 

236.  Solution  of  All  =  0  for  the  Sphere.    Axial  Symmetry.    1.  Let 

us  apply  the  method  outlined  in  the  last  article  to  find  a  solution 
of  Au  =  0  for  the  case  that  u  must  assume  given  values  on  a  sphere 
S  of  radius  iZ,  which  are  the  same  on  all  meridians  having  the 
same  axis.  This  axis  we  call  the  axi%  of  symmetry y  and  we  say  the 
boundary  conditions  have  axial  symmetry. 
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Let  us  take  this  axis  as  the  z-axis.  Since  the  boundary  values 
are  symmetrical,  we  take  u  as  independent  of  <f>.  Then  t^  =  0 
and  Laplace's  equation  becomes 

dr\    drj     8in0de\  60 J  ^ 

According  to  the  general  scheme  we  now  set 

u=^F(y)a(0)  (2 

where  F  depends  only  on   r,  and   Q-  only  on  0.     We  find  1) 

becomes 

\df.dF\  1        1      df.^da\  .o 

Here  the  left  side  is  a  function  of  r  alone,  the  right  side  is  a 
function  of  0  alone.     Suppose  then  that  we  determine  F  so  that 

Fdr\     drJ  ^ 

and  Q-  so  that        i     i      j  /         jn\ 

aii\n0d0\  d0j  ^ 

The   corresponding   values   of  JP,   O-  put   in   2)   will   obviously 
satisfy  1). 

2.  Let  us  look  at  4).     This. may  be  written 

r2^  +  2r^-aF=0,  (6 

dir*  dr 

which  is  a  linear  homogeneous  differential  equation  and  so  belongs 
to  the  class  of  equations  treated  in  the  previous  chapter. 

Its  only  singular  point  in  the  finite  part  of  the  plane  is  r  =  0. 
At  this  point  the  indicial  equation  is 

Let  s  be  one  of  its  roots.     We  then  set 
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Here  the  C8  are  determined  by  209,  5),  viz.: 

^o/i(«)  +  c?i/o(«4-l)=0 
^o/2(»)  +  ^i/i(«  +  1 )  +  ^a/o(«+  2)  =  0,  etc. 

Now  in  the  present  case/i,/2«*«  are  all  zero.  Thus  <?i,  Cj  •••are 
all  zero.     Thus  8)  reduces  to 

Since  we  are  seeking  only  particular  solutions  of  1),  let  us  choose 
a  in  7)  so  that  its  roots  are  integers.  Then  if  n  is  one  root,  the 
other  must  be  —  (n  4- 1).     Hence 

a  =n(n  4-1).  (^ 


For  this  value  of  a,  6)  admits  the  two  integrals 

1 

Both  types  of  solution  are  useful,  as  we  shall  see. 


r"  and  -^     ,     n  =  1,  2,  •••  (10 


3.  Let  us  now  turn  to  5),  which  becomes  on  giving  a  its  value 

in  9),  and  setting 

X  =  cos  r, 

(l-2?)^-2a:^4-n(n  +  l)(y  =  0.  (11 

But  this  is  Legendre's  equation  for  which 

form  a  fuudamental  system. 

Thus  by  2)  nn  r       a\ 

•^     ^  w,»  =  r*/'^(cos  0) 


^•  =  ;:;rri^*(<^o8^) 


n  =  1,  2,  •..       (12 


are  solutions  of  Laplace's  equation  Au  ss  0. 

The  boundary  values  being  S3'mmetrical  with  respect  to  the  z- 
axis,  the  value  of  u  is  known  on  S  when  it  is  known  on  a  meridian. 
Call  this  value  v,  it  is  a  function  of  6.  If  continuous  and  having 
only  a  finite  number  of  oscillations  in  the  interval  (0,  tt),  it  can  be 
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developed  in  a  series 

t;  =  Oo  -h  aiPi(cos  0)  -f  (i^PgC^^*  ^)4-  •••  (13 

where  ^ ,,  .  i  /•. 

a^^:L!}^l    vP^dcos 0) sin  0d0  (14 

as  we  saw  in  227,  i. 

According  to  the  general  scheme  we  now  set 

and  try  to  determine  the  coefficients  c  so  that  u  reduces  to  v  when 
the  point  P  =  x,  y,  2  is  on  the  sphere  S. 

There  are  two  cases.     If  P  is  within  S^  we  take 

M  =  Co  4-  Cj  ~  Pi(cos  tf)  4-  cJ^  P2(cos  tf)  +  ..  (15 

//*  P  t«  unthout  *S,  we  take 

w  =  Co  ^  +  o^fjJp^Ccos  tf)  +  cJ^Jp^dcos  0)  +  ...  (16 

To  determine  the  c's  we  take  r  =  R.     Then  16),  16)  give,  since 
u  =  v  now, 

t;  =  f?o  4-  tfiPi(cos  tf)  4-  C3P2(cos  ^)  4-  —  (17 

Comparing  this  with  13),  we  see  that  the  boundary  condition  is 
satisfied  if  we  take 

where  a^  is  given  in  14). 


^»=«» 


Functions  of  Laplace 

237.  Sphefrical  Harmonics.  1.  We  have  just  seen  how  to  solve 
Au  =  0  when  the  values  assigned  to  u  on  the  surface  of  a  sphere 
S  are  symmetrical  with  respect  to  an  axis.  We  wish  now  to  con- 
sider the  case  that  the  values  assigned  to  u  on  S  have  no  such 
symmetry.  This  general  case  was  considered  first  by  Laplace, 
and  the  functions  he  introduced  to  effect  the  solution  have  been 
named  after  him.     We  begin  by  proving  a  number  of  theorems. 

2.   The  equation  ,  .         ^ 
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admits  as  a  solution  the  homogeneous  polynomial 

U^l^a^^yi^  (2 

of  degree  n  =  » •\-i  4-  k  containing  2  n  -f  1  parameters. 

For  2)  contains  ,        ^  ^ .        ^^ 

^  (n-hl)(n-f  2) 

2 

terms.     Putting  2)  in  1)  we  get  a  homogeneous  integral  rational 
function  of  degree  n  —  2  which  contains 

n{n  —  1) 
2 

terms.     As  AU  must  =  0  identically,  the  coefficients  of  all  its 

terms   must    =  0.     The   number  of  independent   parameters  is 

therefore  ,        .^^ 

(n  +  l)(n  +  2)      n(n  -  1) 

,7 ^1 =^n  +  l. 

We  call  such  polynomials  harmonic  polynomials  of  order  n. 

8.    We  have  at  once  the  following  theorem  : 

There  exist  2  n  +  1  linearly  independent  harmonic  polynomials  of 
order  n. 

As  examples  of  such  linearly  independent  harmonic  polynomials, 
we  add  the  following  table : 


w  =  0 
n  =  l 
n  =  2 
n»3 


a  constant. 

X,  y,  2. 

^  -  y^  y*-  2^  a;y,  yz,  a». 

3:i?y— y^,  3A  — z^,  ^yr^—y^^  3y%  — «*,  3A:— a;^,  Sz^y—y^^xyz. 


4.   Let  us  pass  to  polar  coordinates, 

a:  =  r  sin  tf  cos  <f>     ,     y  =  r  sin  tf  sin  <^     ,     z  =  r  cos  ^.  (3 

Then  the  harmonic  polynomial  U  of  order  n  becomes 

where  Y^  is  a  homogeneous  polynomial  of  degree  n  in 

sin  0  cos  <^     ,     sin  0  sin  <^    ,     cos  0.  (5 
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We  call  Y^  a  spherical  harmonic  of  order  71,  and  have  the  theorem  : 

There  exist  2  n  -f  1  linearly  independent  spherical  harmonics  of 
order  n. 

If  we  transform  1)  to  polar  coordinates  3),  we  get,  as  already 
seen 

dt»      r»  d^      r»8in2tf  d^?      r  dr        r^     B0        '  ^ 

If  we  put  4)  in  6),  we  see  that  F,  satisfies 

Let  us  also  note  in  passing  that 

wr»-'  F^.  (8 


— »n — I 


dr 

5.    If  C/",  V  are  two  harmonic  polynomials  or  two  spherical  har- 
monics of  orders   m^n^  then 

CuVda  =  0,  (9 

Ja 

the  integration  extended  over  the  sphere  S. 

Let  lis  first  suppose  that   U^  V  are  polynomials.     By  Green's 
relation  233,  7) 

J  a\     Bn  dnj 

Using  4)  and  8)  this  gives 

fOiR''-' y^  Vn  -mR-  ■' r«  YJdo'  =  0, 

Js 

or  jY^YJiT^O.  (10 

If  we  multiply  this  by  jB"*"^*,  it  goes  over  into  9).  If  we  sup- 
pose, on  the  other  hand,  that  17,  V  are  spherical  harmonics,  say 
U=  y.,,  V=  F«,  they  may  be  converted  into  harmonic  polynomials 
by  multiplying  by  r*",  r*  respectively.  Then  we  are  led  to  10) 
again. 
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'^^'-LK\-\'£h  <-' 


Hence 


Also 


^^?©"--«- 


1 


1 


dn    r  dp     r       q\ 


)^^-('*)- 


(1 


238.  Integral  Relations  between  F.  and  P.. 
Let  F=  /)"r, 

be  a  harmonic  polynomial.  Let 
P(p',  <^',  tf')  be  a  point  inside  the 
sphere  S,  and  Q(fi,  <^,  0}  a  point 
on  its  surface.    Let 

r  =  Dist  (P,  0. 

Then  by  234,  4) 

dV 

jaa.    {^z   ^ 

Let 
fi  =  cos  (/),  p')  =  cos  o)  =  COS  0  COS  tf'  4-  sin  0  sin  ^  cos  (^  — ^')'     ('^ 

Then  by  222,  4)  ^      ^_,^  ^  ^_ 


dn 

dc  =  fl^  sin  0d0d<f>* 
These  in  1),  2)  give   4  ^  jr.  ^  4  ^p'-r^(^,  ^.) 

=  rf/''-F.2(n  +  l)-e^P.(M) 

The  right  side  is  a  power  series  in  />'.     Equating  coefficients  of 
like  powers  gives 


P#  f  r»(d,  <^)P.(m)  sin  Md  =  0    , 

t/0  t/0 


m  ^n 


(5 


3^.(^',  <^')  =  ^^^  T'  #  r  r.(d,  <^)P.(/*)8in  W^  (6 

where  fi  is  given  by  3). 
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239.  Development  of  /(6,  ^)  in  Terms  of  T^.  Suppose  the 
values  of  a  function  /  are  given  at  all  the  points  ^,  <^  of  a  sphere 
S.  If/ is  continuous  and  has  only  a  finite  numbet  of  oscillations 
along  any  great  circle,  it  can  be  proved  that  /  admits  a  develop- 
ment of  the  form 

/=  1^0(^1 4>} + yiC^^  4>:>  +  KjC^'  4>)  +  -  (1 

where  the   Y^  are  spherical  harmonics  of  order  m.     Moreover 
this  series  may  be  integrated  term  wise. 

Admitting  this,  we  can  easily  show  how  to  determine  the  terms 
in  1).  Let  P(^,  ^)  be  an  arbitrary  but  fixed  point  on  S;  let 
Q(a,  13)  be  a  variable  point  on  S ;  let 

fi  =  cos  ft)  =  cos  a  cos  tf  -f  sin  a  sin  0  cos  (/8  —  <f>).  (2 

We  multiply  1)  by      p^^^^  ^j^  ^^^^ 

and  integrate  over  S,     Then  by  238,  5)  every  term  on  the  right 
will  drop  out  except  that  with  the  index  n.     Thus 

/      d/SJ   f    P^'Sinada=  I      dfi  \     F.P,  sin  arfa 

Jo         Jo  J  0  Jo 


47r 


2wH-l 
Hence 


Y,{0,  4>),  by  238,  6).      (3 


fi0.4>)--y^^^r'dfirf  .P^Ccosc^)  sin  ada,  (4 

^     **^   t/o        Jo 

where  cos  o>  is  given  by  2). 

For  later  reference  we  note  that  3)  gives 

^n  CO,  4>)  =  ?4^  T'  dfi  r /  (a,  /8)P,(cos  a))sin  ada.      (5 

4^    Jo         Jo 

240.  Fundamental  System  of  Harmonics  of  Order  n.  1.  We  saw 
in  237,  2  that  there  are  2  n  -f  1  linearly  independent  spherical  har- 
monics of  order  n.  Such  a  system  we  call  fundament<d.  We 
show  how  to  form  them. 

We  saw  in  237,  4  that  any  spherical  harmonic  Y^  of  order  n  is 
homogeneous  in 

sin  0  cos  ^     ,     sin  ^  sin  <^     ,     cos  0,  (1 
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Thus    Y^  =  24p,^(8in  6  cos  ^y{^\\\  6  sin  ^y  cos""*^  6 

=  2vlp,  ^  CDS'*  <^  siu«  <^  siii''^«  6  cos*"'  "«  tf .  (2 

Now  008'  ^  sin*  ^  can  be  expressed  as  a  linear  function  of  sines 
and  cosines  of  the  angles 

In  fact 


cosi><^8in«<^=(^-^— j  (-V7-J  • 

Expanding  this  gives 

2^«  t^  cos»»<^  sin«  <^  =  e«^«>*+  (j9  -  j)^«'»+«-»>*  h h  (  — 1)««"'^'*+«^. 

Hence,  when  q  is  even, 

cos'  ^  sin«  <^  =  ao  cos(j9  +  5^)*^  +  «i  cos(/>  +  j'  —  2)<^  +  ••• 

=  Soy  cos  (jt>  +  9  —  2^)6. 

i 

When  9  is  odd,  we  get  similarly 

cos'  ^  8in«  ^  =  2Jy  sin  (p  +  jr  —  2^)^. 

If  we  set  these  in  2),  we  get 

r.  =  2  ^„.,  sin-  e  cos-  ^  {  -«  <-  -  ;^:^ J.  (3 

I  sin  (wi  —  2^)^ 

^^^  sin-  tf  COS"--  e  =  sin--^''  ^(1  -  co8«  OJ  cos""-  d. 

This  in  3)  gives,  on  setting  n  —  w  =  i, 

F,  =  i  I  j;co8  Ar«^  +  (?^  sin  it«^  {,  (4 


where  J?;  =  X*sin*tf    ,     Q^^M^An^Q  (5 

and  L^  Mi^  are  polynomials  in  cos  0. 
Now  we  saw  in  237,  7)  that  F„  satisfies 

Sr+  ^  ^J^-^  ^^t  ^  1?+  ^'C'*  +  1)  F=  0.  (6 
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Putting  3)  in  6),  we  get 

i  {8in«tf^+8intfco8d^  +  [w(n+l)8inatf-P]J?V|co8*<^ 
fixao  du*  du 

+  2  { similar  expression  in  Gj^  \^\iikj>^  0. 


This  relation  holding  for  any  <^  requires  that  Fi^^  Q-j^  are  solu- 
tions of 

8in«tf^-Hsindcosd^+  {/i(n  + l)8in«d-*a(y  =  0. 
dw*  du 

If  now  we  set  .  ^  ^ 

y  =:  w  sin*  cr, 

we  get  by  5)  the  equation  that  Xj^,  Mi^  satisfy,  viz.: 

8in«tf^  +  (2A+l)8indco8d-^^ 
du*  du 

+  \n{:n  +  1)-  *(*+  1){  sin^tf  .  M  =  0. 

If  we  set  a 

X  =  cos  cr, 

this  becomes 

(l-:r2)g-2(*  +  l)z^^  +  {n(w  +  l)-Ar(*  +  l)|it  =  0.    (7 

This  is  closely  related  to  Legendre's  equation 

O-^)S-2x^'  +  n(n  +  l)t;  =  0.  (8 

dJT  ax 

For  if  we  differentiate  8)  k  times,  we  get  7). 
Thus  one  solution  of  7)  is 

Since  now  every  solution  of  7)  is  the  Arth  derivative  of  a  solution 
of  8),  it  follows  that  Xj^,  Mi^  are. 

But  X,  M  are  polynomials  in  x.  Now  we  have  seen  that  8) 
admits  no  solution  besides  cP^(jc)^  which  is  a  polynomial.  Hence 
Zjk,  Mi^  are  aside  from  constant  factors  the  function  given  in  9). 
Thus  by  6),  J?Vi  ^*  have  the  form 

sin*  tfPi*>  (cos  tf)  =  (1  -  x^yP"^^  (x)  =  P„.*(x).  (10 

They  are  called  associated  Legendrian  Functions. 
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Thus  we  have : 


A.i=Vl-:r». 


i>j.8  =  15(l-x«)Vl-a^. 
2.    Returning  now  to  4)  we  see  that  f.  has  the  form 

n 

Since  sinA:<^  =  0  for  Ar=0,  Y^  is  the  sum  of  2n  +  l  terms  of  the 

^^^  8in*«^P^;fc(costf)     ,     cosit<^P^*(co8d).  (12 

It  is  easy  to  show  that  the  functions  12)  are  homogeneous  in  the 
quantities  1)  of  degree  n.  To  do  this  we  reverse  the  procesH 
used  in  1.  Thus  each  of  the  2n  +  l  terms  12)  which  enter  11) 
being  homogeneous  and  also  satisfying  6),  is  by  definition  a 
spherical  harmonic. 

Since  any  spherical  harmonic  Y^  of  order  n  can  be  expressed 
linearly  in  terms  of  the  2  n  +  1  liarmonics  12),  these  latter  form 
a  fundamental  system  of  order  n. 

We  have  thus  the  theorem: 

The  2  n  -f- 1  harm(yiiic% 

l\icos0)     ,  (13 

cos  <l>Pn^i(^co8  0)     ,     COS  2  <l>P^2(^co80)    ,     ••.  COS  n<f>P^,^(^cos  0), 

sin  4>Pn,  iC^os  0)     ,    sin  2  <l>Pn,  iioos  0)     ,    ...  sin  n<l>P^^ «(<?<>«  ^)* 

form  a  fundamental  system  of  order  n. 

241.  Integral  Relations  between  P„^t>  Pn^m-  ^^^  i^ow  prove  the 
important  relations 

'^P^,(x)P^(ix)dx  =  0        m^n  (1 


X 


P^,,(x)dx  =  -C'Lt  *I; .  -  -  r_  (2 

-1  (n  -*)!•-*  w  +  1 
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To  this  end  we  consider 

To  fix  the  ideas  suppose  n>m.     We  integrate  by  parts,  using 
the  formula 

I     udv  =  [wv]Li  —  /    vdu. 

We  take  u^(l^^yP<J^'    ,     v  =  Pi*-i>. 

Then  r     ■^^        A 

and  hence  .,i  i 

j=  -I  p^'' £(1  - ^yp'Ji'dx. 

Repeating  this  process  k  times  gives 

j=  (- 1)*  rv.  ^  (I  -  «»)*Pi.«<i« 

=  i- \y  f'p.F^.lx,  (8 

where  J^i^  is  a  polynomial  of  degree  m. 

Thus  when  n>  m^  c7=  0  by  225,  2),  which  gives  1).     Suppose 

n  ^  m.     We  have  from  222,  5) 

Pxx  1»3»»»2W   1        _  A      m.      t 

J  •  ^  •••  ft 
Hence      p^(«(2.)  =  ^^^^  _  i)  ...  („  _  *  +  l)a--*  +  ... 

■^^  (l-a^)*  =  (-l)V*+- 

Hence 

O-n^k  =  -PSi*'(a:)0  -  a?)*  =(-  l)*An(n  -  l)...(n  -  *  + 1)2-+*+  ... 
j;  =  ^<y,+*=(-l)A»(n-l)...(n-*  +  l)(n  +  *)(n+A-l) 

•  ..(n-l-l)x*  +  ••• 

^       ^  (n-i): 
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Now  F^  is  a  polynomial  of  degree  n;  it  can  therefore  by  227  be 
expressed  in  terms  of  P^,  Pj  •••  P^.     We  get 

(n  —  A:)  I 
Thus  3)  becomes  /<«  _i_  i.\t   /•! 

(n  -  *):j-i 

since  each  of  the  other  terms  =  0  by  225,  1).  If  we  now  use 
225,  5),  we  get  2)  at  once. 

SM2.  Development  of  /(O,  ^)  in  Terms  of  P«^.     In  239  we  saw 

that  when  f(0^  ^)  is  a  one- valued  continuous  function  of  0^  ^ 
having  but  a  finite  number  of  oscillations  along  any  great  circle,  it 
could  be  developed  in  a  series  of  spherical  harmonics 

But  in  240,  10)  we  saw  that  each  F.  is  a  linear  combination  of 
certain  fundamental  harmonics.     Thus 

/(tf ,  <^)  =  i  i  I  A,,  cos  k<l>  -h  B,,  sin  ht>  I  P,,(z),  (2 

il=Uit:=HI 

where  ^     >, 

X  =  cos  u. 


To  determine  the  ^'s  and  B'h  we  note  that 

cos  m<l>  sin  n^(2^  =  0,         always 

cos  mit>  cos  fut>d<l>  =  0,         m  ^  n^ 

r2w  fin  /»2» 

cos^n^d^  =  7r,    I     cosn^<^  =  0    ,    I     sinn^^  a  0,  n >0. 
t/o  •/o 

Let  us  multiply  1)  by  (2<^  and  integrate,  we  get 


X 


"/#  =  2  7r2^^P.(x). 

0  «*« 
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This  we  multiply  by  P^dz  and  integrate,  getting 

J    dxj     fP^d4>  =  2  7r:^A^J    P^P^dx 


"«0 


2w-|-  1 
since  all  the  terms  on  the  right  =  0  except  when  th  =  n.     Hence 

A^:^^^^^  r^dfiCyP^sinada    ,     n=0,  1,  2...     (3 
4  7r    Jo         Jo 

Let  us  now  multiply  1)  by  coa  k<l>d4f>^  X:>0,  and  integrate,  we 

I     f  cos  kil>d4>  =  irz.A^^^. 

Jo  "^^ 

We  now  multiply  this  by  Pnkdx  and  integrate.     We  get,  using 
241,  1),  2), 


Thus 


An,  =  ^  l--^^^^^      r ^^ T-^^^^  *^^-*(co8  «)  sin  ada.  (4 
'J  TT    (w  +  Ar)  I  Jo  Jo 

Similarly  we  get 

^~l^,  T'd/S  Cysin  kl3P,,(icos  a)  sin  ada.  (6 

(^n  +  AT)  i  Jo  Jo 


^    ^2n+l  (n-t)! 
"*  2  7r 


There  are  no  coefficients  B^  since  the  factor  sin  X:  ^  =:  0  for  Ar  a  0. 
Putting  in  these  values  of  the  ^*s  and  B's  in  Y^  we  get 

{cos  A;^  cos  k/3  +  sin  A:^  sin  kl3\P^Qco8  a)  sin  cuiyS, 

i;^=:J     when     A  =  0 

=  1     when     i  >  0. 
Thus  we  have 

F«=  f'^^rt^^^^'^^^'^  ;8)P^(cos  «)P^(cos  <?) 
Jo       Jo    ^  C^  +  ^)  •      ^  "w- 

cos  Ar(<^  — y8)sin  aJ)9.    (6 
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243.  Expression  of  Pn(co8  <»)  in  Terms  of  P^,  P^.     Let 

be  two  points  on  a  sphere  whose  center  is  0.     If  (o  is  the  angle 
between  OP,  OQ  we  have 

cos  a>  =  cos  a  cos  0  +  sin  a  sin  0  cos  ()3  —  ^). 
Now  in  239,  5)  we  saw 

^n(^,  <l>)  =  ^4^  T'sin  ada  r'fia.  y8)P,(cos  a>)rf)8. 

If  we  compare  this  with  242,  (j)  we  get 
P^(cos  «)  =  Pn(co8  a)P«(cos  tf) 

344.  Solution  of  Dirichlets  Problem  for  the  Sphere.  1.  This 
problem  is  to  find  a  solution  V  of  Laplace's  equation  AF^=0 
which  takes  on  assigned  values /(d,  <^)  on  a  sphere  S  of  radius  R. 

If  the  point  P  is  in  *?,  we  set 

Each  term  is  a  solution  of  A  F=  0  and  hence  1)  is.     For  r  =  /i  it 
reduces  to    r.  =  To  +  ^^i  +  ^2  +  -  (2 

Thus  Fi  must  =/(^,  <^)  if  1)  is  to  satisfy  the  boundary  conditions. 
Thus  the  coefficients  F^,  T^  •••  in  1)  are  the  terms  of  the  develop- 
ment of /(d,  ^)  given  in  242,  6). 
If  the  point  P  is  outside  aS,  we  set 

r=ro+3"i7+ya(7)'+...        r>R  (3 

and  reason  as  before. 

2.  By  the  above  we  have  solved  the  problems : 

1°  Determine  the  temperature  at  any  point  in  a  sphere  S  which  is 
in  a  stationary  state,  the  temperature  being  given  on  the  surface  olS, 

2^  Determine  the  potential  for  any  point  outside  a  sphere  &t 
knowing  its  value  on  the  surface  of  S, 

2P  Determine  the  motion  of  an  incompressible  fluid  having  a 
velocity  potential  F,  knowing  Fon  the  surface  of  S, 


CHAPTER   XV 
BESS£L  AND  LAMi  FUNCTIONS 

Bessd  Functions 

245.  The  Integjrals  of  BesseFs  Equation.   1.  This  equation  was 
studied  in  Chapter  XIII ;  it  is 

a:204-a;g4-(2?-m2)y  =  O.  (1 

When  2  m  is  not  an  integer,  we  saw  in  211  that  1)  has  two  linearly 
independent  integrals 

7-/,N_V        (-1)"        f^^Y'"  ri 


and 


The  first  converges  for  every  z^  the  second  for  every  x=^0. 

In  the  applications  m  is  usually  an  integer.     For  m  =  0,  1,  we 

*^iC^;  -  2  "  22^1  "^  23 :  43  ;  6  "  :ia  .  42 .  62  .  8  "^  "■*  ^ 

The  function  defined  by  the  series  2)  is  called  a  BesseVs  function 
of  order  m. 

2.  When  m  is  an  integer,  we  have 

J'^(a:)  =  (-1)-J_^(a:).  (6 

For  k  being  an  integer  or  0, 

1    =0. 


n(-A) 
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Hence  the  first  m  terms  in  3)  vanish.     Let  us  therefore  change 
the  index  of  summation  in  3),  setting  i^  =  n  —  m.    Then  3)  becomes 


2y+m 


=  (-l)-J-«(x). 

3.  Since  2)  is  a  power  series,  we  may  differentiate  it  termwise, 
which  gives 

"^^  -  ^  2-+«-n  (n)U(m  +  n)     *^        *  ^ ' 

4.  When  x  is  complex, 

X  =  r(cos  tf  -H  t  sin  tf),  (8 

we  may  write  /  \  m 

Now  y   v^       ^   vs. 

^£j    =fn  (co8  2nd  +  t8in2n5). 

Thus 

j  (X)  =  <;(-l)-oo«2ng/r\^      .^  (-!)->  sin  2  ng/r\^ 
•^"^   ^      S,U(n)ll(m-f-n)W    ^   Sn(n)n(w  + n)V2>/  ^ 

When  wi  is  real,  this  enables  us  to  write  «/„(ic)  in  the  form 

where  Z7,  Fare  real. 

6.  From  2),  3)  we  have 

J.(a;)  =  J^sina;,  (10 


J_l(jxi)  =  V-^  COS  X,  (1 1 

246.  Relations  between  the  J^  and  the  f^.  1.  The  following  re- 
cursion relation  exists  between  three  consecutive  Bessers  Func- 
tions. ^ 

2; 
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For 


JL_,= 


^-^  .  ^.      ...  a:^-'*-^ 


n-l 


2r-m(n  - 1)  ■*■  J  ^    ^^V+^»U(«)n(n  - 1  + «) '    ^^ 


^.,^~^^2--*-'n(a-i)n(n+o'  ^^ 


Hence 


1) 


+  t(-iy^^i 1 L__l 

S         2«+»^i|n(«)n(n-i+«)    n(«-i)n(n  +  »)J 


+  »2;(-l)*5=T5r:r 


2"-'n(n-l)      S        ^  2»+»-»n(«)n(n  +  «) 

x  ^,  ^     ■'  2"+'^'  n  («)  n  (n  +  0 

=  '^ni^y 

X 

2.  We  show  next  that 

2J:ix)=J,.,(x)-J,^,(x).  (4 

For  subtracting  3)  from  2)  gives 


2»-'n(n-i)    a^     '  2"+'-»  n(on(tt+») 
^v     >"  2-+«->n(«)n(n  +  ») 

3.  From  4)  we  get,  on  replacing  Jj,+i  by  its  value  given  by  1), 

X 

From  1)  we  also  get 
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4.  From  245,  7)  we  have 


6.  We  have  also    , 

a 


ix-J^y^nx^'-'J^-^-x^j;, 


dx 
or  usinff  5),  ^ 

^Cx-Jn)^X^J,.,Cx).  (8 

ax 
6.  By  means  of  1)  and  245,  10),  11)  we  have  the  theorem : 

When  n  is  a  positive  or  negative  odd  integer^  «^«(^)  ^^^  ^^  ^• 
pressed  in  terms  of  the  elementary  functions. 

Thus  in  particular  the  recursion  formula  1)  gives 
JA3>)  =  \-^  I  *^i^—  cosx  I, 

2'  ^TTXV       X  J 

*^5(^)  =  \-^]  sinxf--  — 1 )  — -  cos  a;  I, 
2  ^irxV  \3r       J      X  J 

J  s(^)  =  -  \—  1 +  sina:  [, 

J  jj(a;)  =  \/ —     cos  x( -^  —  1 )  +  -  sin  a:  I . 
"  2  'TX I  \ar       J      X  J 

247.  Integral  Relations.  1.   As  a  first  such  relation  let  us  prove 

/    xJ^{x)dx  =  xJ^ix^ .  (1 

For  n  =  0  BesseFs  equation  becomes 

This  is  satisfied  by  J^  ;  it  therefore  gives 

Integrating  this  gives  ^^ 

x«7J(x)+J    xJ^dx^O. 

Using  246,  7),  this  goes  over  into  1). 
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2.   To  get  other  relations  let  us  set  in  Bessel's  equation 

^^  +  ^^  +  (^-m^)}/^0.  (2 


It  becomes 


Thus 


are  solutions  of  equations  of  the  form 

g  +  A.  =  0.  (5 

From  6)  we  have        d««       d».      ,.        , 


On  the  other  hand  the  left  side  of  6) 


d  f  du        dv\ 

=  — (  V u — ). 

dx\  dz        dx) 


Thus  6)  gives      , 


v^^u^^  Cch- g^uvdx  +  C.  (7 

dx        dx     J 

Substituting  4)  in  7)  gives 

i^  -  a^^JjxJ,(ax)J,(0x:^dx 

=  x\aJ,(fix:)j:{ax)  -  fiJn(axyi<i/3x)l.  (8 

If  we  use  246,  6),  we  get  from  8) 

0^-c?)  rxJ^<:ax)J,(ifix)dx 
Jo 

=  xlpJX^^n^.i^X)  -  aJXfix^J n^xi»^^l  (9 


X 
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Let  us  differentiate  8)  with  respect  to  fi  and  then  set  ^^a. 
We  get 

2  a  I    xJ\(^ax)dx 

Expressing  J 'I  (^ax)  by  means  of  1)  this  gives 

Using  246,  6,  this  gives 

\jiiax)dx  =  I  {e72(«:r)  +  J2.i(«r)|  -  ^  j;(«r:)  J,^i(«r).     (12 

Similarly  if  we  differentiate  9)  with  respect  to  fi  and  then  set 
)9  =  a  we  get 

2a/   xJi(^ax)dx^xJj^ax)J^^x{ax) 

'ha2^\Jn{axyUi(icLx)-JXaxy,.x(ax)\.     (13 

248.  The  Roots  of  Jmix)y  m  Real.  1.  In  many  of  the  applications 
it  is  important  to  know  that  J^(x)  has  an  infinite  number  of  real 
roots.  Let  us  consider  the  general  question  of  the  nature  of  the 
roots  of  J^(x)* 

The  roots  of  J^Cpi^^  =  0  are  all  real  when  m  is  real.  For  suppose 
«7^  =  0  for  x  =  a  -f-  tJ,  b^O,     Then  the  series 

would  give  A  +  iB  =  0, 

'^'^enc®  ^  =  0    ,    B  =  0. 

This  shows  that  then  the  conjugate  number  x'  =  a  —  ff>  must  be 
a  root.     Let  us  therefore  suppose  that 

wsa  +  ib    ,     I3  =  a  —  ib 

are  two  roots  of  J^.     Then 

«^  -  /8»  =  4  tab. 
J^(ar.)  =  P+iQ    ,    J^Cfix)  =  P-iQ. 
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These  in  247,  9    give 

-  4  iah  r  x(Pa  -h  <?)dz  =  0  (2 

But  the  integrand  in  2)  is  positive.     Hence  the  left  side  cannot 
vanish  unless  a  or  i  s  0. 

Suppose  a  =  0,  so  that  a  =  i6,  i  >  0  is  purely  imaginary.     Then 
1)  becomes 


Here  ^^  is  a  series  all  of  whose  terms  are  positive.  It  cannot 
vanish.  As  b>0^  J^  does  not  vanish.  Thus  J^  has  only  real 
roots. 

2.    The  development  1)  shows  that : 

c7^(0)  =  0     ,     when  m  >  0. 

It  also  shows  that : 

If  x=  a>0  is  a  root^  so  is  x  =  —  a  a  root, 

8.  No  two  consecutive  functions  J^(x)^  <^m+i(^)  ^^^^  ^  ^^^  *w 
common^  aside  from  x  =  0. 

For  if  a  were  such  a  root,  247,  9)  gives 


rxJ^  (aa?)  J^  (/9a:)  dx  =  0. 


In  this  relation  let  yS  =  a ;  we  get 

^•1 


X 


xJl(ax)  dx  =r  0. 

0 

This  is  impossible  as  the  integrand  is  >  0  for  x>0. 

4.   The  roots  of  J^{x)  are  all  simple^  aside  from  a:=  0. 
For  consider  y^^^.) ^  ^n^j^ (^). 

This  does  not  vanish  for  a:  ^  0,  unless  J^  =  0. 
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But  from  246,  8),       f<^^>,  =  r->J^.,ix). 

As  Jm^^m-i  have  no  root  ^^0  in  common, /'(x)  does  not  van- 
ish for  any  non-zero  root  of  J*„. 

6.  Jm(^^)  ^9  f^^  infinity  of  roots. 
For  we  have  seen  in  247,  2  lliat 

u  =  Vi  j;;  (x) 
satisfies  j^ 

where  4  w*  -  1 

^  =  ^ 4^- 

The  index  m  being  fixed,  let  us  take  f  >  0  so  that 

0  <  //  <  1  for  x>^. 

The  equation  ,3 

4- 1  =  0 


admits 


V  =  sin  z 


as  a  solution.     Then  by  217,  2 


If  we  take 
we  get 


a=2n7r     ,     /8  =  (2n -f- l)7r. 


C3 


Suppose  now  w  is  positive  in  the  interval  8  =  («i  /8).  Then  the 
left  side  is  positive  and  the  right  side  is  negative,  since  1  ~  ^  >  0 
in  any  case,  and  v  is  positive  except  at  the  end  points  of  9.  Thus 
the  two  sides  of  3)  have  opposite  signs,  which  is  a  contradiction. 

Similarly,  if  u  is  negative  in  9,  we  are  led  to  a  contradic- 
tion. Thus  u  must  vanish  at  least  once  in  9.  Hence  in  any 
interval  (a,  6)  of  length  tt,  J^(x^  vanishes  at  least  once,  pro- 
vided a>f. 
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249.  Bessel  Functions  as  Loop  Integrals.    We  have  seen   that 
Bessel's  equation 

dor        ax 
admits  tT*^  as  a  solution.     As  J^  has  the  form 

let  us  set  y  ^  ^^^^ 

inl).     We  get 

a:^+ (2 7w  4-1)^4-0^  =  0.  (2 

dsr  ax 

This  is  a  special  case  of  a  class  of  equations 

whose  integral  may  be  expressed  in  the  form 

u  =  I  e"w(z)dz.  (4 

Let  us  suppose  n  =  2  in  3)  and  let  us  change  the  independent 

variable  x  by  setting 

*  =  <Iq  4~  ''(j^* 

If  we  make  this  substitution  in  3)  and  then  drop  the  prime  from 
xf^  we  get  an  equation  of  the  form 

^?^+  (a4-  Ja:)^'*-h  ((?-h  dx)u  =  0.  (5 

djT  dx 

Comparing  5)  with  BesseFs  equation  2),  we  see  that 

a=2wi4-l     ,     J  =  0     ,     (?  =  0     ,     d  =  l.  (6 

If  we  divide  through  by  x^  the  equation  5)  becomes 

g  +  f«  +  j)^  +  f^  +  rfV  =  0.  (7 

dsr      \x       Jdx      \x        J 

Here  the  coefficients  have  poles  of  order  1  at  ar  =  0.     Hence  the 
integrals  are  regular  at  this  point. 
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Let  us  now  consider  the  paint  z  =  co.     If  we  set 


1 
z 


we  get  ^ 


.  (2—  a      h\du  ,  f  e  ,  d\        n.  /a 


As  the  coefficient  of  — -  can  have  a  pole  of  order  at  most  1,  and 

dz 

the  coefficient  of  «,  a  pole  of  order  at  most  2  when  2;  =  qo  is  reg- 
ular, we  see  this  point  is  an  irregular  point  of  5). 

BesseFs  equation  2)  becomes,  on  setting  6)  in  8), 

cPtt_2m--ldM      1     _ /^  .Q 

dsfl  z       dz      j^ 


2.  Suppose  we  try  to  satisfy  5)  by  a  power  series  of  the  form 


M  =  2'|Ao-h^4-^-h... 


(10 


which  shall  be  valid  about  2:  =00.  We  shall  find  it  possible  to 
determine  the  coefficients  Aq,  A^  •••  so  that  5)  is  formally  satisfied, 
but  we  shall  find  that  10)  is  divergent. 

To  illustrate  this  let  us  consider  the  equation  2)  for  9it  =  0  which 
is  satisfied  by  J^ipc)* 


If  we  set  i. 


it  becomes  dhi^n  ,  .\du 


(i^'^t^i""-        (" 


Comparing  this  with  7),  we  see  that 

a  =  l     ,     6  =  2  f    ,     c  =i    ,     (i  =  0. 

If  we  put  10)  in  11),  we  find 
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The  ratio  of  two  successive  terms  in  the  adjoint  of  10)  is 

A. 


»W\       n) 


A.-1 
The  series  10)  diverges  therefore  for  every  x. 

3.    Returning  now  to  5),  let  us  try  to  determine  w  and  L  in  4) 
so  that  the  resulting  integral  satisfies  5).     Putting  4)  in  5),  we 

r^'Fdz^  jda^O,  (12 

where  j 

F^(iaz  -h  cO  w  -  -"-  •  <2*  4-  fa  4-  (Oi  (13 

dz 

a^e"(z^-^bz-^d}w.  (14 

Thus  if  we  determine  w  so  that  F  =  0  and  choose  L  so  that  O- 
takes  on  the  same  value  at  the  beginning  and  end  of  Z,  the  inte- 
gral 4)  will  be  a  solution  of  5). 
Let  us  write  13)  , 

^^(fO  =  9w- 

Then  i 

dz^P^^      a 

pw         p 

Hence 


logjtw'sa  /  ^dz, 
J  P 


or  1   na. 

P 

Let  us  now  decompose  ^  into  partial  fractions.     We  have 

P 


©      z^  ^-hz  '\-d     z  —  a 


z-fi 


where  a,  /9  are  the  roots  of  p  =  0,  which  we  will  iuppote  unequal. 
Thus  we  may  take 

w  =  1  (z  -  a)\z  -  ffy  =  (2  -  a)^-» (z  -  fiy-^ .  (15 

This  in  14)  gives       ^  ^  ^„^^  _  ^>^,^.^  _  ^>^.  ^Ig 


/ 
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As  a  path  of  integration  L  we  may  take  a  double  loop  about 
a,  /9  as  in  220. 

Hence,  remembering  that 

we  get  from  4)  /• 

Wa|8  =  I  <?''(2  -  a)^"K2  -ff)^-^dz  (17 

4.    For  BesseFs  equation  5),  6) 

/>  =  2*  4- 1  =  0  gives  tt  =  i     ,     /8  =  —  t, 

5  =  (2  wi-f  1>. 
Hence  ^ ^  j(2^-H)  ^ ^2 ^  +_1) 

Jt?  2  —  1  z  4-  f 

which  gives  X  =  M  =  n.  +  i- 

Thus  4),  17)  become 

Ma^  =  /  e^'if  +  l)~-i(f2  (18 

where  ?,  Ar  are  loops  about  2  =  f,  «  =  —  f. 

When  z  describes  a  small  circle  about  z  =  t,  the  end  value  of 

Z^  =  z\^  4- 1)"»-1  =  z\z-  f)"»-l(«  +  O"*"* 

Thus  n      r*        n         n  n 

=     +v     +'?»/    +v      .  (20 

But  obviously    p         ^  r         r 

/  +17/    =0     ,      /  -hi;/    =0 

since  the  integrand  has  the  same  values,  while  the  direction  of 
integration  is  reversed  in  I  and  l''\  etc. 
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Thus  20)  can  be  written 

Tz.dz  =(1  -  v)\  fZndz  -  Cz^dzl.  (21 

Now  when  n  is  odd,     ^  ^ 

J^ZAz  =  j^Z,dz; 

when  n  is  even,  ^  ,, 

/    Zndz^^   /    Zndz. 

Jl  Jk 

Thus  ^ 

I  Z^dz  =  0     ,     w  odd, 

=  2(1  —  7})  I  Z^^dz    ,    n  even. 

To  compute  the  integrals  we  set 

z  =  iy\. 

Then  the  loop  I  will  go  over  into  a  loop  j  about  y  =  1,  and 

2  fz^d^  =(-  l)-»y"r-i(l  -  y)"-idy. 


Now 


Ji      Jo  Jl  t/0 


=  (1 -b  i;)£(n  4- i,  7W4-J). 

Thus  finally  19)  gives 

«,=  (l+e-)nT(J)r(«.+  V)|j,^^^^^X=^^  (22 

=<(i+«*'*")»r(j)r(»»+  i) .  ^  J«(x)  (23 

by  245,  2). 

Thus  x'^afi  aside  from  a  constant  factor  is  nothing  but  J^(x). 

250.   Other  Loop  Integrals  for  x>0.     1.  A  second  path  of  inte- 
gration L  for  which  the  function 

a  =  ^{z  -  a)\z  -  /9)^  (1 

considered  in  249, 16)  takes  on  the  same  value  at  the  beginning 
and  end  is  indicated  in  Fig.  1.    We  will  denote  them  by  A  and  B; 


\ 


546  FUNCTIONS  OF  A  COMPLEX  VARIABLE 

both  are  parallel  to  the  real  axis  and  <  B 

pass  about  the  points  a,  fi  respectively.       °°  ^^ 

On  A  for  example  the  real  and  imagi- 
nary parts  of  .   .  <  A 

^ 0« 

are  such  that  \v\<  some  t)  while  u  comes  ~     "^ 

from  —  oo,  moves  up  to  a,  and  recedes  again  to  —  x>. 

If  we  set 

z  —  a  =  r<?**     ,     z  —  /8  =  8e*^^ 

we  have  q  _  g»tt^^gt(x»+A#+M*>, 

Thus 


Q\  =z  e^r^s''  =  0  as  w  =  -  oo, 
and  O-  takes  on  the  same  value  at  the  beginning  and  end  of  A  or  B, 

2.    Let  us  now  consider  the  integral 

where  w  is  given  by  249,  15).     Similar  results  hold  for  the  other 
integral  u^  for  the  loop  B, 

Setting  ^_„^^^     a-^  =  a, 

2)  becomes  /* 

where  9  is  the  new  path. 

As  y  approaches  indefinitely  near  0  for  a  part  of  %  call  it  Sp  we 

have  ,    , 

2<1.  (4 

a 

Then  ,  /^      «V-i 

1  1     a  1-2        a»  J 

GO 

=  2  (?^",  (5 

1  .  2  •••  n 


»■» 
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For  the  oUier  part  of  fLi  call  it  ^<,  the  relation  4)  does  not  hold, 
and  we  write  5) 

(y -H  a)**-!  =  <?o -f  e^y -f  ...  +<?^«-f./J,.  (7 

This  in  8)  gives 

=  e-'(£r-|-r). 

We  set  now  ,  _^ 

xy=i'-t  ^ 

(•  00 

in  the  U  integral.    Then  8  goes  over  into  a       ^  ^ 

loop  8  as  in  Fig.  2.  Fhi.  2. 

We  get  now 

CT  =  (  -  lyx-^  i  ( -  1) V^x-"  fe-'t'^-' "^^dt.  (9 

But,  as  we  have  seen  in  149,  2), 

(\-ttK^n-ijif  =  (e^''^  -  l)r(\  4-  w)  (10 

where  by  144,  8) 

r(\ -H  n)  =  \(\  +  1)  ...  (\  -f  n  -  l)r(\).  (11 

This  in  10)  gfves 

£r=  (-  \yx'\e^^  -.  1)  i  (-  1  )nr(\  ^-  w)<?^-»  (12 

where      ^  ^  (  _  \y(^^^  _  i)  {c„r(\)  -  c^T(\  +  1)  •  - 

-h  (?ar(\  +  2) .  ~  —  {.  (13 

251.  ReUtlon  between  Ua^  and  tf.,  tf|i.   We  have  now  found  three 
integrals  of  our  differential  equation 

xf"Xa4-6i-)$^+(f-h(/x>  =  0,  (1 

air  ax 


VIZ. : 
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of  249,  17),  and 


Ja 


w.=  /  e'\z  -  ay-\z  -  py^^dz,  (3 


w^  =  /  e"{z  -  ay-\z  -  Py-'^dz  (4 

of  250,  2). 

Since  1)  is  of  the  second  order,  a  linear  relation  exists  between 
them.     Here  the  path  of  integral  L  in  2)  may  be  taken 

L^ABA-^B-\ 

Since  (z  —  ay  is  multiplied  by  the  factor  e***^  after  describing 
the  loop  A^  and  a  similar  result  holds  for  B^  we  have 


Since 


we  have 


or 


Similarly 


Thus  5)  gives 


Ja  J  a-^ 

J^-i  Ja 

r  =  -  .--*.  r.     • 

t/v4  «/tf 


=  (1  _  e'W)M. -  (1  -  i?-'-^)w^,  (6 

and  this  is  the  relation  sought. 

252.  Asymptotic  Solutions.    1.  We  show  now  that  the  solution 
Ua  admits  the  asymptotic  development 

ujT'^'t^  ^^    ^     X  real  and  =  -|-  ao.  (1 

Referring  to  250,  8),  12)  we  have 

Uae-^^x^  =  ^  +  a:^  r.  (2 
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Thus  1)  holds  if                       ij^    ^+,  y^  Q  ^g 

where  by  250,  8)  .. 

F=  /  e'yy^'-^R.dy.  (4 


The  path   of   integration   81   we  x'-^^ 

take  as  follows.     About  y  =  0  we    — si— 
describe  a  circle  c  of  radius  7.    Let 
a  =  (— Qo,  —  7)  as  in  Fig.  1.    Then  Fig.  1. 

a  =  a  •  c  •  a"^ 
Hence  /•/•/• 

""-.hi*!.-'-  '' 

and  /•/•/• 

We  show  that  A^  B^  CM  ==  0  as  ar  =  -f  oo. 
2.    Tr«  comider  fint  A.     From  250,  7)  we  have 


Hence 


A  =  a:*^^  /  (y  H-  ay-^e^y^-'^dy  -  2  c^a:"-*^^  fe^y^'^^'^dy 


=  -4q  —  2  ^^ifc^ib* 

We  show  now  that  A^^  A^^  •••  A,=0  as  a:^  -foo,  beginning  with  A^. 
For  complex  z  =  r«'*  we  have 

log  z  =  log  r  -H 1^  4-  2  mTri. 

Thus  for  large  values  of  y  on  the  path  of  integration, 

I  log  y  I  =  log  I  y  I     ,     nearly. 

But  from  the  calculus,  , 

limine^  »o. 

Thqs  for  j  y  I  >  some  F, 

nogy|<!y|     ,     |log(a-hy)|<  |y|. 


650 
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Hence  for  some  i;  >  0, 

I  log  y*-«(y  +  a)"-'  |  <  ij  |  y  | . 
Thus  I  yx_,^y  ^  ^y.i  I  <  g-w    ,     y  <  some  yj  <  0. 

Hence  /•-y 


we  have 


We  now  thow  thaJt  Ay,  =  0.     Changing  the  variable  by  setting 

=  0     ,     as  a:  =  4-  «• 

8.  Having  shown  that  ^  =  0,  it  i$  eaiy  to  $ee  that  (7=0  aUo. 
For  0  differs  from  A  only  in  two  respects.  The  path  of  inte- 
gration is  reversed  and  the  integrand  has  another  value  at  y  = 
—  7,  due  to  the  fact  that  y  has  described  the  circle  c.  After  this 
circuit  y^~*  is  multiplied  by  the  factor  e*»*^,  while  (y  -f-  a^"^  is 
multiplied  by  tM*^.  Thus  the  C  integral  behaves  essentially  as 
the  A  integral,  and  we  see  at  once  that 

lim  (7=  0. 
4.    We  show  now  that  5=0.     We  have 


B  =  x-^^  C^y^'-^R.dy 


where  R,  is  the  remainder  of  the  series 

(y -h ay-' =  (?o  4- ^ly -h  ^ay^ -f  ••• 

beginning  with  the  exponent  « -f  1 . 
If  we  set  xy=^--t^  we  get 

£  =  (-  1)V  Ce-'t^-^R.dt         (7 

where  ffi  is  the  circle  corresponding  lo  c 
in  Fig.  1. 


t^f^X 


t=a?7 


Fio.  2. 
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As  the  singular  point  of  iZ«  is  tssoz  which  lies    *^         t^y 
outside  of  (S,  we  can  replace  ffi  by  the  loop  8  in     ^    W^ 
Fig.  8.    This  loop  is  made  up  of  a  segment  I  and  ^^'  ^ 

two  small  circles  about  the  points  ^s  0,  ^=327.    Thus  B  will  be 
the  sum  of  three  integrals 

B  =  B^  +  B,^B^  (8 

corresponding  to  these  three  parts  of  S. 

Since  the  integrand  in  7)  is  one-valued  about  t  s  xy^  the  inte- 
gral B^  =  0. 

The  integral  -B^  =  0  aho.     For 


•  •  • 


Thus  /2,  =  0  as  the  radius  of  the  circle  about  t  =  0  converges  to  0. 
On  the  other  hand,  the  reasoning  often  employed  shows  that 

Bi^i-iy-  Tf^i?^  -  1)  Ce-'t^'^B,dt. 

To  estimate  the  numerical  value  of  R,  we  use  112,  3).     Here 

a  =  0,         \t\^p  <  \xy\     ,     r=|ax|. 

Thus  G  denoting  a  sufficiently  large  constant, 


i^.i<^ 


7 

a 


1  _  JL     *'^' 


,  a 

Hence  1  /• 

I  5, 1  =  i  I  e^->  -\\H\  e-H^'Ht,  (10 

taking  the  real  positive  value  of  the  integrand. 

Let  now  a;  =  -|-Qo.     Then   the   integral   in   10)  converges   to 
r(\),  and  hence  Bi  =  0.     Thus 

lim  5  =  0. 

We  have  now  shown  that  each  term  of  8)  is  0  or  «  0.     Hence 
5s  0  as  asserted.     Thus  the  proof  of  1)  is  finished. 
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253.  Asymptotic  Developmeiit  of  /m(x).  1.  Let  us  apply  the  re- 
sults of  the  last  articles  to  the  equation  249,  2)  which  results  from 
BesseFs  equation  249,  1)  on  setting 

As  in  249,  4 

a  =  %     ,     /3  =  —  i     ,     \  =  /i  =  m-|-J     ,     a  =  «— /3  =  2f. 

The  coefficients  c  are  given  by 

=  (y4-2;H  =  (2ty{l  +  i?,j'    ,    ;>  =  m-| 

Thus 

^  ^(2  7w-l)(2m-3)-..  (2m-2r4-l)om-2r^!^^-r-i 

1-2...  r 

Substituting  in  250,  13)  and  252,  1),  we  get 

ti<e-^x"'-'l-  2*""1«"  V^"'-5)(l  +  g2Hm)r(^  -f  1)2),  (1 

where 

*f    2»t'  4  4  4  »»    *- 

In  a  8imilar  manner  we  have  for  the  integral  u^  =  u_i 

M.^''x'"*5~  2'"-2eT<^"'-p(l  +  e«'*")r(:m  +  \)E,  (3 

where 

„^.      <^     1        4w''-l     4wt''-0      4to»-(2»-1)«     1^       , 

;g  »••.«!'        4        *        4        ■■*  4  'a-'     *^ 

2.  Another  integral  of  Bessel's  equation  is  afHt^  as  given  in 
249,  23).  Now  iu  251  we  have  expressed  u^  in  terms  of  u.,  Up. 
Thus  the  asymptotic  expressions  1),  3)  just  found  enable  us  to 
express  <^n(a:)  asymptotically.     In  fact  251,  6)  gives  here 

«.^  =  (l  +  e*'*")(M<-u_^). 
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Hence  if  we  take  only  the  first  terms  in  2),  E  of  2),  4),  we  have 

^.(x)~  -^ {  ^('-i("-i))  _  e-'C-K'-P)  } 

2MtTQ)  ^  ^ 

or,  since  T\  =  Vv  by  144,  16), 

«^-(a')~\^  COS  ja;  -  |(m  + 1^  j .  (5 

254.  An  Expansion  in  a  Series  of  Bessel  Functions.  Let  us  show 
that  „__i      , 

e'-5-=  2«-J",(a:)  (1 

—00 

for  any  x  and  for  w  =^  0.     For 

«-i|rJ  1,„   _l£ 

^  f .      2?u       A»  I  [i    _  a;  a:^  1 

1    ^  2      22.2!"^  '"11       2ti"^2aj!u2      "T 

Now  for  any  x,  and  for  any  u  ^  0,  the  series  in  the  braces  are 
absolutely  convergent.  Their  product  may  therefore  be  written 
in  the  form 

^    \2j  2!  2! 


+ 


"l2      2IV2/      3!2:(2J       "■} 


~"    l2~2TV2J  ■'"3r2!V2)  J 

+ 

+  M"J I 

+  (-l)«u-"i j 

+ 

J,(x^  ,  JJx) 
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255.  /»(x)  expressed  as  an  Integral.     1.  Let  us  show  that 

Jni^^  =  — -7Z1  =^; r-  /      cos  (2?  cos  <^)  Ali^  ifxiili  (1 

where  n  is  a  positive  number. 

For  ^,     ...   tt^ 

Hence  oo  >^  _  i  \« 

cos  (x  cos  ^)  =  y^  ^^-T — ^ar»  cos^^. 

Thus  ^/^_1V 

cos  (x  cos  0)  8in^"<^  =  ^  ^^- — ^ sr*  coh^  ^  sin**  ^. 

As  this  series  converges  steadily  in  the  interval  (0,  tt)  for  any 
value  of  x,  we  may  integrate  tarmwise,  getting 

'    cos  (a: cos ^)sin'* Sd6  =  >, ^— — '-7?*  f    cos** ^ sin** Md> 
0  V  (2«)!     Jq 


But 


=  f)lz4IVr5^^-AX_2_'^     ,     hyl42,  8). 
V  (2«)!  r(«  +  n  +  l)  '      -^  ^ 

r(ig±I)=^-^-'^-(-^'-^V;r    ,     by  144,  16). 


Thus  the  last  series  above 


Thus 


/-^ /^2 n  +  l^^  (-  ly  1  .  3 .  5  ..•  (2  «  -  1) _^ 
" — -^^zi —  /    coQ  (z  COS  ^)  sin**^d6 
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2.  Another  integral  expression  is 

J^(x)  =  -  /    co8(m^  —  X  sin  ^)d^,  (2 

where  m  is  a  poiitive  integer. 
For  from  264,  1)  setting  u  =  «*♦, 

e^^  =  f  e«<*  j;,(a;) 

-flO 

=  «^o(^)  +  22  cos  2  m<^  <^(^) 

1 

-f  2  tf  i  sin  (2  m  -  1 )  <^  -^.-iCar). 
1 

Since  «*»'»♦  =  cos(a:  sin  <^)  +i  sin  (a:  sin  <^), 

we  have      cos(a;sin  ^)= J/ar)  +  2  S  cos  2  m^  e7^(:p),  (3 

1 

sin  (2;sin<^)  =  2Ssin  (2  m  —  l)^t7ja,_,(a;).  (4 

1 

Let  us  multiply  3)  by  cos  2  m^  and  integrate,  then 

/    cos  2  m(^  cos  (x  sin  ^)  =  frJ^(x)^  (6 

since  all  the  other  terms  s  0,  by  virtue  of  the  relation 


f 


cos  mx  cos  nxdx  =  0     ,     ?n  ^  n 

TT 

=  —     •      IW  =  w. 


If  we  multiply  3)  by  cos(2  7n  4-  1)<^  and  integrate,  we  get 

Jf    cos  (2  w  -f  1)^  cos  (x  sin  ^)(20  =  0.  (fl 

0 

Similarly  we  get 

J[    sin  (x  sin  ^)  sin  2  m^d<f>  a  0,  (7 

0 

/    sin(2;  sin  ^)  sin  (2  m  4-  l)^d^  =  ^<^2*i+i(a^).        (8 
Adding  6)  and  7),  or  6)  and  8),  we  get  2). 
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256.  Bessers  Solution  of  Kepler's  Equation.   This  equation  is 

— —  s  U  —  e  8111  U  =  T,  (1 

where  T  is  the  period  of  the  planet,  e  the  excentricity  of  its  orbit, 
u  the  eccentric  anomaly,  and  t  the  time. 

As  u  is  a  periodic  function  of  t  or  of  r,  it  can  thus  be  de- 
veloped in  Fourier's  series, 

u  =  £  dn  sin  nr^  (2 

where  o    /»» 

a^=z-  I    u  sin  nrdr^  or  by  partial  integration 

=  -  \  ^ —  TT  +  -  I     COS  nrdu    \  • 

TT  I        n  hJq  J 

This  in  2)  gives 

tt=2>.(— 1)*^* \--2L I    cos n(u  —  e  sin  M)aM. 

1  n         ttT     n     Jo 

But  the  first  series  on  the   right  =  r,  while  the  integral  in  the 
second  series  is  wJ^^ne^.     Thus  3)  gives 

.  o'V^  r  r     \  sin  nr 
which  is  BesseFs  solution. 

257.  Development  of  /(Jt)  in  Terms  of  J^.  It  can  be  shown  that 
\if{x)  is  continuous  and  oscillates  but  a  finite  number  of  times 
in  9  =  (0,  a)  then/(a:)  admits  a  development  of  the  form 

fix)  =  cy/^(«ix)  4-  <?2«^*( V)  +  —  (* 

«!  <  «2  <    •••  (.- 

are  the  positive  roots  of  J^(^ax). 

To  determine  the  coefficients  c  we  make  use  of  the  relations 

/    xJj(^a^yiJa^)dx  =  0         r  ¥= «,  (3 

obtained  from  247,  9)  and  12). 
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Let  us  therefore  multiply  1)  by  ocJJa^).  Granting  that  the 
resulting  series  can  be  integrated  termwise,  we  have 

'    7f(x)JXa^)dx  =  (?^  I    xJi(^a^x)dx  (5 

0  t/O 

since  all  the  terms  on  the  right  =  0  except  the  one  written  down, 
by  3). 

Thus  4),  5)  give 

2  /•■ 

gm=    oyn    .       .  I    xf(ix)JXa^x)dx.  (6 

Hence  1)  gives 

258.  Development  of /(r,  ^)  in  Terms  of  the  Z^.  Let/(r,  ^)  be  a 
one-valued  continuous  function  in  a  circle  9  about  the  origin,  of 
radius  a.  Then,  /  admitting  the  period  2  tt,  we  have,  for  a  given 
r,  by  Fourier's  theorem, 

/(r,  ^)  =  a^  4-  flj  cos ^  +  ^  cos  2  ^  +  ••• 

H-  6j  sin  ^  +  ^2^'"  2^4--.. 
where  ^     /lo* 

^»  =  :r-/    Ar,<^)#,  (2 

1    /•*' 
=  -  I     /(r,  <^)  cos  w<^(i<^,  (3 

1    /•*' 
6^=  -  I      /(r,  <^)  sin  «<^rf^.  (4 

But  these  coefficients  a,  i  are  functions  of  r  and  may  be  developed 
by  257. 

Let  therefore  o^,  Ar=1,  2,  3  •••  be  the  positive  roots  of 

J,(^ar)  =  0.  (5 

^        '   <io  =  Ai«^u(aoi^)  + ^«5r^(«02O-f  •••  (6 

a^  =  ^„i^«(anir)  -|-^«//n(a*2»')  +  —  (7 

K  =  B^yJ^ia^ir)  +  B^^T^ia^r)  +  -  (8 


(1 


a» 


"*      ahrJl 
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where 

^- r  COS  m4^  C'rfir,  il>)J^(a^r)dr,  (10 

+i(««t«)Jo  •/o 

«^'^i;^i(«/«*<')»/o  Jo 

259.  Solution  of  Aii  =  0  for  the  Cylinder.  '1.  Let  us  apply  the 
method  outlined  in  235  to  find  a  solution  u  of  Laplace^s  equation 
which  takes  on  assigned  values  on  the  surface  of  a  given 
cylinder  (7. 

Here  the  triply  orthogonal  surfaces  are  a  family  of  cylinders, 

meridian  planes,  and  planes  perpendicular  to  the  axis  of  (7,  which 

we  will  take  to  be  the  a^-axis.     Our  new  coordinates  are  therefore 

r,  ^,  2,  where 

x  =  r  cos  <l>    ,    y  =  r  sin  ^. 

Transforming  to  the  new  coordinates,  we  find  that  Laplace's  equa- 
tion Au  =  0  becomes 

df^      rdr      f^dify^      dz^~    '  ^ 

According  to  the  general  scheme,  we  now  set 

u  =  R^Z,  (2 

where  JS  is  a  function  of  r  alone,  4>  of  ^,  and  Z  of  z.     If  we  set 
2)  in  1),  we  find  it  gives  rise  to  three  equations: 


dr^ 


Ifr-if-S)^-'^  <^ 


J^  +  n«<l>  =  0,  (4 

£f-«2Z  =  0.  (5 
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The  general  solution  of  4)  is 

4>  =  J.  cos  n^  -h  -B  sin  mf>.  (6 

As  4>  must  admit  the  period  2  tt,  we  take  n  a  positive  integer. 
The  general  solution  of  6)  is 

Z=Ocosh  aZ'\-  D  sinh  az.  (7 

The  equation  S)  is  a  form  of  BesseFs  equation.  To  reduce  it  to 
the  standard  form  we  have  only  to  set 

r  =  ?.  (8 

a 

Thus  a  special  solution  of  3)  is 

R  =  J^iar:^.  (9 

2.  Problem  1.  It  is  now  time  to  specify  the  boundary  conditions 
on  the  cylinder  (7,  which  we  will  suppose  is  of  length  I  and 
radius  a. 

Let  us  suppose  that  on  the  lower  base  and  on  the  convex  sur- 
face of  (7,  u  has  the  value  Uq,  a  constant.     On  the  upper  base 

a;  as  net 

u  ^f(rr  (10 

The  boundary  values  being  symmetrical  with  respect  to  the  a^-axis, 
4>  is  independent  of  ^  and  is  hence  a  constant.  Thus  we  take 
w  =  0.     A  special  solution  of  1)  is  therefore 

u  =  RZ  =  A  sinh  (^a^)J^^(^ar). 
With  special  solutions  of  this  form  we  now  construct  the  series 

where  0  >  «j  >  «2  >  •••  are  roots  of  J^(^ar), 

Since  each  term  of  11)  is  a  solution  of  Au  =  0,  ^  is  a  solution. 

Let  us  see  if  -^  satisfies  the  boundary  conditions. 

For 

^  =  0     ,     -^  =  Uq        since  sinh  («»«)  =  0. 

r  =  a     ,     -^  =  Uq         since  jQ(a^a)=  ^. 
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Let  U8  now  look  at  the  boundary  condition  10).     If  it  is  satisfied, 
we  must  have,  setting  z  ^  lin  11), 


00 


«o  +  2<?-'^(«.'-)=/(r);  (12 

n  —  \ 

or  setting  ,    ,      ^,    , 

we  must  have 


^(r)=  Scv/o(an'-)- 


Using  257,  7),  we  see  12)  is  satisfied  if  we  take 


Cn 


=  -^f^-~^  r"^^(^H(«-Orfr.  (13 


Thus  the  c^  being  taken  in  this  way,  tlie  solution  of  our  boundary 
value  problem  is  11). 

3.  Problem  2,  I^t  us  keep  the  boundary  values  as  in  2  except 

for 

z=^l    ,     u=f(r,^y  (14 

In  this  case  u  is  no  longer  symmetrical  with  respect  to  the  axis  of 

C  and  hence  u  now  depends  on  ^.     A  special  solution  of  1)  is 

therefore 

(J.,  cos  n4>  -\'  B^  sin  n^)  sinh  (az)J^(jaar), 

With  special  solutions  of  this  form  we  now  construct  the  series 
u  =  ^(2,  <^,  r) 

=  ^0  +  i  S  (^»*  ^^«  ^*  +  ^"*  «^"  ^)  ^-"u  ^"^^  Jn(ia^:>.    (15 

where  a^  Ar  =  1,  2,  3  •••  are  the  roots  of  J^(^ar)=i  0. 

Since  each  term  of  15)  is  a  solution  of  Au  =  0,  we  see  tc  is  a 
solution.  Let  us  see  if  15)  satisfies  the  boundary  conditions.  If 
we  set  2  =:  0  in  15),  we  see  that 

w  =  Wq     ,     since  sinh  (^OnkZ)  =  0. 

If  we  set  r  =  a  in  15),  we  get 

u  =  Uq     ,     since  J^i^a^^a)  =  0. 
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Thus  two  of  the  boundary  conditions  are  satisfied.  If  the  condition 
14)  is  satisfied,  we  must  liave   • 

g(r,  <^)  =  2  2  (.4^  cos  n<^  +  B^j,  sin  n<^)j;.(«^r),  (16 

where  we  have  set  /.^     ,>,  ^^m 

Referring  to  258,  we  see  the  condition  16)  is  satisfied  if  we  choose 
the  coefficients  ^^,  B^^  as  in  258,  9),  10),  11),  where,  however,  we 
should  replace /(r,  <^)  by  g(r^  <^)  in  17). 
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260.  Confocal  Quadrics.  1.  We  wish  now  to  consider  very 
briefly  a  class  of  functions  introduced  by  Lam£  which  play  the 
same  role  for  the  ellipsoid  as  Laplace's  functions  for  the  sphere. 

Suppose  we  wish  to  find  a  solution  of  Laplace's  equation 

which  takes  on  assigned  values  on  the  surface  of  an  ellipsoid  d 
whose  equation  is      «       j       2 

-hx  +  -  =  l,         a<h<c.  (2 

According  to  the  general  scheme  outlined  in  235,  our  first  step  is 
to  replace  the  x^  y,  z  coordinates  by  a  set  of  coordinates  defined 
by  a  family  of  triply  orthogonal  surfaces,  one  of  which  is  the  given 
ellipsoid  (S.    This  family  is  the  family  of  confocal  quadrics  defined 

^y  2  2  3 

F=-^^-^-Jf—  +  — 1  =  0,  (3 

a—  \      b—\      (?  —  X 

the  parameter  X  ranging  from  —  oo  to  +oo.  We  note  that  for 
X  =  0,  3)  reduces  to  2).     We  observe  that  F  is 

an  ellipsoid  for  X  <  a, 

a  hyperboloid  of  one  sheet  for  a  <  X  <  6, 

a  hyperboloid  of  two  sheets  for  J  <  X  <  <j. 

Let  us  give  to  X  values  Xp  X,,  X3  lying  respectively  in  these  three 
intervals.     The  corresponding  surfaces  3)  will  cut  in  8  points 
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symmetric  with  respect  to  the  origin,  one  in  each  of  the  8  octants. 
Thus,  if  we  state  in  which  octant  the  point  lies,  the  three  numbers 
\i  \y  \  determine  the  position  of  the  point  in  that  octant  uniquely. 
Let  us  now  show  that  through  a  given  point  P  =  a^  y,  2  there 
passes  one  and  only  one  of  each  of  these  three  kinds  of  surfaces. 
To  this  end  we  have  only  to  show  that  the  cubic  equation  in  X 

^  ^     a-\     b-X     c-\  ^ 

has  a  root  in  each  of  the  above  intervals. 
Let  e  be  a  small  positive  number.     Then 

Fia-e)  =  '^  +  --^^—  + ^- 1>0, 

€      0  —  a  -{- €     c  —  a-^-  € 

since  the  first  term  -=  +  Qoasc  =  0.    Let  X  =  >^  a  large  negative 

number.  Then  F  (X^)  <  0  since  J"  (X)  =  —  1  as  X  =  —  oo.  Thus 
F(X)^  having  opposite  signs  at  X^  and  a  —  e  and  being  continuous 
in  the  interval  (Xq,  a  —  e),  must  vanish  somewhere  in  this  in- 
terval. Similarly  we  see  that  -^=0  for  some  point  within  the 
interval  (a,  i)  and  within  (i,  c).  As  J'(X)=  0  is  a  cubic,  it  has 
no  other  roots. 

These  considerations  show  that  we  may  take  X^  X^  X3  as  co- 
ordinates of  a  point.  They  are  called  ellipsoidal  cod'rdinates. 
When  we  do  not  wish  to  use  subscripts,  we  may  denote  these 
coordinates  by  any  three  letters  as  X,  /i,  v. 

2.  Let  us  show  that  the  three  surfaces  X,  li,  v  meeting  at  a 
point  X,  tf^  z  cut  orthogonally. 

Since  the  X  and  fi  surfaces  pass  through  the  point  xyz^  we  have 

^  +  ^^  +  _^_l=0    .    -^  +  /_  +  ^— 1=0.   (5 

The  direction  cosines  of  the  normals  to  these  surfaces  at  onfz  are 

proportional  to 

^    ^  X  ^  z 


rt  —  X  ft  —  X  £•  —  X 

and  to 

X  y  z 


a  —  fx  h  —  IX  c  —  fi 
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These  angles  are  at  right  angles  if 

^  +77 4i +  7 -. =  0-       (6 


(a  -  X)(a  -  /i)      (6  -  X)(ft  -  /i)      (c -  X)(c  -  m) 

This  is  indeed  so,  for  if  we  subtract  the  two  equations  5)  and 
discard  the  factor  X  —  |a  we  get  6).  Thus  any  two  of  the  three 
quadrics  X,  /i,  i;  meeting  at  the  point  x^  y,  z  cut  at  right  angles. 

8.  Let  us  now  express  x^  y,  z  in  terms  of  X,  /i,  v.     To  this  end 
let  us  establish  an  identity  in  u  which  will  also  be  useful  later,  viz. : 

^      ,     y'      ,      g^ ^^(^-X)(^-/i)(tt-y)  ,^ 

a^u     b  —  u     c  —  u  (a  — tt)(6  —  ii)((?  — m) 

To  prove  7)  let  us  consider 

(?(w)=  f ^_4.-i^-h-?^-ll(a-tt)(J-w)(c-tt),    (8 
[a  —  u     b  —  u      c  —  u        J 

which  is  a  polynomial  of  third  degree  in  n.  The  coefficient  of 
tfi  is  1.  Since  the  X  surface  goes  through  the  point  xyz^  the 
first  factor  of  Q-  vanishes  for  u  s  X.  Hence  u  s  X  is  a  root  of  Q-. 
Similarly  u  =  /i,  u  s  i;  are  roots.     Thus 

Q'(u)  =  (u  —  X)(m  —  m)(w  —  »')• 

Putting  this  in  8),  we  get  7), 

Having  established  7),  let  us  multiply  it  by  a  —  u  and  then  set 
u^  a.     We  get 

{b  —  a)(c  —  a) 
Similarly, 


o ^  (b^\)(b-^)(b-p) 
^  (c-^bXa-b) 

^a^((?-X)(g~M)(^-  v) 
ia-cXb-c) 


(9 


These  determine  8  points  ±  a:,  ±  y,  ±  z,  one  in  each  octant. 

4.  For  later  use,  let  us  find  an  element  of  arc,  or  the  value  of 

d^^^dx^+dt/^-^dz^  (10 

in  terms  of  ellipsoidal  coordinates. 
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Taking  the  logarithmic  derivatives  of  9),  we  get 

gydx        d\  dfi  dv 


X       X  —  a      ^—  a  I/— a 

Q^_    d\  dfi  dp 

y      X— 6      II  ^b  v  —  h 

c^dz        d\     .     dfi     .     dv 

^  —  = -|- 4- 


Z         \—  C       fJL—  c       1/—  c 

Putting  these  in  10),  we  get 

ds^  =  Ad\^  +  Bdfjfl  +  CM  (11 

where  ^  ^l  { _^_^_l_._^_\ 

4  1  (a-X)^     (6  -  xy     ic  -  X)2  J 

and  similar  expressions  for  B^  C.  The  other  terms  which  result 
from  this  substitution  vanish  by  virtue  of  the  relations  of  the  type 
6),  which  express  the  oilhogonality  of  the  X,  /i,  i'  surfaces. 

To  eliminate  the  x^  y^  z  in  the  coefficients  of  11),  let  us  differ- 
entiate the  identity  7)  with  respect  to  u  and  then  set  u  =  X,  /i,  y. 
This  shows  that 

4(a-X)(6-  X)(c-  X)' 

^_1        (i/-X)(i/~m) 
•  4  (a  -  v)(J)  —  v){c  —  v) 

261.  Elliptic  Coordinates.  1.  The  equations  9)  show  that  x^  y.  z 
are  not  determined  as  one-valued  functions  of  the  coordinates 
X,  /i,  1/,  or  using  subscripts  Xj,  X^,  Xg.  We  may  remove  this 
ambiguity  by  introducing  three  other  quantities  u,  v,  w  or  using 
the  subscripts  Uj,  ii^i  t^  defined  by 

l>u.  =  X.     ,     a=l,  2,  3  (1 

as  follows. 


LAMfi  FUNCTIONS  666 

The  ellipsoid  (S  on  which  the  boundary  values  are  given  is,  by 
260,2),  o       .      , 

a       0       c 

lj6t  118  861)       ^       -x  1        "v  ^  %  /"O 

fl  =  \  —  ^1      ,      ^  =  ^0  ~  ^J      '      <?  =  \)  —  ^S'  (^ 

and  determine  X^,  e^,  e^,  i?3  80  that 

^i  +  *'2  +  ^8  =  ^     ;     ^2  <  ^8  <  *r  (3 

Then  the  equation  of  S  is 

_-^f     4-  _?!_  +  __^ 1=0,  (4 

and  the  equation  of  our  confoeal  quadrics  is 

We  see  that  6)  is 

an  ellipsoid  when  X  >  e^ 

a  hyperboloid  of  one  sheet  when  e^  <  \  <  e^ 

a  hyperboloid  of  two  sheets  when  e^  <  \  <  e^. 

Let  us  now  set 

and  suppose  the  p  function  introduced  in  1)  to  be  constructed  on 
the  invariants  g^^  9z*  ^^  6)*  ^^^^  periods  2  a>|,  2  q>2  of  this  p  func- 
tion are  given  by 

o>i  =  I     — ^^—^ — -    ,     »2  =  *  /     — =""= — -?  —     -   - '     O 

as  we  saw  in  173,  9),  14).     Putting  1)  in  260,  9),  we  get 

where  a,  ^,  7  is  a  permutation  of  1,  2,  3. 
Now  from  172,  16),  17),  we  have 

a(u)  atOfi 
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These  in  8)  give 

a,.  =  ±  .^?>^r:  .  ^^Mi^'.t^.Ms         «  =  1,  2,  3.  (10 

The  quantities  u^,  t^,  u^  are  called  elliptic  cod'rdinates.  Having 
once  chosen  the  ±  sign  in  10)  they  determine  x^  y^  z  as  one- 
valued  functions  of  tij,  u^^  u^.  Let  us  agree  to  take  the  +  sign  iu 
10).     From  172  we  have 

^*( ~ ^':)  =  _  <^^(^) .    o'«(^±-<Pa)  ^  o-^(i^) .    (tJu ±2jw 0  _  _ g'«(«) 

(11 

These  relations  show  that  the  x'^  are  periodic  functions  of  the  tf*8 
admitting  4q>j,  4q>,  as  periods.     They  also  show  that  if  we  restrict 

ttj  to  range  in  the  interval  (0,  Wj)  =  Uj 
Wj  to  range  in  (wj  —  ©i,  ©^  +  ©,)  =  Uj 
tig  to  range  in  (g)j  —  2  gjj,   Wj  -f  2  Wj)  =  Us 

the  point  x^  x^  x^  passes  over  every  point  in  space  once  and  only 
once.     Such  restricted  i^'s  we  shall  call  normal  elliptic  cod'rdinate$. 
Let  u^  be  the  value  of  u^  lying  in  U|  such  that 

pu^  =  \. 

Then  the  point  Xi^  x^^  x^  describes  the  given  ellipsoid  (S  once  and 
only  once  when  u^,  u^  range  in  the  normal  intervals  U^,  Ug. 

2.    The  expression  for 

difl=^djc^  +  dff^-^d^ 

is  extremely  simple  in  elliptical  coordinates.     We  saw  in  260,  4 

that 

rf«2  =  A^dXl  +  A^dXl  +  A^dkl  (12 

'      H\-e,X\,^e^X\-e^)  ^ 

and  similar  expressions  for  A^,  A^.     Making  use  of  1)  and  re- 
membering that  , 

dn  =  —  P 
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we  see  that 

d«2  =  (pu^^  pu^) (  pu^  _  pu^)du^  +  (  />Wa  -  puji) (pu^-  pu^)dul 

+  (pMg  -  pu^)  (  ;>t/8  -  F«2)rfwi.  (14 

262.  Transformatloii  of  Laplace's  Equation.  1.   The  next  step  in 
the  solution  of  Laplace's  equation 

as  outlined  in  235  is  to  transform  the  equation  to  the  new  coordi- 
nates. This  is  a  lengthy  process  even  in  the  polar  coordinates  ; 
for  the  new  coordinates  X^,  X^  \^  or  u^^  u^  u^  it  is  far  longer.  In 
order  to  avoid  this  we  will  make  use  of  a  theorem  due  to  Jacob! :  * 

Let  X/jLv  be  any  system  of  triply  orthogonal  cod'rdifiates  in  terms 
of  which  an  element  of  arc  is  given  by 

ds^  =  Ad\^  +  Bd^^  +  Cdv^.  (2 


Then  Laplace" s  equation  1)  becomes  in  the  neiv  cod'rdinates 

d  (DdV 

where 


A  d\J^dfj,\B  diir  dv\0  pv)       '  ^ 


D^^ABO. 

2.  To  illustrate  this  theorem  on  a  simple  case,  let  us  transform 
1)  to  polar  coordinates : 

x  =  r  cos  0    ,     y  =  r  sin  ^  cos  (f)     ,     «  =  r  sin  0  sin  ^. 

"^^         rf«2=rf^+rfy2^d«2=dr2  +  r2rf^  +  rasin«^rf^, 

we  have  on  takin&f  ^  a  > 

^  =  1     ,     B=r^    ,     C=r^sin^0    ,     2>  =  r«sin^. 

Thus  3)  becomes 

dr\    dr  ;  "^  sin  ^  a^V '"     d0  J     sin*^  0  d<l>^  ""    ' 
which  agrees  with  235,  4). 

*  For  a  proof  of  this  theorem  the  reader  may  consult :   C.  Jordan,  **  Cours 
d» Analyse,"  vol.  8,  p.  640;   H.  Weber,  **  Dififerential-Gleichungen/'  vol.  1,  p.  94. 
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8.  Let  U8  DOW  transform  1)  to  ellipsoidal  coordinates  X|,  \,  X,. 
By  261,  12),  13),  we  have,  on  setting 

jJ  =  4(X.-«,)(X.-«,)(\.-e,)     ,     a=l,  2,  8, 


^-  =  iCX,  -  X,)  -2i-. 
^  Ma 

Hence  J_( ^  ^r\=*<hrJ^'>   ^  fa  ^Z' 

dXAA  d\, 


Thus  Laplace's  equation  becomes 


+(x,-M,.^(*.S-0.    (4 


8.  Let  us  pass  to  elliptic  coordinates.     We  have 

=z  — 1  .  —  =r etc. 

d\      dXj      dUi      9i^i 

Thus  4)  becomes 

whose  form  is  extremely  simple. 

263.  Lamp's  Equation.    Having  reduced  Laplace's  equations  to 

the  new  coordinates,  the  next  step  in  the  solution  as  outlined  in 

235  is  to  set 

V^f(u{)g(u^)h(iu^\  (1 

where/,  g^  h  are  each  functions  of  one  of  the  variables  u^^  u^  if,. 
If  we  put  1)  in  the  transformed  Laplace  equation  262,  5),  we  get 

fiu,)     dul        g(v^)     dul        A(«,)     dul       •  '^^ 
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Sappose/,;^,  h  satisfy  the  equations, 

^  =  (apu^  +  6M11,),  (8 

—  =  (a/>tfg  +  i)A(w,). 

Patting  these  in  2),  we  see  that  the  left  side  =  0  identically,  how- 
ever a,  b  are  chosen. 

We  are  thus  led  to  consider  differential  equations  of  the  type 

g-{«i/,(^)+Jjy  =  0.  (4 

As  in  the  case  of  the  sphere,  we  are  not  looking  for  the  general 
solution  of  4)  for  arbitrary  a  and  b ;  rather  we  seek  to  determine 
a  and  i  so  as  to  get  an  infinite  number  of  particular  solutions  1) 
with  which  to  construct  a  series  which  will  satisfy  the  conditions 
imposed  on  F'on  the  surface  of  the  given  ellipsoid  (S. 

I^et  us  apply  the  general  method  developed  in  Chapter  XIII  to 
the  equation  4).  Its  singular  points  are  those  of  p(x)  or  the 
points  =  0  mod  2  o^  2  a>,. 

Let  us  consider  the  point  x  =  0.     Writing  4)  in  the  normal 

form, 

a^y"  +  0  .  y'  -  T^lapdx)  +  J{y  =  0, 
we  have 

"^"''%o(0)=l     ,     ?|(0)  =  0     ,     ?2(0)  =  -a. 

The  indicial  equation  for  x  s  0  is  therefore 

r*  —  r  —  a  =  0.  (6 

This  shows  that  if  we  take 

a  =  n(n  +  1)     ,        n  an  integer 

6)  will  have  ^  „^  j  ^  ,  1 

^  —  n,  and  n  + 1 
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as  roots.  This  choice  of  a  gives  us  especially  simple  particular 
solutions^  infinite  in  number.     Putting  this  value  in  4)  it  becomes 

g-Kn+l)K^)  +  J}y  =  0.  (6 

These  equations  are  called  LamS  equations^  in  honor  of  Lame^  who 
first  studied  them. 

264.  Lam6  Functions.  1.  In  Lamp's  equation,  263,  6),  b  is  still 
undeteimined.  Let  us  see  if  we  cannot  choose  it  so  as  to  get 
particularly  simple  solutions  of  the  form 

«  =  i(  «)  .  ^.X£) .  ?e(£2,  (1 

(t{x)      (t(x)      o-(x) 

where  X  is  a  polynomial  in  j9  =sp(^x).  Since  the  sigma  quotients 
admit  4  q>|,  4  co,  as  periods,  as  noted  in  261,  l,  the  expression  1) 
will  admit  these  as  periods  also. 

We  set  then  y^LM  (2 


(3 


where  AT  is  the  product  of  v  =  0,  1,  2  or  3  factors 

cr(a?)  ^(2^)  <^(^) 

*"^  L  =  a^-^(x)  +  a^.^p'^-Kx)  +  ...  +  a^.  (4 

If  then  we  set  2)  in  Lame's  equation 

g~{n(n  +  l)K^)  +  My  =  0,  (5 

the  result  should  be  an  identity  in  x.  The  coefficients  of  the 
different  powers  of  this  result  developed  about  x  =  0  will  thus  all 
be  0.  These  will  then  give  us  a  system  of  equations  which  if 
consistent  will  enable  us  to  find  the  quantities  we  seek. 
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To  set  2)  in  5)  we  need  to  calculate  y".  Let  JVbe  the  product 
of  the  factors  3)  which  do  not  enter  M^  we  call  it  the  cofactor  of 
M.    Since 

we  observe  that  jm  _.  jf£2 

is  a  polynomial  in  p.     Also  let  us  note  that 


We  have  now 
But 


2M 


Hence  ^^  ^  _  ^,^^2  SKi'  -h  XSW')  =  i^^C-  (6 

Thus  the  first  derivative  of  LM  is  the  product  of  a  polynomial  in 
p  and  the  cofactor  of  itf.     Hence  at  once  6)  shows  that 

y"  =  MR, 

where  ^  is  a  polynomial  in  p  and  M  is  the  cofactor  of  N. 
Thus  setting  2)  in  5),  its  left  side  becomes 

y"-  \n(n  +  l)p  +  JjiiJf  =  jiJ -  ndn  -h  l^p^x)  -f  Jijitf  =  ^Jtf,  (7 

where  $  is  a  polynomial  in  p. 

As  7)  must  SB  0  identically  and  as  M^O  we  see  $  must  =  0 
identically. 

Now  y  has  a  pole  of  order  2  m  +  i'  at  2;  s  0,  hence  the  left  side 

of  7)  has  a  pole  of  order  2  m  -f  i'  4-  2.     Hence  ^  has  a  pole  of  order 

2  (m  4- 1).     Thus  ^  considered  as  a  polynomial  in  p  is  of  degree 

m  -f  I1  or 

1J  =  ct^^iP"^^'  +  «>.p""  +  -  +  «o.  (8 

As  ^  is  to  vanish  identically,  all  the  «'s  =  0,  and  conversely  if 
the  «  s  =  0,  ^  =  0  identically. 

2.  Suppose  then  we  develop  7)  about  x  saO.  Equating  the 
first  m  +  2  coefficients  of  the  development  to  0  will  give  us  a 
system  of  relations  between  the  a's  and  the  a's.  These  we  shall 
see  are  linear  in  these  letters.     If  now  we  set  the  a's  =  0,  we  have 
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a  set  of  equations  to  determine  the  as  in  4).     Let  us  now  carry 
out  this  scheme.     We  have 

where  a[^  a^  •••  are  linear  and  homogeneous  in  the  a's.     Also 

(t{x)      X 


Hence 


of      a:* 


•  •  • 


where  a^  a,  •••  are  linear  and  homogeneous  in  the  a's.     Hence 

where  A^^  A2  •••  are  linear  and  homogeneous  in   the  a^  a^   ••• 
Also  /        i\  Af 

n(« + 1  )xx)  LM= "y,;,r- + ^ + - 

where  the  ^^  ^2  ***  ^^^  linear  and  homogeneous   in   a^  a^   ••• 
Finally  ,  ,  » 

These  set  in  the  left  side  of  7)  give 

We  turn  now  to  the  right  side  of  7).     We  have 

^  =:/^4.J!i3-4__?^2 (10 
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where  ccp  o^  •••  are  linear  and  homogeneous  in  o^  Oj  •••      Hence 

where  a'/,  a',  •••  are  linear  and  homogeneous  in  Oq,  o^  ••• 

We  now  equate  the  coefficients  of  like  powers  of  z  in  9),  11), 

gettin&r 

«^^,=  j(2  7ii4-i')(2«i4-i'  +  l)-n(n4-l)ja,  (12 

and  the  system  a['  =  ^i  -  A[  -  6a^, 

(S 

As  the  a's  are  to  be  all  0,  set  0^+1  =  0,  then  12)  gives  a  relation 
between  m^  n,  and  v^  viz.  : 

(2m4-v)(2m4-i'  +  l)-n(n4-  1)=0, 
or  (2m4-i')^  +  (2m  +  i/)  =  n(n-f  1). 

^^^^  2m+i/=n,     or     -(n  +  1). 

As  m  and  p  are  not  negative,  this  gives 

2  m  4- 1'  =  n.  (13 

Consider  now  the  system  S).  Since  a/\  a,"  •••  are  linear  and 
homogeneous  in  Oq,  a^  •••  a^^+i^  they  all  vanish  when  the  o^  o^  ••• 
vanish.     Hence  S)  goes  over  into  the  system  of  m  +  1  equations: 

A^  -  A[  -  ba^  =  0, 

^  -  Ai  -  ftfll'  =  0,  (S' 


Am+l  ■"  ^m-f-1  "~  f^^m=  0. 


These  equations  are  linear  and  homogeneous  in  the  unknowns 
Aq,  a^  •••  a^.  In  order  that  the  system  S')  has  a  solution  different 
from  a^  =  0,  a^  =  0  •••  it  is  necessary  that  its  determinant 

A(6)  m  0.  (14 
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Thus  (  satisfies  an  equation  of  degree  m  +  1.  Let  us  put  a  root 
of  14)  in  S').  This  system  of  equations  allows  us  now  to  deter- 
mine the  ratios 

Suppose  the  a's  are  determined  thus.  Then  4)  and  S)  show 
that 

From  this  follows  that    „    „    „         «   —  o 

For  the  development  11)  shows  that  ai   contains  besides  ctn  &t 
most  a^^i ;   that  a!^  contains   besides  a„^|  at  most  a^^  ««•■(■  i«  etc. 
Thus 


where  the  ^'s  are  homogeneous  functions.  Now  ai  and  a^^i 
being  s  0,  the  first  relation  in  S'')  shows  that  o^  =  0,  as  ^|  is 
homogeneous.  Putting  this  in  the  second  equation  of  S"),  we  see 
that  Uf^i  =  0,  and  so  on.     Thus  ^  =  0  identically. 

8.  Let  us  see  in  how  many  ways  we  can  satisfy  the  relations 
12)  and  S).     There  are  two  cases. 

Case  i.     n  =  2  s.     Then  13)  gives 

2m  4-1'  =  2  «  (15 

and  V  is  even.     Hence  ^        o 

i;  =  U,  or  Z. 

For  1^  =  0,  m  =  «.  For  each  of  the  m-fl  =  «H-l  roots  of 
A(A)=  0,  the  system  S')  gives  us  a  set  of  coefficients  for  the  poly- 
nomial L  in  2).  We  thus  get  s  +  1  polynomials  L  which  satisfy 
Lame's  equation  5). 

For  I'  =  2  we  get,  from  15),  m  =  «  —  1.  Each  of  the  m  -h  1  =  « 
roots  of  A(6)  gives  us  a  polynomial  L  of  degree  t  —  1.     As  here 


v  =  2. 


y  =  i^.(5)?i(^  =  Xitf.  (16 
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Thus  we  can  take  the  factor  Min  three  ways  corresponding  to  the 

^°'^'*'««  1,2     ;     1,3     ;     2,3. 

E^ach  of  these  determinations  gives  us  a  new  system  of  equations 
S)  and  hence  a  new  equation  A(6)  =  0.     Hence  v  being  ss  2,  there 
are  3  s  values  of  (,  each  of  which  leads  to  a  solution  16). 
We  thus  get  in  all 

t  +  l-|-3«  =  4«-fl  =  2n-fl 
solutions  of  the  desired  type. 

Case  S.  ns2«  +  l*  Reasoning  in  exactly  the  same  way,  we 
see  that  also  in  this  case  there  are  2  n  + 1  solutions.  As  it  can  be 
shown  that  these  solutions  are  distinct  we  may  state  the  funda- 
mental theorem  due  t6  Lam6: 

7%e  constant  b  in 

may  be  determined  in  2  n  +  1  different  way%  such  that  this  equation 
admits  a  solution  of  the  type 

-^(P)     1     ^p-e^'L    ,     y/p  -  e^y/p  -  e^  '  L     , 


V'Cp  -  t'Oip  -  e^){  p-e^)'  L.         (17 
Moreover  the  6't  belonging  to  different  ns  are  also  different 
The  functions  17)  are  called  LamS  functions  or  polynomials. 

265.  Integral  Properties.  1.  In  order  to  develop  an  arbitrary 
function /(tf,  <^)  in  terms  of  Laplace's  functions  we  made  use  of 
certain  integral  relations  established  in  238.  We  wish  to  establish 
analogous  relations  for  Lame's  functions. 

We  saw  in  264  that  for  a  given  n,  the  constant  b  can  be  taken  in 
2^  +  1  ways,  a  a         a  r^ 

80  that  y, ,  ^  j^^^  ^  ^^^^^^  _^  j_^^ jy  ^2 

admits  a  Lame  function,  denote  it  by  X^(ti),  as  solution.     We 

saw  in  261,  1,  that  if  u^  has  the  value  u\  lying  in  U^  =  (0,  Wj)  such 

that  0     ^ 

pu\  =  Ao^ 
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and  if  tif  ranges  in  U^  =  (to,  —  cOp  to,  +  adi)  and  u^  in  U3  a(»|  — 2  aAj, 
(0^  +  2 c0^), then  the  point s?} x^ x^ corresponding  to vl^u^u^ describes 
just  once  the  ellipsoid  (S  on  which  the  boundary  values  are  given. 
For  brevity  let  us  set 

asco,— 2(0|     ,     6 SCO,  4-2(01     ,     cso»j  — 2c0^     ,     d^w^-\-2m^ 

Thus  the  interval  (a,  ()  is  twice  as  long  as  U^  while  the  interval 
(c,  d)  is  the  same  as  Ug-     Obviously  if  u,  ranges  over  (a,  6)  and 
ti,  over  ((?,  (f),  the  point  x^  2:^  2^  corresponding  to  u\i  ¥^  u^  will 
now  describe  the  ellipsoid  (S  twice. 
We  wish  now  to  prove  : 

a  t/^ 

For,  let  us  set  ^^ 


(4 


Then 


D=    /     i^(W3)Z„(U3)rfW3. 

J^  AD  -  5(7.  (5 


Now  2)  gives,  u  being  either  11^  or  1*3, 

^?^^=  }n(n+  l);,u+ft„iX„(tt). 

Let  us  multiply  the  first  equation  by  Z„  and  the  second  by  L^ 
and  subtract.     We  get  on  the  left  side 
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On  the  right  side  we  get 

/m .  Z^„  j  m(m+ 1)  -  n(n + 1 ) }  +  Zi„,L„(  J„- 6„)  =  a(«) +ir(u). 

Thus  we  have  j  zi/;,\ 

^£Sm=  a(u)  +  H(u).  (6 

du 

Set  here  ti  =  u,  and  integrate  over  (a,  i).     We  get 

rA^)T=  IwC'w  -h  1)-  n(n  +  l)}il  +  (h^r  -  ^.)C. 

As  F(u^  admits  the  period  4(k>p  the  left  side  =  0.     Thus 

\m(jn  -h  1)-  nin  +  1){.1  +(6^,  -  0^=  0.  (7 

Similarly  integrating  with  respect  to  tig  over  (c,  (f)  gives 

\m(jn  +  1)-  n(n  +  l)|fi  4-(J..  -  6«.)/)  =  0.  (8 

Suppose  now  m^n.     We  multiply  7)  by  D  and  8)  by  (7,  then 

subtract.     We  get 

J\m(m  +  1)-  n(n  +  1)|  =  0. 
Hence  j^^ 

Suppose  r  ^  s.     We  multiply  2)  by  B  and  3)  by  -4.  and  sub- 
tract,  getting  (6,,  -  J„) J  =  0. 

Hence  again  J  =z  0 

2.    We  next  wish  to  calculate 

K=   Cdu^  rLlriu^)Li.iu^)<,pu^^jm{)du^,  (9 

t/o  t/c 

which  is  what  J  becomes  for  tti  =  n.     Let  us  set 

P  =  £  Llri^^ypu^du^ 

Q=  (    Llr(u^)pu^duj^, 


/•6 

f/rt 

S  =  rL%,(u,)du^. 
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'^^^^  K=^PS-QR.  (11 

We  begin  by  observing  tiiat 

r=  Z?.X«)/'(»)     .     W^LiXu),  (12 

admit  2  ci>|,  2  ci)^  as  periods.     They  are  even  functions  and  have 
but  a  single  pole  in  the  parallelogram  of  periods  il  constructed  on 
2  ci)|,  2  (o^.     Thus  n  is  a  primitive  parallelogram. 
Thus  by  168, 

V(u)  =  Vo  +  *'iP(w)  +  VaP"(^)  +  Vgp^^u)  -h  ...  (13 

W{u)  =  M'o  +  WiPCu)  4-  t^a/'C")  -^-  ^^aP*^^)  +  •••  (14 

Here  we  have  used  the  fact  that  F,  W,  being  even  functions  of 
u^  cannot  contain  derivatives  of  even  order  of   i(u)  ;  also  that 
f  (m)  =  -;?(w),  r'(w)  =  -p"(w),  etc. 
We  have  now 

P  =  I     l\u)du  =  i'q  I    (/m  +  Vj  /   p{u)du^ 

the  other  terms  dropping  out  since  they  admit  the  period  4  o>|. 
Thus 

P  =  Vo}2  6>i  -f  0),  -  (a)a  -  2  wi)  j  -  t;i{?(2  wj  +  6>j)  -  f(a>,  -  2  to^)\. 
Now 

(r(w + 2  6>i)  =  cct*)  +  2 1/1  ,  (r(w  -  2  a,i)  =  ccm)  -  2 171. 

Thus 


Similarly 


Thus 


P  =  4  Vqcoj  —  4  Vji/j. 
C  =  4  r^^oj  -  4  Vjiy,. 
^  =  4  w^qIi)!  —  4  w^r)y 
*?=  4  tr^Wj  —  4  u\r)2' 

=  8  7ri(v^^2Vy  -  v^w^^)     ,     by  171,  8). 


Hence  finally 

where  r^,  i^^,  Vj,  w^  are  given  by  the  developments  13),  14). 
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266.  Solution  of  AF=  0  for  an  Ellipsoid.    We  are  now  in  a  posi- 
tion to  obtain  a  solution  Vot  Laplace's  equation 

(i>«a-i'«8)-^  +  (i^-/«*i)^+(/Wi-/««a)-^  =  0,      (1 

12  8 

which  will  take  on  assigued  values  /(uj,  Ug)  on  the  surface  of  a 
given  ellipsoid  (g       ^     ^     ^^     ^     a^     ^  ^ 

For  let      L^(u^^     7»  =  1,  2,  3  be  Lame  polynomials  satisfying 

Then  by  263,  the  product  L^(u^ L^{u^ L^(u^)  is  a  solution  of 
1),  and  hence  the  series, 

<^  (wi,Wj,W8)  =  22a„L„(ui)  i^Cwj)  X^Cwg),  (2 

n  « 

if  convergent,  will  satisfy  1). 

For  the  boundary  values  to  be  satisfied  it  is  necessary  for  2)  to 
take  on  the  value /(W2,W3)  for  u^  =  t*J.     If  we  set 

an,i«(wj)=^„,  (3 

the  boundary  condition  is  satisfied  if 

To  determine  the  unknown  coefficients  a^^,  or  what  is  the  same, 

A^ry  we  multiply  4)  by  X'mr(Wa)^mr(^8)(j^^-i^8)  *^d  integrate. 
Granting  that  termwise  integration  is  allowed,  we  get 

du  I    f(u,v)  L^(u)  L^r(v) ipu-  pv)  dv 

nb         r*d 
=  A^,  I    du  i    LinXu)  ^.r(v)  (;m  -  pv)  dv,     (5 

•/a  */ f 

since  all  the  other  terms  =  0  by  265,  3). 

I^®^  Lir(u)piu)  =  00+  ciipu  -f  OaP^'Cw)  +  — 

Then  by  5)  and  265,  15) 

Thus  the  coefficients  a^^^  in  2)  are  given  by  3)  and  6). 
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Lamp's  equation,  670 
Laplace's  equation,  494 
Laurent's  development,  284 
Legendre's  normal  integrals,  393 

relation,  369,  446 
Limiting  points,  833 
LimiU,  26,  131,  133,  167 


Modular  aagle,  394 

functions,  432 
Modulus,  11 

of  elliptic  integrals,  886 
Moivre^s  formula,  17 

Network,  338 
Normal  form, 

of  differential  equation,  462 

of  product,  276 

Order,  of  elliptic  function,  346 

of  pole,  239 

of  zero,  237 
Ordinary  point,  234 
Ordinate  of  z,  4 

Paradox  of  Cauchy,  62 
Parallelogram  of  periods,  337 

primitive,  337 
Parameter  of  elliptic  integrals,  385 
Period,  334 

primitive,  336 
pair,  337 
Point  at  infinity,  247 
Polar  form  of  z,  11 
Poles,  237 

Postulate,  fundamental,  29 
Potential,  164,  493 
Prime  roots,  465 
Primitive  unit  roots,  21 

Rectangular  form  of  z,  11 
Region,  138 

connected,  138 

simple,  138 
Regular  point  of  function,  117 

of  differential  equatiomi,  474 
Residue,  238,  266 
Rodrigue*s  fonnula,  602 

Scale,  logarithmic,  46 
Schlafli's  formula,  601 
Series,  adjoint,  35 

alternate,  30 

associate  logarithmic,  271 

asymptotic,  328 

binomial,  62 
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Series,  deleted,  26 

double,  77 

geometric,  27 

harmonic,  28 

hypergeometric,  54 

hyperharmonic,  20 

inversion  of,  269 

normal,  277 

power,  71 

remainder,  26 

row  and  column,  80 

Stirling's,  327 

two-way,  75 
Set  of  points,  333 

limited,  333 
Singular  point,  234 

simple,  466 
Spherical  harmonics,  523 
Stokes*  theorem,  168 


Taylor's  development,  218 

remainder,  223 
Tests  of  convergence, 

Cahen,  40 

Cauchy,  44 

D'Alembert,  42 

Gauss,  51 

Kunmier,  48 

Raabe,  40 

Unit  roots,  21 
primitive,  21 

Vall^Poussin,  de  la,  311 

Wirtinger,  318 

Zeros,  237 
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|a|,ll 
«  -  «,  167 
Abs  a,  4 
"Arg  a,  4 
a  =  6,  335 

B(u,  V),  r(z),295,  209 
Char /(z),  238 
Res/ (z),  238 
Z>4(a),i)e«  (a),  133,  134 


(Numbers  refer  to  pages) 

D(qo),  248 
div,  509 
A(0),394 
A(t4),  508 
£(0,  k),  F(0,  k), 

n(0,  n),  394 
E,  K,  394 
flux,  512 
P«.,496 


P«.*,527 
9,425 
Q»,  506 
n  (z),  300 
e,  Z,  439 
sn,  cn^  dn^  402 
y«,523 
Z.,  508 


The  symbol  ^  is  used  throughout  the  book  and  means  converges  to,  or  ha»  as  limil. 
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